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I.  Introduction 

This  report  describes  work  performed  under  AFOSR  Contract 

#F49620-76-C-0005  during  the  period  August  1,  1976  to  October 

1,  1979.  The  subject  of  research  has  been  the  theory  of 

"Plasma  Wave  Turbulence  and  Particle  Heating  Caused  by 

Electron  Beams,  Radiation,  and  Pinches."  The  period  covered 

is  the  first  three  years  of  a  comprehensive  research  program 

concerned  with  the  nonlinear  behavior  of  plasmas  subjected 

to  intensely  energetic  sources. 

One  of  the  significant  developments  in  plasma  physics 

over  the  past  decade  has  been  the  theoretical  and  experimental 

progress  made  in  our  understanding  of  nonlinear  plasma  wave 

evolution  in  response  to  external  sources:  A  wide  variety 

12  3  4 

of  radiation  sources  such  as  lasers,  '  microwaves,  '  and 

radar,5'6  and  of  electron  beam  sources  such  as  solar  electron 
7  8'  9 

streams  '  and  laboratory  beams  can  excite  plasma  wave 

instabilities  in  target  plasmas.  The  waves  saturate  into 

a  turbulent  spectrum  10  and  may  heat  the  plasma,  accelerate 

plasma  particles,  and/or  emit  their  own  radiation.  Such 

11  12 

processes  have  been  linked  to  inertial  and  magnetic  con¬ 
trolled  thermonuclear  fusion  schemes,  radar  communications 
in  the  earth's  ionosphere,  and  type  III  solar  radio  bursts7'8 
The  phenomena  also  bear  heavily  on  certain  fundamental  questions 
of  plasma  turbulence,  such  as  wave  collapse  in  phase  space, 

electric- field  envelope- soli ton  evolution,15'*4  and  the 

12 

nature  of  so-called  "strong  turbulence." 
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Over  the  past  three  years  we  have  achieved  major  advances 
in  the  three  subject  areas  of  our  contract  research:  electron 
beams,  radiation,  and  plasma  pinch  devices. 

In  connection  with  electron  beams,  we  have  developed 
a  theory  of  the  dynamics  of  driven  Langmuir  wave  turbulence. 
Such  turbulence  controls  beam  stability,  plasma  radiation, 
particle  heating  and  transport  phenomena,  for  a  class  of 
high  velocity,  electron  beams.  In  low  density  beams,  Langmuir 
wave  evolution  was  found  to  be  governed  by  nonlinear  index 
of  refraction  effects,  and  associated  self-focusing,  rather 
than  by  wave  reaction  back  on  the  beam  (quasilinear  effects) . 

We  have  verified  such  behavior  numerically,  developed  an 
analytical  theory,  and  found  approximate  estimates  and  bounds 
for  the  radiation  from  such  electron  beams.  Our  results 
compare  favorably  with  measurements  of  volume  emissivity 
of  electromagnetic  radiation  from  Langmuir  turbulence  driven 
by  electron  beams  of  solar  origin.1^'16  (Also,  see  Appendices 
A,  B,  C,  D,  I,  J,  and  K  of  this  report.)  Recently,  megawatts 
of  radiation  around  the  plasma  frequency  were  also  measured 
from  higher  density  relativistic  beams  in  laboratory  plasmas,*'7 
lending  an  extra  significance  to  this  line  of  research. 

In  the  area  of  laser-plasma  interactions,  we  have 
demonstrated  the  experimental  significance  of  our  nonlinear 
theoretical  research  in  a  collaboration  with  Dr.  N.  Peacock, 
of  Culham  Laboratories.  Peacock's  experiment  on  nonlinear 
interactions  of  a  C02  laser  with  a  dense  plasma  focus  device, 
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was  undertaken  at  our  suggestion.  Almost  100%  anomalous 

absorption  of  the  radiation  was  observed,  along  with  intense 

Langmuir  turbulence.  These  results,  and  theoretical  analysis 

of  the  intensity  of  Langmuir  turbulence,  are  described  in 

2  18 

a  joint  Physical  Review  Letter,  subsequent  publications, 
and  a  Ph.D.  thesis  by  Mr.  T.  Rudolph  (see  Appendix  E) . 

We  have  also  made  advances  in  the  area  of  laser-plasma 
diagnostics.  A  classical  theory  of  the  Raman- induced  Kerr 
effect  (RIKE)  has  been  developed  (see  Appendix  G) .  It  exhibits 
the  advantage  of  the  coherent  RIKE  diagnostic  over  incoherent 
scattering,  as  an  optical  diagnostic  in  a  high  density  plasma. 

The  third  area  of  research  supported  under  this  contract 
has  to  do  with  atomic  physics  and  transport  processes  in 
high  beta  Z-pinches.  This  research  has  now  been  completed 
in  the  form  of  a  Ph.D.  thesis  by  Mr.  E.  Caramana  (see  Appendix 
F) .  The  computer  code  developed  by  Mr.  Caramana  will  help 
determine  plasma  temperatures,  radiation,  impurity  distribu¬ 
tions,  and  overall  plasma  evolution  in  Z-pinch  plasmas  such 
as  the  reversed  field  Z-pinch  and  plasma  focus  devices. 


4 


II.  Accomplishments  and  Collaborations 

Our  accomplishments  under  Air  Force  sponsorship  can  best 
be  described  within  the  categories  of  publications ,  presenta¬ 
tions,  collaborations,  and  other  research.  Below,  we  list 
items  under  these  categories,  with  a  brief  description  of  the 
nature  and  significance  of  the  research.  The  list  is  in 
reverse  chronological  order,  beginning  with  the  new  results 
of  the  period  10/1/78-9/30/79  (items  A.l  to  A. 6,  B.l  to  B.3 
and  C) . 

A.  Publications  and  Ph.D.  Theses 


1.  "Radiation  From  a  Strongly  Turbulent  Plasma: 
Application  to  Electron  Beam  Excited  Solar  Emissions , " 

Martin  V.  Goldman,  George  F.  Reiter*,  and  Dwight  R.  Nicholson 
Phys.  Fluids  23^  1980  [attached  as  Appendix  A], 

This  work  represents  a  new  theory  of  electromagnetic 
emission  induced  in  plasmas  by  high  velocity,  low  density 
electron  beams.  The  electron  beam  causes  Langmuir  waves  to 
grow  in  the  plasma.  At  a  threshold  wave  energy  density  which 
can  be  a  small  fraction  of  the  beam  energy  density,  the  Lang¬ 
muir  wave  packets  begin  to  self-focus  and  quickly  collapse 
spatially,  due  to  field-dependent  index  of  refraction  effects 
Transverse  nonlinear  currents  associated  with  the  electro¬ 
static  Langmuir  waves  cause  radiation  to  be  emitted  at  the 
plasma  frequency  and  its  first  harmonic.  In  this  paper,  we 
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have  used  self-similar  solutions  for  the  collapsing  Langmuir 
fields  to  calculate  the  current  strengths.  A  crude  statisti¬ 
cal  theory  of  the  volume  density  of  collapsing  packets  then 
enables  us  to  estimate  the  volume  emissivity  for  radiation. 
These  estimates  are  consistent  with  observations  of  second 
harmonic  radiation  from  almost  relativistic  electron  beams  of 

solar  origin.  Intense  fundamental  radiation  is  also  predicted 

17 

This  work  may  impact  on  recent  laboratory  experiments  per¬ 
formed  at  the  University  of  California  at  Irvine,  in  which 
relativistic  electron  beams  are  observed  to  produce  up  to  10 
megawatts  of  radiation  power  at  frequencies  around  100  Ghz. 
Such  emission  may  be  a  powerful  diagnostic  relating  to  beam- 
plasma  interactions. 

2.  " D imens ional i ty  and  Dissipation  in  Langmuir  Collapse, 
M.  V.  Goldman,  K.  Rypdal,  and  B.  Hafizi,  accepted  for  publica¬ 
tion  in  Physics  of  Fluids  [attached  as  Appendix  b] . 

This  paper  contains  a  myriad  of  new  results  concerning 
the  collapse  of  Langmuir  waves.  The  self-similar  form  assumed 
in  our  emissivity  calculation  is  here  studied  numerically 
in  accessible  parameter  regimes.  In  the  regime  of  adiabatic 
ions  and  three-dimensional  spherical  symmetry  about  a  wave 
packet  with  non-zero  momentum,  the  collapse  is  seen  to  quickly 
approach  self-similar  form,  even  for  initial  energies  only 
slightly  above  threshold.  We  also  obtain  the  effects  of 
Langmuir  wave  collision  damping  on  the  collapse  threshold, 
and  prove  some  interesting  analytical  results  about 
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one-dimensional  pulsating  solitons.  This  paper  contains 
results  about  the  dynamical  behavior  of  Langmuir  wave  evolu¬ 
tion  which  could  be  extremely  significant  and  relevant  to 
strong  Langmuir  turbulence  excited  by  electron  or  radiation 
beams. 

3-  "Parametric  Instabilities  in  Weakly  Magnetized 
Plasma, "  J.  C.  Weatherall*,  M.  V.  Goldman,  and  D.  R. 
Nicholson,  submitted  to  As trophy sical  Journal,  1979  [attached 
as  Appendix  C] . 

Our  earlier  work  on  beam  excited  Langmuir  turbulence 
neglected  guiding  magnetic  fields.  This  paper  studies  the 
effects  of  a  weak  magnetic  field  on  the  wave-wave  interac¬ 
tions  associated  with  Langmuir  collapse.  It  is  found  that 
even  a  weak  magnetic  field  tends  to  make  the  instability 
more  one-dimensional,  and  can  suppress  the  forward  cone  of 
modulational  instabilities  altogether.  This  work  is  signi¬ 
ficant  for  its  influence  on  subsequent  studies  of  magnetic 
collapse  by  our  group  and  others.  Weak  magnetic  fields  may 
inhibit  or  distort  Langmuir  collapse  and  turbulence  due  to 
beams  (currently  under  study) . 

4.  "A  Statistical  Theory  of  Langmuir  Turbulence, " 

D.  F.  DuBois**,  H.  A.  Rose,  and  M.  V.  Goldman,  Journal  de 
Physique,  Colloque  #7,  Suppl.  #7,  Tome  40,  pg.  601  (1979) 
[attached  as  Appendix  D] . 

*Ph.D.  student  supported  by  AFOSR . 

♦♦Consultant  supported  by  AFOSR. 
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This  work  is  concerned  with  a  statistical  treatment  of 
the  (Zakharov)  equations  which  govern  nonlinear  Langmuir  wave 
dynamics  such  as  soliton  formation  in  one  dimension  (or 
collapse,  in  two  or  more  dimensions) .  The  method  is  a  gener¬ 
alization  of  the  well-known  direct-interaction  approximation 
(DIA)  used  in  Navier-Stokes  theory  of  neutral  fluids.  The 
problem  is  formulated  in  this  paper  in  a  manner  which  is 
amenable  to  further  numerical  computation.  The  physics  of 
the  self-focusing  instability  is  identified  for  the  first 
time  in  a  statistical  theory.  This  research  area  is  impor¬ 
tant  because  a  knowledge  of  the  Langmuir  wave  correlation 
functions  is  essential  to  an  understanding  of  their  role  in 
transport  phenomena  and  particle  heating.  Also,  the  statis¬ 
tical  approach  offers  the  possibility  of  finding  "averaged" 
general  properties  of  the  nonlinear  phenomena  occurring  in 
strong  Langmuir  turbulence. 

5 .  "Two  Examples  of  the  Decay  Instability  in  an 
Inhomogeneous  Plasma, "  T.  H.  Rudolph,  Ph.D.  thesis. 
University  of  Colorado,  1979  [attached  as  Appendix  E] . 

This  work  represents  a  first  draft  of  the  Ph.D.  thesis 
of  Terence  Harvey  Rudolph,  who  has  been  supported  by  the 
present  AFOSR  contract  since  1976.  It  consists  of  detailed 
numerical  and  analytical  work  concerning  the  Langmuir  turbu¬ 
lence  excited  by  intense  radiation  in  plasmas  with  density 
gradients.  Two  examples  are  treated:  radio  waves  in  the 
ionosphere  and  CO^  radiation  incident  on  a  dense  plasma  focus 
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device.  In  the  former  case  electron  cyclotron  damping  is 

taken  into  account,  when  the  HF  radio  wave  is  near  twice 

the  electron  cyclotron  frequency.  The  theory  is  relevant 

19 

to  ionospheric  modification  experiments  conducted  in 

1972-3.  In  the  C02  laser  case,  an  application  is  made  to 

2  18 

the  scattering  experiment  of  Peacock,  et  al.  '  .  We  find 

qualitative  agreement  with  Peacock's  scattering  measurements 
of  turbulent  electron  density  correlations  near  the  plasma 
frequency.  The  thesis  is  concerned  mainly  with  the  convec¬ 
tive  nature  of  parametric  instabilities.  Langmuir  wave 
packets  grow  only  while  they  are  in  the  intense  radiation 
field  and  satisfy  the  momentum  (index)  matching  conditions. 

6.  "Effects  of  Impurity  Radiation  on  Reversed-Field 
Pinch  Evolution, "  "The  Numerical  Solution  of  the  Multi- 
Fluid  ,  Quasi-Equilibrium  MHD  Equations  in  One  Dimension , " 
Ph.D.  thesis  of  Edward  J.  Caramana,  1979  [attached  as 
Appendix  F] . 

This  is  the  final  version  of  the  Ph.D.  thesis  of 
E.  Caramana,  who  has  been  supported  by  the  present  AFOSR 
contract  since  1976.  The  influence  of  impurity  ion  radia¬ 
tion  on  the  evolution  of  a  reversed-f ield  pinch  plasma  is 
studied  by  means  of  a  one-dimensional,  MHD  simulation  code 
that  includes  both  plasma  transport  and  impurity  effects. 
Radiation  barriers  are  encountered,  and  limits  are  found  in 
the  acceptable  level  of  low  Z  impurities  that  may  be  present 
if  meaningful  heating  is  to  occur.  A  criterion  for  radiation 
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barrier  burn-through  is  derived.  Also,  thermal  instabilities 
in  the  reversed  field  pinch  are  explored.  It  is  found  that 
current  perturbations  remaining  from  this  pinch  formation  phase 
can  be  greatly  enhanced  by  the  presence  of  impurity  cooling. 

7.  "Plasmon-Plasmon  Interactions , "  D.  F.  DuBois*  and 

M.  V.  Goldman,  Phys.  Rev.  Lett.  ^0,  1978  [attached  as  Appendix 
H]  . 

This  paper  represents  a  spin-off  of  our  research  on  the 
statistical  theory  of  nonlinear  Langmuir  wave  evolution.  It 
is  concerned  with  whether  or  not  a  "bound  state"  of  two  plas- 
mons  can  occur,  due  to  the  nonlinear  interaction  corresponding 
to  the  ponderomotive  force.  Our  conclusion  was  that  such  a 
state  may  be  marginally  achievable  in  a  degenerate  semi¬ 
conductor  plasma  and  might  be  observable.  These  results  now 
appear  to  be  relevant  to  strong  plasma  turbulence  induced  by 
beams. 

8.  "Nonlinear  Langmuir  Waves  During  Type  III  Solar 
Radio  Bursts , "  Dwight  R.  Nicholson,  Martin  V.  Goldman,  Peter 
Hoyng,  and  James  C.  Weatherall , **  Astrophys.  J.  223,  605 
(1978)  [attached  as  Appendix  I] . 

In  this  paper  we  first  showed  numerically  how  electron 
beams  can  directly  produce  Langmuir  wave  collapse  and  turbu¬ 
lence.  The  model  Zakharov  equations  for  a  Langmuir  electric 
field  driven  by  the  beam  were  solved  in  two  dimensions  (the 


♦Consultant  supported  by  AFOSR. 
♦♦Student  supported  by  AFOSR. 


minimum  number  of  dimensions  needed  for  collapse  to  be 
present) .  The  beams  chosen  for  study  were  those  of  solar 
origin,  at  velocities  about  one-third  the  speed  of  light 
and  beam  density  about  10-6  times  the  background  plasma 
density.  Such  beams  are  known  to  produce  electromagnetic 
emission  near  the  plasma  frequency  and  its  first  harmonic. 

Both  linear  instability  and  collapse  thresholds  were  studied. 
Langmuir  packets  were  first  observed  to  grow  linearly  due  to 
beam  instablity  and  then  decouple  from  the  beam  and  rapidly 
collapse  when  their  energy  density  exceeds  threshold.  This 
behavior  should  contribute  to  beam  stability,  since  this 
wave  energy  density  for  collapse  is  low  compared  to  the  beam 
energy  density.  This  work  led  to  an  analytical  theory  pre¬ 
sented  in  the  next  paper: 

9.  "Virial  Theory  of  Direct  Langmuir  Collapse, "  M.  V. 
Goldman  and  D.  R.  Nicholson,  Phys.  Rev.  Lett,  .41,  406  (1978) 
[attached  as  Appendix  JJ . 

In  this  Physical  Review  Letter,  a  general  virial  theorem 
was  proven,  without  any  assumption  of  special  symmetries,  and 
used  to  calculate  the  threshold  and  time  for  direct  collapse 
of  a  two-dimensional  Langmuir  wave  packet  of  the  type  driven 
by  certain  types  of  electron  beams.  The  analysis  is  shown 
to  apply  to  "bump-on- tail"  beam  instabilities,  when  the  "bump" 
is  broad,  low,  and  at  high  velocity.  The  analytic  theory  was 
shown  to  be  in  very  good  agreement  with  our  earlier  numerical 
analysis. 


Dimensions , "  Dwight  R.  Nicholson  and  Martin  V.  Goldman , 

Phys.  Fluids  21,  1766  (1978)  [attached  as  Appendix  K] . 

This  paper  is  mostly  numerical,  and  applies  to  hotter 
plasmas,  in  which  the  Langmuir  waves  have  a  larger  group 
velocity,  and  become  more  intense.  The  virial  theorem  of 
the  previous  Letter  does  not  apply  because  the  ions  can  no 
longer  be  treated  as  adiabatic.  We  observe  various  nonlinear 
wave  phenomena,  including  one  important  scenario  which  has 
long  been  a  subject  of  speculation  in  the  Soviet  literature 
and  elsewhere,  but  has  never  been  shown  to  occur:  A  slow 
cascade  of  energy  to  longer  scale  lengths  (smaller  wave 
numbers) ,  followed  by  a  fast  spatial  collapse  to  short  scales. 
This  work  is  again  intrinsically  two-dimensional. 

11.  "Absorption  of  CO^  Laser  Light  by  a  Dense,  High 
Temperature  Plasma, "  N.  J.  Peacock,  M.  J.  Forrest,  P.  D. 
Morgan,  M.  V.  Goldman,  T.  Rudolph,  and  A.  A.  Offenberg, 
Journal  de  Physique,  Collogue  C6,  Tome  3J3,  43  (1977) 

[attached  as  Appendix  L] . 

The  interaction  between  a  pulsed  C02  laser  beam  and 
the  plasma  produced  in  a  focus  device  is  investigated  theore¬ 
tically  and  experimentally.  The  beam  is  grossly  affected  by 
the  plasma,  and  absorption  during  the  compressed  pinch  phase, 
when  the  plasma  frequency  exceeds  the  C02  frequency,  is  much 
more  complete  than  can  be  predicted  by  classical  resistivity. 
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Enhanced  density  fluctuations  at  the  Langmuir  frequency 
were  measured  directly  by  forward  scattering  from  a  probe 
ruby  laser  beam,  and  found  to  be  a  factor  of  30  above  the 
thermal  level.  A  WKB  treatment  of  the  electron- ion  decay 
instability,  including  convection  in  the  inhomogeneous  plasma 
is  reasonably  consistent  with  the  observations  (also  see 
Appendix  E  for  a  more  complete  version  of  the  theory) . 

B.  Miscellaneous  Topics  Currently  Under  Preparation 

for  Publication 

1.  "Break-Up  and  Reconstitution  of  Langmuir  Wave 
Packets  in  Two  Dimensions,"  T.  Tajima,  J.  N.  LeBoef,  J.  M. 
Dawson,  and  M.  V.  Goldman. 

This  work  represents  a  first  attempt  to  study  ponderomotive 
force  nonlinearities  of  Langmuir  wave  packets  in  homogeneous 
two-dimensional  particle-in-cell  simulation.  At  our  sugges¬ 
tion,  the  U.C.L.A.  plasma  numerical  studies  group  studied 
the  evolution  of  an  initial  coherent  Langmuir  wave  packet  of 
Gaussian  shape.  We  found  the  unexpected  phenomenon  of 
periodic  packet  break-up  and  reconstitution,  with  a  time 
period  inversely  proportional  to  the  initial  packet  energy 
density.  Thus  far,  a  satisfactory  quantitative  theory  of 
the  recurrence  has  proven  elusive,  although  a  heuristic 
explanation  is  possible.  The  packet  is  below  the  threshold 
for  direct  collapse,  so  there  is  no  contradiction  with  our 
previous  results  concerning  collapse.  This  work  is  currently 


**  ¥ 
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being  prepared  for  submission  as  a  Physics  of  Fluids  Research 
Note. 

2.  "Thermal  Self-Focusing  of  Finite  Width  Microwave 
Beams  in  the  Ionosphere , "  M.  V.  Goldman  and  R.  Perkins. 

This  research  is  concerned  with  the  effects  of  intense 
radiation  on  the  ionosphere.  It  is  particularly  relevant 
to  schemes  to  transmit  to  earth  via  microwaves,  the  energy 
collected  by  photo-voltaic  cells  on  board  geostationary 
satellites  (this  is  the  so-called  solar-power-satellite  or 
S.P.S.,  concept).  It  represents  a  collaboration  begun  with 
Prof.  R.  Perkins,  of  Princeton,  in  July  1979.  We  have  studied 
thermal-self-focusing  instabilities  driven  by  the  microwave 
beam.  Such  instabilities  correspond  to  self-consistent 
density  motions,  and  their  effect  on  the  index  of  refraction 
seen  by  the  beam.  They  are  driven  by  the  Joule  heating  term  in 
the  electron  temperature  equations  rather  than  by  pondero- 
motive  force  (as  in  the  Langmuir  wave  self-focusing  instabili¬ 
ties)  .  The  Joule  heating  causes  thermal  conduction  along 
magnetic  field  lines.  The  resulting  density  fluctuations  are 
capable  of  producing  striations  in  the  original  beam.  We 
have  taken  into  account  the  finite  width  of  the  beam  (as 
an  eigenvalue  problem) ,  and  saturation  in  the  steady  state 
striation  problem  (via  Joule  heating  nonlinearity) .  It  was 
found  that  the  thermal  self- focusing  instability  can  be  induced 
in  the  F  region  of  the  ionosphere  using  present-day  HF  radar 
facilities,  and  should  also  be  present  for  the  SPS  microwave 
beam.  Experiments  to  test  this  theory  are  currently  underway. 
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3.  "Raman- Induced  Kerr  Effect — A  New  Laser  Plasma 
Diagnostic, "  M.  V.  Goldman  and  R.  Hellwarth  [see  attached 
memorandum,  Appendix  G] . 

The  idea  of  the  Raman- Induced  Kerr  effect  is  as  follows: 

A  plasma  irradiated  by  a  broadband  laser  is  put  between  cross 
polarizers.  No  plasma  wave  "signal"  is  transmitted  by  this 
probe  until  a  second,  circularly  polarized,  narrowband  laser 
is  turned  on,  at  which  time  a  strong  coherent  signal  is 
detected.  This  signal  carries  imprinted  upon  it  the  spectrum 
of  plasma  collective  modes,  and  can  yield  valuable  information 
concerning  electron  beam  or  laser  excited  wave  tvv*bulence. 

We  have  developed  a  theory  of  this  effect,  based  on  che 
physics  of  ponderomotive  force.  It  exhibits  the  potential 
advantage  of  the  Raman-Induced  Kerr  effect  (RIKE)  over  inco¬ 
herent  scattering,  as  an  optical  diagnostic  in  a  high  density 
plasma.  The  signal  from  RIKE  is  theoretically  predicted  to 
be  stronger  than  that  from  incoherent  scatter  by  a  factor  of 
about  106,  due  to  coherence  effects.  While  Appendix  G  does 
not  take  plasma  inhomogeneity  effects  into  account,  recent 
work  we  have  performed  shows  the  advantage  of  RIKE  can  still 
be  as  great  as  10^.  We  are  still  hoping  to  explicitly  in¬ 
corporate  magnetic  field  ef feet s,  before  publishing  the  work 
in  this  memorandum. 

This  diagnostic  is  currently  being  employed  by  Dr. 

Peacock  of  Culham  Laboratories  to  measure  plasma  wave 
turbulence  in  the  plasma  focus  device. 


There  is  considerable  interest  within  the  plasma  physics 
community  concerning  our  theoretical  development  of  RIKE. 

After  our  presentation  at  the  American  Physical  Society  Meet¬ 
ing  in  Colorado  Springs  we  were  approached  by  numerous  experi¬ 
mentalists  seeking  potential  applications  of  RIKE  to  magnetic 
plasmas.  Among  them  were  Prof.  H.  C.  Praddaude,  of  MIT 
National  Magnet  Lab,  who  is  seeking  a  diagnostic  for  the 
toroidal  device  ALCATOR,  and  Dr.  P.  Forman,  of  Los  Alamos 
Scientific  Laboratory,  who  is  seeking  a  diagnostic  for  a 

dense  pinch  device.  In  the  case  of  ALCATOR,  typical  plasma 
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densities  are  between  10  and  10  ,  temperatures  between 

one  and  two  keV,  and  magnetic  fields  between  50-100  kG.  We 
are  hoping  to  explore  the  Suitability  of  laboratory  plasmas 
such  as  these  for  the  RIKE  diagnostics. 

C.  Invited  and  Contributed  Talks  (Chronological  Order) 

1.  "Absorption  of  C02  Laser  Light  by  a  Dense,  High 
Temperature  Plasma,"  N.  J.  Peacock,  M.  J.  Forrest,  M.  V. 
Goldman,  A.  A.  Offenberger;  invited  talk  presented  in 
Brechtesgaden ,  Germany,  October  6,  1976;  Sixth  Conference 
on  Plasma  Physics  and  Controlled  Nuclear  Fusion  Research, 
paper  number  IAEA-CN-35/G4-4. 

2.  "C02-Excited  Langmuir  Turbulence  in  a  Dense  Plasma 
Focus,"  presented  by  M.  Goldman  as  a  contributed  talk  at 
the  18th  Annual  Meeting  of  the  Division  of  Plasma  Physics  of 
the  American  Physical  Society,  San  Francisco,  11-76  (#l-G-5). 


3.  "Langmuir  Shock  with  Landau  Damping,"  D.  R. 

Nicholson  and  M.  V.  Goldman,  18th  Annual  Meeting  of  the 
Division  of  Plasma  Physics  of  the  American  Physical  Society, 

San  Francisco,  November  1976  (#8-B-7) . 

4.  "Electron  Plasma  Wave  Instabilities  in  Type  III 
Solar  Radio  Bursts,"  M.  V.  Goldman  and  D.  R.  Nicholson,  149th 
Meeting  of  the  American  Astronomical  Society,  Honolulu, 

Hawaii,  January  18,  1976  (#17.13.03). 

5.  "Nonlinear  Theory  of  Type  III  Radio  Bursts,"  D.  R. 
Nicholson,  P.  Hoyng,  and  M.  V.  Goldman,  Meeting  on  Solar  and 
Interplanetary  Physics,  Tucson,  Arizona,  January  12,  1977. 

6.  "Two-Dimensional  Nonlinear  Evolution  of  Parametric 
Instabilities,"  D.  R.  Nicholson  and  M.  V.  Goldman,  Anomalous 
Absorption  Conference,  Ann  Arbor,  Michigan,  May  18,  1977. 

7.  "Electromagnetic  Radiation  from  a  Strongly  Turbulent 
Plasma  Due  to  Soliton  Collapse,"  G.  Reiter,  M.  V.  Goldman,  and 
D.  R.  Nicholson,  American  Physical  Society  Annual  Meeting, 
Plasma  Physics  Division,  Atlanta,  Georgia,  November  1977. 

8.  "Nonlinear  Langmuir  Waves  During  Type  III  Solar 
Radio  Bursts,"  J.  Weatherall,  D.  R.  Nicholson,  M.  V.  Goldman, 
and  G.  Reiter,  American  Physical  Society  Annual  Meeting, 

Plasma  Physics  Division,  Atlanta,  Georgia,  November  1977. 

9.  "Nonlinear  Langmuir  Waves  in  Two  and  Three  Dimensions, 
M.  V.  Goldman  and  D.  R.  Nicholson,  American  Physical  Society 
Annual  Meeting,  Plasma  Physics  Division,  Atlanta,  Georgia, 


November  1977. 
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10.  "Be sun- Induced  Langmuir  Wave  Collapse,"  M.  V.  Goldman, 
Culham  Laboratories,  England,  October  19,  1977. 

11.  "Direct  Collapse  of  Langmuir  Waves,"  M.  V.  Goldman, 
Imperial  College,  London,  October  1977. 

12.  "Type  III  Solar  Radio  Bursts,"  M.  V.  Goldman,  Imperial 
College,  London,  November  1977. 

13.  "Virial  Theory  of  Direct  Collapse,"  M.  V.  Goldman, 
Winter  School  on  Turbulence,  Observatoire  de  Nice,  France, 
January. 13,  1978. 

14.  "Besun  Induced  Langmuir  Wave  Collapse,"  M.  V.  Goldman, 
two  talks  given  at  U.C.L.A.,  March  1978. 

15.  "Nonlinear  Langmuir  Waves,"  D.  R.  Nicholson  and 

M.  V.  Goldman,  National  Radio  Science  Meeting,  Boulder,  Colo¬ 
rado,  January  1978. 

16.  "Type  II. I  Solar  Radio  Wave  Emission  by  Strong  Plasma 
Turbulence,"  invited  talk  given  by  M.  Goldman  at  the  NASA/JPL 
Workshop  in  Planetary  and  Astrophysical  Magnetospheres, 

Snowmass,  Colorado,  August  1,  1978. 

17.  "Raman- Induced  Kerr  Effect — A  New  Laser-Plasma 
Diagnostic,"  M.  V.  Goldman  and  R.  W.  Hellwarth,  American 
Physical  Society  Annual  Meeting,  Plasma  Physics  Division, 
Colorado  Springs,  November  1978;  Bull.  Am.  Phys.  Soc.  23, 

893  (1978). 

18.  "Statistical  Theories  of  the  Zakharov  Equations 
for  Langmuir  Turbulence,"  H.  Rose,  D.  F.  DuBois,  M.  Espedal, 

M.  V.  Goldman,  and  D.  R.  Nicholson,  Ann.  Phys.  Soc.  Meeting, 
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Colorado  Springs,  November  1978;  Bull.  Am.  Phys.  Soc.  23, 

298  (1978). 

19.  "Numerical  Study  of  Strong  Langmuir  Trubulence," 

D.  F.  Nicholson,  M.  V.  Goldman,  D.  F.  DuBois,  and  G. 

Reiter,  Ann.  Phys.  Soc.  Meeting,  Colorado  Springs,  November 
1978;  Bull.  Am.  Phys.  Soc.  23,  892  (1978). 

20.  "Modulational  and  Parametric  Langmuir  Wave  Insta¬ 
bilities  in  a  Weakly  Magnetized  Plasma,"  J.  Weatherall,  M. 

V.  Goldman,  and  D.  R.  Nicholson,  Ann.  Phys.  Soc.  Meeting, 
Colorado  Springs,  November  1978;  Bull.  Am.  Phys.  Soc.  23 , 

787  (1978). 

21.  "Soliton  Radiation  During  Type  III  Solar  Bursts," 

G.  Reiter,  M.  V.  Goldman,  and  D.  R.  Nicholson,  Ann.  Phys. 

Soc.  Meeting,  Colorado  Springs,  November  1978;  Bull.  Am. 

Phys.  Soc.  23,  783  (1978). 

22.  "Nonlinear  Langmuir  Waves  During  Type  III  Solar 
Radio  Bursts,"  D.  R.  Nicholson,  M.  V.  Goldman,  T.  Van  Grunsven, 
P.  Hoyng,  G.  Reiter,  T.  Rudolph,  and  J.  Weatherall,  Inter¬ 
national  Symposium  on  Solar-Terrestrial  Physics,  Innsbruch, 
Austria,  June  1978. 

23.  "Nonlinear  Langmuir  Waves,"  D.  R.  Nicholson  and 

M.  V.  Goldman,  National  Radio  Science  Meeting,  Boulder,  Colo¬ 
rado,  January  1978. 

24.  "A  Statistical  Theory  of  Langmuir  Turbulence," 

D.  F.  DuBois,  H.  Rose,  and  M.  V.  Goldman,  XIV  Conference 
Internationale  sue  les  Phenomenes  d' Ionisation  dans  les  Gaz, 
Grenoble,  France,  July  9-13,  1979. 
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25.  "Nonlinear  Evolution  of  Intense  Langmuir  Waves  in 

a  Homogeneous  Plasma,"  M.  V.  Goldman,  University  of  California 
at  Los  Angeles,  February  1978. 

26.  "Collapse  of  Langmuir  Wave  Packets,"  M.  V.  Goldman, 
University  of  California  at  Los  Angeles,  March  1978. 

27.  "Nonlinear  Plasma  Waves  and  Electromagnetic 
Emission,"  M.  V.  Goldman,  University  of  Southern  California, 
May  1978. 

28.  "Reiman- Induced  Kerr  Effect,"  M.  V.  Goldman, 
University  of  California  at  Irvine,  January  1979. 

29.  "Nonlinear  Plasma  Waves  and  Electromagnetic 
Emission,"  M.  V.  Goldman,  University  of  California  at  Irvine, 
January  1979. 

30.  "Plasmon-Wave  Solitons  in  Solar  Radio  Emission," 

M.  V.  Goldman,  University  of  Colorado,  April  1979. 

31.  "Langmuir  Turbulence  Dirven  by  Electron  Beams," 

M.  V.  Goldman,  Aspen  Center  for  Physics,  June  1979. 

D.  Conferences  Organized 

Professor  Goldman  was  the  organizer  and  chairman  of  an 
international  workshop  at  the  Aspen  Center  Physics  held  in 
June  1979,  on  the  topic,  "Fundamental  Problems  in  Plasma 
Physics."  The  research  sponsored  by  this  contract  was  the 
subject  of  extensive  discussion  and  collaboration  at  this 
workshop. 


20 


References 


1.  s.  Jackel,  B.  Perry,  and  M.  Lubin,  Phys.  Rev.  Lett.  32' 

95  (1976). 

2.  M.  J.  Forrest,  P.  D.  Morgan,  N.  J.  Peacock,  K.  Kuriki, 

M.  V.  Goldman,  and  T.  Rudolph,  Phys.  Rev.  Lett.  37 , 

1681  (1976)  . 

3.  R.  P.  H.  Chang,  M.  Prokolab,  and  B.  Grek,  Phys.  Rev. 

Lett.  28,  206  (1972) . 

4.  R.  Stenzel  and  A.  Y.  Wong,  Phys.  Rev.  Lett.  28.'  274 
(1972)  . 

5.  F.  W.  Perkins  and  P.  K.  Kaw,  J.  Geophys.  Res.  16,  282 
(1971) . 

6.  H.  C.  Carlson,  W.  E.  Gordon,  and  R.  L.  Showen,  J. 

Geophys.  Res.  77,  1242  (1972) . 

7.  K.  Papadopoulos ,  G.  L.  Goldstein,  and  R.  Smith,  Astrophys. 
J.  190,  1242  (1972)  . 

8.  S.  Bardwell  and  M.  V.  Goldman,  Astrophys.  J.  209 ,  912 
(1976). 

9.  A.  Y.  Wong  and  B.  H.  Quon,  Phys.  Rev.  Lett.  34,  1499 
(1975). 

10.  D.  F.  DuBois  and  M.  V.  Goldman,  Phys.  Rev.  Lett.  28,  218 
(1972) . 

11.  P.  K.  Kaw  and  J.  M.  Dawson,  Phys.  Fluids  12,  2585  (1969); 
D.  W.  Forslund,  et  al.  ,  Phys.  Rev.  Lett.  36,  35  (1975). 

12.  W.  M.  Hooke  and  S.  Barnabei,  Phys.  Rev.  Lett.  2_9,  1281 
(1972). 

13.  V.  E.  Zakharov,  Sov.  Phys.  JETP  25,  908  (1972). 

14.  G.  J.  Morales  and  Y.  C.  Lee,  Phys.  Fluids  19,  690  (1976). 

15.  D.  A.  Gurnett  and  R.  R.  Anderson,  Science  194 ,  1159 
(1976) . 

16.  M.  V.  Goldman,  G.  F.  Reiter,  and  D.  R.  Nicholson, 

Physics  of  Fluids,  January  1980. 


21 


17.  Experiments  of  G.  Benford,  University  of  California 
at  Irvine,  1978-1979. 

18.  D.  F.  DuBois,  H.  A.  Rose,  and  M.  V.  Goldman,  Journal 
de  Physique,  Colloque  #7,  Suppl.  #7,  Tome  40,  pg.  601 
(1979). 

19.  P.  A.  Fialer ,  Radio  Sci.  9,  923  (1974). 


* 


f 


* 


T 

i 


ns 


"Radiation  from  a  strongly  Turbulent  Plasma* 
Application  to  Electron  Beam-Excited  Solar  Emiaeiooii 


Physics  of  Fluids 
January  1980 


Martin  V.  Goldman,  George  F.  Reiter,  and  Dwight  R.  Nicholson 


CU  1036 


November  1979 


PF11330  Received  May  4,  1979 


1 


REVISED  VERSION 
August  1979 


Radiation  from  a  strongly  turbulent  plasma: 
Application  to  electron  beam-excited  solar  emissions 

Martin  V.  Goldman 

Department  of  Astro-Geophysics,  University  of  Colorado, 
Boulder,  Colorado  80309 

George  F.  Reiter 

Physics  Department,  Brookhaven  National  Laboratory, 
Upton,  New  York  11973 

Dwight  R.  Nicholson 

Department  of  Physics  and  Astronomy,  University  of  Iowa, 
Iowa  City,  Iowa  52242 


The  emission  of  radiation  at  the  plasma  frequency  and  at  twice  the 
plasma  frequency  from  beam-excited  strong  Langmuir  turbulence,  for  the  case 
of  low-density  high-velocity  warm  beams  is  considered.  Under  these  conditions, 
Langmuir  wave  packets  undergo  (direct)  collapse  in  a  time  short  compared 
with  one  e  folding  of  a  beam  mode.  The  wave  packet  energy  density  threshold 
for  collapse  depends  only  on  the  beam  temperature  and  velocity,  not  on  the 
beam  density.  Upper  and  lower  limits  on  the  volume  emissivity  for  harmonic 
emission  from  these  collapsing  wave  packets  are  found.  Within  most  of  this 
range,  the  emissivity  is  large  enough  to  account  for  observations  of  second 
harmonic  radiation  during  type  III  solar  radio  wave  bursts.  The  radiation 
at  the  fundamental  is  many  orders  of  magnitude  larger  than  predicted  by  weak 


turbulence  theory. 


I.  Introduction 

In  this  paper  we  treat  the  emission  of  radiation  from 
collapsing  Langmuir  wave  packets  excited  by  an  electron  beam 
of  high  velocity  and  low  density.  Emission  rates  at  the  plasma 
frequency,  to  ,  and  the  first  harmonic,  2eo  ,  are  calculated  for 
a  non-magnetic  plasma  with  parameters  appropriate  to  the  solar 
wind  plasma  during  so-called  type  III  solar  radio  wave  emis¬ 
sion.  The  parameter  space  for  Langmuir  collapse  and  subse¬ 
quent  radiation  is  very  rich,  and  many  distinctly  different 
phenomena  can  occur  under  different  conditions.  We  believe 
the  work  of  this  paper  deals  with  one  of  the  simplest  cases 
(possessing  significant  measured  data) ,  and  probably  has  at 
least  qualitative  significance  to  other  regimes  of  strong 
Langmuir  turbulence . 

The  subject  of  type  III  solar  radio-wave  emission  provides 

a  unique  arena  for  the  interaction  of  modern  nonlinear  plasma 

physics  with  space  physics.  In  this  paper  we  shall  show  that 

conditions  are  commonly  found  in  the  solar  wind,  during  type  III 

bursts,  when  highly  nonlinear  evolution  of  electron  plasma  waves 

(Langmuir  waves)  can  occur.  This  evolution  can  take  the  form 

1  2 

of  spatial  "collapse"  '  of  Langmuir  wave-packets  of  initially 
very  low  energy  density.  The  collapse  is  essentially  a  nonlin¬ 
ear  index-of-ref raction  effect,  in  which  Langmuir  waves  are 


3 


confined  by  ponderomotive  force,  and  intensify  and  steepen  in 
an  unstable  manner  which  can  only  be  stopped  by  eventual  dissi¬ 
pation  of  energy  into  resonant  electrons.  A  plasma  in  this 
condition  is  said  to  be  "strongly  turbulent." 

The  emission  of  electromagnetic  waves  from  the  collapsing 
Langmuir  wave  packets  is  estimated  in  this  paper  using  various 
dynamical  and  statistical  models.  Most  of  these  lead  to  favor¬ 
able  comparisons  with  recent  observations  by  Gurnett  and 

3  4 

Anderson  at  H  AU.  We  believe  that  previous  attempts  at 

calculating  this  emission  have  been  inconsistent  (see  Sec. 

VI)  . 

One  result  of  increasingly  sophisticated  and  far-reaching 
experiments  in  space  has  been  the  establishment  of  a  firmer 
foundation  for  the  basic  physics  of  type  III  bursts.  There  is 
now  general  agreement  that  an  electron  beam  is  launched  during 
a  flare  event  on  the  sun,  and  that  as  this  beam  propagates  out 
in  the  solar  wind  along  a  magnetic  field  line,  it  excites 
Langmuir  waves,  which  in  turn  produce  radiation  at  the  local 
plasma  frequency  and  at  its  first  harmonic.  As  the  beam  propo- 
gates  from  the  sun  to  the  earth  and  beyond,  it  encounters  local 
plasma  frequencies  which  progressively  decrease  by  more  than 
four  orders  of  magnitude.  The  measured  radiation  shows  this 
characteristic  drop  in  frequency  as  a  function  of  time. 
Spacecraft  experiments  on  board  satellites  have  detected  the 
electron  beam,  Langmuir  wave,  and  the  emitted  radiation, 
although  the  data  on  Langmuir  waves  have  been  rare,  and  diffi¬ 
cult  to  obtain.  A  sketch  of  the  events  associated  with  a  type 
III  burst  is  depicted  in  Fig.  1.  Measurements  have  been 


4 


made  from  the  earth-orbiting  satellites,  '  IMP6,  8,  and  from 
the  solar-orbiting  satellites,^  HELIOS  1,  2. 

Our  concern  in  this  paper  is  mainly  with  the  emissivity 

3 

measurements  obtained  by  Gurnett  and  Anderson  at  twice  the 

local  plasma  frequency  near  HELIOS  1  (near  0.5  AU) .  In 

the  strongest  burst  observed  by  them  (March  31,  1976,  18:10 

-17  -2 

U.T.),  a  radiation  intensity  of  10  W  m  Hz  was  measured. 

This  leads  to  a  volume  emissivity  (assuming  isotropic  emission) 
7 


J  (2(1)  )  =  1.6X10  ergS  cm  3g  lgter  1  (1) 

P 

Langmuir  waves  were  observed  simultaneously,  with  an  energy 
density  (in  units  of  the  background  particle  energy  density. 


nkBT)  of 


<IS!2> 

w  5  TiHO?  *  1-4’'10 

£> 


These  Langmuir  waves  generally  occurred  as  "spikes"  with 
characteristic  dimensions  of  25-100  km  or  larger.  (Structures 
of  smaller  size,  such  as  the  collapsing  Langmuir  wave  packets 
discussed  in  this  paper,  would  be  too  small  to  have  been 
detected  by  the  HELIOS  spacecraft.)  The  background  plasma 
parameters  associated  with  these  measurements  were  ng  =  42 
electrons  per  cm^ ,  and  kgTg  =  10  eV  (Tg  =  1.2x10^  °K) .  We 
shall  use  these  parameters  in  our  calculations. 


The  plan  of  this  paper  will  be  as  follows : 

In  Sec  .II  we  shall  treat  the  excitation  of  Langmuir 
waves  by  a  typical  electron  beam  associated  with  type  III 
bursts  and  show  how  the  beam  determines  the  shape  and  spatial 
density  of  Langmuir  wave  packets  up  to  the  time  at  which  their 
energy  density  begins  to  exceed  the  collapse  threshold. 

Section  III  is  devoted  to  the  subsequent  collapse,  and 
describes  how  a  steady  state  is  set  up  in  which  the  beam  acts 
as  a  source  of  energy  density,  and  resonant  wave-particle 
interaction  (Landau  damping)  acts  as  a  dissipative  sink. 
Conditions  for  stabilizing  the  beam  against  quasilinear  plateau 
formation  are  also  discussed  here.  The  similarity  solutions 
for  collapsing  wave  packets  in  the  adiabatic  and  supersonic 
regimes  are  presented. 

In  Sec.  IV  (and  in  the  Appendix)  we  discuss  the  general 
problem  of  emission  of  electromagnetic  waves  by  the  nonlinear 
currents  associated  with  Langmuir  waves.  It  is  shown  that 
harmonic  emission  cannot  be  of  lower  order  than  quadrupole. 
Emission  cannot  occur  from  the  beam-driven  Langmuir  waves 
without  some  form  of  nonlinear  saturating  wave  interactions 
because  of  kinematical  constraints.  We  estimate  the  harmonic 
and  fundamental  emission  that  occurs  in  the  later  stages  of 
collapse  by  using  similarity  solutions  and  constants  of  the 
motion  to  approximate  the  Fourier  transform  of  the  emitting 


currents . 


Calculation  of  the  volume  emissivity  requires  that  we 
know  (on  the  average)  how  many  collapsing  wave  packets  are 
present  per  unit  volume.  Models  for  this  "density  of  collaps¬ 
ing  packets"  are  developed  in  Sec.  V,  based  on  energy  conserva¬ 
tion  in  the  steady  state  power  flow  associated  with  Langmuir 
waves.  The  volume  emissivity  is  calculated  and  compared  with 
the  measured  value. 

In  Sec.  VI  we  present  detailed  criticisms  of  other  work  on 
strong  turbulence  emissivity.  In  the  Appendix  we  explain  why 
the  collapsing  wave  packets  are  mainly  longitudinal. 


Excitation  of  Langmuir  Waves  by  the  Beam 


We  shall  assume  a  simple  model  of  the  electron  beam  and 
the  background  plasma.  The  beam  will  be  assumed  to  be 
stationary,  spatially  homogeneous,  and  having  a  Gaussian 


distribution  in  velocity  space  centered  around  v^  =  c/2, 
with  an  isotropic  half-width,  Av  *  v^/3: 


I 
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r  * 


The  background  plasma  is  assumed  to  be  a  Maxwellian  with  density 

n  *  42,  and  temperature  10  eV,  as  in  the  experiments  at  %  A(J 

of  Gurnett  and  Anderson."*  This  implies  that  n^  <_  4.2*10-5  cm-3, 

-3  k 

and  v  /v.  «  9*10  ,  where  v  =  (knT  /nr)  is  the  electron 

thermal  velocity  associated  with  one  degree  of  freedom. 

We  note  that  the  assumption  of  a  time- stationary  beam  is 
an  approximation.  Since  the  beam  is  injected  with  velocity 
dispersion  at  the  site  of  a  flare,  the  faster  electrons  will 
arrive  downstream  before  the  slower  ones  so  that  v^  (and  possibly 
Av)  are  functions  of  time.  The  effects  of  this  on  the  excited 

g 

Langmuir  waves  were  studied  by  Magelssen  and  Smith,  who  took 

into  account  reabsorption  of  Langmuir  waves  by  the  beam,  and 

determined  that  the  beam  could  propagate  over  large  distances. 

-4 

A  relatively  low  level  of  Langmuir  waves  resulted  (W  =  10  ) . 

However,  the  time  scale  for  such  effects  is  long  compared  with 
a  collapse  time,  and  we  have  ignored  such  space-time  variation 
of  the  beam. 

In  this  paper  we  show  that  Langmuir  energy  densities  on 
-4 

the  order  of  W  »  10  are  unstable  against  spatial  collapse. 
These  energy  densities  are  a  small  fraction  of  the  beam  energy 
unless  nb/ne  is  much  smaller  than  10~6.  This  justifies  the 
neglect  of  the  change  in  the  beam  due  to  homogeneous  quasi- 
linear  beam  relaxation.  Since  the  process  of  spatial  collapse 
takes  energy  out  of  resonance  with  the  beam,  we  can  also  view 
collapse  as  a  potential  mechanism  for  stabilizing  the  beam 
against  plateau  formation. 


* 
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The  beam  distribution  of  Eq.  (3)  causes  the  growth  of  a 
k-space  wave  packet  of  Langmuir  waves,  centered  around  the  wave 
vector  k  ,  which  satisfies  the  Cerenkov  condition. 


So 


“PVvb  ■ 


or 


e  -3 

~  =  9x10 


(5a) 


(5b) 


The  resulting  growth  rate  of  resonant  Langmuir  waves  is. 


Ib  _  (AH  ^b  (v_b\ 

%  W  n0  \Av/ 


k ,  2+k 


°  2  ZexP  (-Z2/2)  ,  (6) 


I 


where 


Z  =  (vfa/Av) (k  -kQ)/k 


(7) 


We  note  that  the  background  magnetic  field  has  been  neglected 
in  Eq.  (6).  This  is  completely  justified,  since  the  ratio  of 
electron  cyclotron  frequency  to  plasma  frequency  is  small  (see 
Sec.  VI) . 

The  fastest  growing  Langmuir  waves  have  k  ^  ) ,  and 

k  ■  0.  We  will  determine  the  k-space  shape  of  the  Langmuir 
wave  packet  determined  by  Eq.  (6).  At  a  given  time,  t,  the 
wave  energy  system  will  have  been  amplified  by  the  factor  A(k) 

2  exp  [2yq (k) t ] .  We  determine  the  half-widths  by  the  condition 
A(k+Ak)  =  A(k  )/2.  The  parallel  and  perpendicular  half-widths 
are  therefore  obtained  from  the  following  equation 


=  1  '  nA(ko)  . 


(8) 
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Choosing  A(k  )  =  2x10  (10  e  foldings),  yields, 


Akl  /4n2\*  1 

k  \TnA/  *  4  ' 

o 

Ak  II  _  / ln2  Av  _  1  Av 

Jc  \lnA/  v,  ~  T  v. 

o  b  b 


(9a) 

(9b) 


We  note  that  the  perpendicular  half-width,  Ak^/kQ,  is  determined 

entirely  from  the  factor  kQ2/ (k  | 2+k^2)  in  Eq.  (6),  while  the 

parallel  half-width,  Ak||/kQ,  is  determined  entirely  from  the 
2 

factor  Zexp(-Z  /2).  The  shape  of  the  k-space  wave  packet  is  there¬ 
fore  elongated  in  the  perpendicular  directions,  producing  a  kind 
of  pancake,  as  shown  in  the  two-dimensional  projection  in  Fig. 

2. 


This  model  assumes  the  amplification  of  spatially  homogen¬ 
eous  noise,  so  that  the  convective  nature  of  the  beam  instability  is 
irrelevant.  We  also  note,  in  this  connection,  that  a  typical 
excursion  distance  of  a  Langmuir  wave  packet  in  the  perpendi¬ 
cular  direction  (during  a  collapse  time)  is  1  km,  whereas  the 
perpendicular  spatial  width  of  the  electron  beam  has  been 
measured^  to  be  at  least  80  earth  radii.  This  justifies  the 
neglect  of  the  finite  spatial  width  of  the  beam  in  our  treat¬ 
ment  . 

The  phases  of  the  Fourier  modes  in  the  beam-unstable 
Langmuir  wave  packet  will  be  random,  since  we  have  assumed  it 
is  homogeneous  white  noise  being  amplified.  This  leads  to  a 
multitude  of  wave  packets  in  real  space,  with  mean  spatial 

half-widths  of  Axn  =  (Ak  .)_1,  and  Ax.  =  (Ak  )~^,  as  depicted 

II  il  lx 


10 


in  Fig.  2.  For  the  parameters  considered  here,  a  typical 
real-space  packet  measures  about  3  by  10  km.  This  would  be 
too  small  a  packet  to  be  measured  by  current  spacecraft  tech¬ 
niques3  at  1/2  AU.  We  shall  assume  the  mean  distance  between 
wave  packets  to  be  on  the  order  of  this  mean  size. 

This  will  constitute  our  picture  of  Langmuir  waves  while 
they  are  subject  to  beam  growth,  but  before  they  have  reached 
the  critical  intensity  for  nonlinear  wave-wave  interactions. 

We  should  remark,  in  passing,  that  the  beam  contribution  to 
the  dispersion  relation  of  the  Langmuir  waves  is  negligible 
because  nb/ne  <  10-6  [inequality  (4)]  . 

Ill .  Langmuir  Wave  Collapse 

The  electron  beam  creates  the  configuration  of  real-space 

Langmuir  wave  packets  just  described.  The  packets  grow  in  time. 

When  one  of  these  packets  is  sufficiently  intense,  it  can 

2 

collapse  "directly,"  in  a  time  which  is  fast  compared  with  one 

beam  growth  e  folding  time.  This  process  has  recently  been 

2  9 

discussed  at  length  by  two  of  the  present  authors.  ' 
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A.  Predictions  of  the  Virial  Theorem  for  Initially 
Adiabatic  Collapse 


In  brief,  the  threshold  for  collapse  of  a  wave  packet 
depends  simply  on  its  k-space  widths  (in  the  limit  when  its  group 
velocity  is  less  than  sound  speed,  and  assuming  that  its  energy 
density  is  sufficiently  less  than  the  mass  ratio) .  The  critical 
energy  density  for  an  anisotropic  wave  packet  is  a  slight  gen¬ 
eralization  of  the  result  in  Ref.  2, 

(Ak||)2  +  (Ak,)2 

"th  -  24  /  2--—  '  <10> 

provided  that 


and, 


W  <<  16  m/M  , 


(11a) 


(lib) 


where  W  is  the  energy  density  defined  in  Eq.  (1),  m/M  is  the 
electron  to  ion  mass  ratio,  Ak  is  the  k-space  half-width  of  the 
packet,  and  kQ  is  the  wave  number.  The  inequalities  (11)  are  the 


T 

i 

v 

% 
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conditions  for  adiabatic  ions.  In  the  later  stages  of  collapse 
the  ion  inertia  becomes  important,  and  the  inequalities  (ll)  are 
strongly  violated.  However,  the  threshold  condition  (10)  is 
justifiably  adiabatic.  From  Eqs.  (5)  and  (9)  we  have 

Ak^/kD  =  2 . 2xl0~3  , 

Ak)(/kD  =  7 . 5xlQ-4  .  (12) 


The  larger  of  these  dominates  in  Eq.  (10),  and 


W 


th 


a  10 


-4 


(13) 


The  adiabatic  condition  (11a)  is  then  seen  to  be  well-satisfied, 
but  (lib)  is  only  marginally  satisfied.  Nevertheless,  numerical 
calculations  indicate  the  validity  of  this  description  under 
the  present  circumstances. 

Next,  we  note  that  the  energy  W  h  represents  a  small  fraction 

_  g 

of  the  energy  density  in  the  electron  beam,  when  nj_)/ne  s  10 

Under  these  circumstances 

2 


W, 


_ 


n  9 


io"2  , 


(14) 


e  e 

hence,  the  wave-wave  interactions  inherent  in  collapse  occur 
before  the  wave-particle  interactions  governing  homogeneous 
beam  plateau  formation.  Since  the  wave  energy  of  resonant  modes 
never  becomes  comparable  to  the  beam  energy,  the  collapse 
process  would  seem  to  suppress  quasilinear  plateau  formation! 
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We  also  note  that  is  independent  of  the  beam  density 

n,  ,  whereas  W,  decreases  with  n.  .  Hence,  for  n,/n  signifi- 
b  beam  b  be 

“  6 

cantly  smaller  than  10  ,  it  is  likely  that  collapse  will  be 

prohibited  because  not  enough  energy  is  available  in  the  beam 
to  elevate  the  waves  to  threshold  energy.  Measurements  indi¬ 
cate  that  10  ®  is  probably  an  upper  limit  for  type  III  bursts. 
These  facts  also  help  guarantee  that  the  collapse  time  is 

shorter  than  a  beam  growth  time.  The  collapse  time  predicted 

2 

from  vxnal  theorem  arguments  is 


to 


pfcv 


4 


/3  jj*  (W-Wth> 


(15) 


(Near  threshold,  this  is  of  the  same  order  as  the  collapse  time 
associated  with  similarity  solutions^)  A  typical  value  for  t 
is  about  0.1  sec,  compared  with  about  1  sec  for  yb  ^ .  For  n-^/b^ 
less  than  10  6  the  beam  instability  will  be  even  slower. 

A  model  for  steady  state  must  go  farther,  and  follow 
the  power  injected  by  the  beam  to  its  ultimate  dissipation  in 
the  plasma.  Our  qualitative  picture  of  this  process  is  exhibited 
in  Fig.  3.  Here,  the  "state"  of  a  Langmuir  wave  packet  is 
characterized  by  two  parameters:  its  energy  density  W,  and  the 
square  of  a  characteristic  spatial  half-width  Ax  (in  units  of  the 
Debye  length) .  These  two  parameters  form  a  kind  of  two- 
dimensional  phase  space  for  Langmuir  wave  packets.  Packets  above 
the  dashed  line  are  subject  to  collapse,  according  to  Eq.  (10). 
Due  to  the  beam  instability,  a  wave  packet  executes  a  trajectory 
in  the  phase  space,  as  illustrated  in  Fig.  3.  Packets  of  a 


14 


size  set  by  the  beam  parameters  [Eq.  (9)]  grow  until  they  exceed 
threshold.  They  then  quickly  collapse  to  smaller  size  and  larger 
W.  This  collapse  becomes  supersonic  when  the  adiabatic  conditions 
(11)  are  violated.  We  assume  that  the  collapse  continues  until  Ax 
becomes  on  the  order  of  about  5  Debye  lengths,  and  that  the  col¬ 
lapse  then  ceases,  with  power  flowing  into  electrons  due  to 
wave  particle  interaction.  The  power  balance  this  implies  will 
be  treated  explicitly  in  Sec.  V.  We  note  from  Fig.  3  that 

the  packet  size  decreases  by  two  orders  of  magnitude,  and  its 

-4 

energy  density  increases  from  10  at  threshold,  to  order  unity 

when  Landau  damping  can  occur. 

In  the  adiabatic  regime,  above  threshold,  the  Langmuir  wave 

2 

evolution  should  be  accurately  described  by  the  cubic  nonlinear 
Schrodinger  equation 

i3-£  +  hV2g  +  |£|2  g  =  0  ,  (16) 

here,  t  =  w  t,  r  =  rkn//3,  and  ?  is  the  dimensionless  envelope 
of  the  plasma  oscillations.  The  total  real  Langmuir  wave  field, 

El,  is  given,  in  physical  units  in  terms  of  the  envelope  £  as 

3277n)'1'J(9e+ei)is  £  eXp  (-iw  t)J  .  (17) 

In  the  early  adiabatic  stages  of  collapse,  the  evolution  of  a 
given  initial  wave  packet  can  be  described  by  virial  theorem 
arguments.2  In  addition  to  the  threshold,  W  ^  [Eq.  (10)],  and  the 

collapse  time,  t  [Eq.  (15)],  these  arguments  predict  the  depend- 

2 

ence  of  the  square  width,  <6r  >,  of  the  packet,  on  time. 


<6r2>  «  <6r2>Q  x  (l-t2/tv2)  , 


(18a) 


and  also  the  dependence  of  the  energy  density,  if  one  assumes 
that  the  shape  of  the  packet  remains  Gaussian 

W(t)  «  <<Sr2>~D/2  ,  (18b) 

where  D  is  the  number  of  spatial  dimensions  of  Eq.  (16) . 


B.  Adiabatic  Similarity  Solution 

In  the  later  stages  of  adiabatic  collapse,  it  is  likely  that 
the  packet  has  distorted  in  shape  and  has  begun  to  approach  the 
shape  of  the  similarity  solution.1  The  similarity  solution  is  of 


the  form 


S*  <VirVs>  ' 


(19a) 


u  =  r/  (t  -t)  *  . 

When  (19)  is  inserted  into  (16),  an  ordinary  differential 
equation  for  R  results 


(19b) 


I  (1+H*V£  +  ^u2£  +  |R|2R  =  0  . 


(19c) 


We  can  arbitarilly  set  |r|  to  be  of  order  unity  at  its  maximum. 
Then,  we  find  that  the  collapse  time  of  the  adiabatic  similarity 
solution  is 


oj  t  =  8  W 

P  a 


where  we  have  assumed  the  spatial  average  <  |  >  =  \g  j 2/2. 

°  max 

Note,  this  differs  from  the  virial  theorem  prediction,  although 
when  W  is  several  times  W^,  they  are  numerically  close. 
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(In  essence,  the  similarity  solution  does  not  "remember"  initial 
scale  lengths,  such  as  Ak  1 . )  From  (19a)  we  also  get  a  predic¬ 
tion  from  the  similarity  solution  about  how  W  varies  with  time 

W  (t)  =  ■— * .  .  (20b) 

(t  -t) 

d 

This  is  in  agreement  with  (18b)  only  in  two  dimensions.  Also, 

the  half-width  of  the  collapsing  self-similar  solution  can  be 

2 

much  narrower  than  <  5  r  > . 

C.  Supersonic  Similarity  Solution 

As  W  increases,  the  collapse  becomes  supersonic,  in  the 

sense  that  the  inequality  (11a)  is  violated.  At  this  time,  the 

cubic  nonlinear  Schrodinger  equation,  (16) ,  no  longer  provides 

a  correct  description,  and  we  must  employ  the  so-called 
2 

Zakharov  equations,  which  allow  for  ion  inertial 

effects,  and  electromagnetic  dispersion.10  These  equations  may 

be  written  as 

( i3~  +  V  V  •  +  -£-*■  VxVx-£)£=0,  (21a) 

e 

O^2  -  8V2)  n  =  V2|<?j2  ,  (21b) 


where,  n  is  the  ion  density  fluctuation,  and  the  dimensionless 
10 

units  are 


t 


m 

T  r;  (1) 

3  M  p 


t 


n 


3_  M  6n 
2  m  nQ  ' 


3  =  1  + 


Vi 


(22) 


where  m/M  is  the  electron -to -ion  mass  ratio,  and  y^  is  the  usual 
ratio  of  ion  specific  heats.  The  real  electric  field  of  the 
Langmuir  waves  in  physical  units  in  terms  of  the  dimensionless 
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envelope  £  is 

(32irn0/3)  **  £  exp  (-iio^t)^  .  (23) 

2 

in  the  extreme  supersonic  limit-,  only  the  3~  term  need  be 
retained  on  the  left  side  of  Eq.  (16).  Equations  (21)  then  have 
a  well-known  three-dimensional  (supersonic)  similarity 
solution,10,11  given  by 

~  Vs  ~  IV«W' 


n  -  — . .  4~7'3  n(u)  ,  (24) 

(ts-t)4/3 

where  t  is  the  supersonic  collapse  time,  and  [ R [  is  again 
chosen  to  have  a  maximum  equal  to  unity.  This  implies  that  the 
time  for  supersonic  collapse  is  given  (in  real  units) ,  by 


(25a) 


2 

where  W  is  the  value  of  £  /8nn9  at  the  time  supersonic  col- 

so  max 

lapse  begins.  If  the  supersonic  stage  follows  an  initially 


adiabatic  collapse,  as  we  are  assuming  here,  we  can  roughly 
take  Wso=16  m/M  [from  (11a)],  so  that 


(J-)H  M 
\  16  /  m  - 


(25b) 


We  shall  use  these  similarity  solutions  later  to  calculate 
the  emission  from  collapsing  Langmuir  waves.  There  is  numerical 
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evidence  that  certain  initial  field  configurations  relax  into 
similarity  solutions,^  ^  but  the  analytical  foundations  for 
why  this  is  so  remain  largely  unknown.  It  is  also  useful  to 
note  that  the  dimensionless  dispersion  collapse  time  t  is  simply 
<«>-*. 

In  summary,  the  role  of  Langmuir  collapse  is  indicated  in 
the  energy  flow  diagram  in  Fig.  4.  Most  of  the  electron 
stream  energy  remains  intact  during  its  propagation  from  the 
sun.  A  small  fraction  of  this  energy  [see  Eqs.  (10)  and  (14)]  goes 
into  Langmuir  waves  due  to  the  bump-on-tail  instability.  Some 
of  the  resulting  Langmuir  wave  packets  collapse  due  to  nonlinear 
wave  interactions.  During  the  collapse,  a  small  fraction  of  the 
Langmuir  energy  is  radiated  away,  mainly  at  2u>  .  However,  most 
of  the  Langmuir  energy  is  eventually  dissipated  by  coupling  to 

I 

electrons  and  ions  in  the  late  stages  of  collapse,  which  we  do 

not  treat  explicitly  in  this  paper.  1 

It  is  important  to  note  that  a  strong  conversion  of  the 

Langmuir  waves  into  (transversely-polarized)  radiation  is  not 

2  2 

expected,  because  the  parameter  c  /3vg  is  much  greater  than  one,  1 

and  the  early  fields  are  entirely  longitudinal.  This  matter  is 
discussed  in  some  detail  in  the  Appendix.  In  the  next  section  we 
treat  the  conversion  into  radiation  by  familiar  techniques  for  ' 

given  current  distributions,  and  obtain  expressions  for  the 
emission  from  a  single  collapsing  Langmuir  wave  packet. 

< 


IV.  Emissivity  of  Radiation  from  Langmuir  Wave  Packets 


r>  1 

The  transverse  nonlinear  currents,  j,  ,  associated  with 
(longitudinal)  Langmuir  waves  can  lead  to  emission  of  radiation 
at  2co  and  at  w  .  We  assume  a  model  of  independent  emissions 
associated  with  the  current  of  each  of  an  assembly  of  Langmuir 
wave  packets.  The  emissivity  of  a  given  wave  packer  is  then  a 
simple  function  of  the  nonlinear  current  By  standard 

techniques,  we  find 


OJ  K 


(26) 


where  r  is  a  position  vector  from  the  current  distribution  to 
an  observation  point  in  the  radiation  zone,  the  wave  vector  K 

2  2  ic 

is  defined  as  K  =  (r/c)  [w  -w  (r_)  ]  ,  and  p  is  the  angle  between 

1 

j  (jK,w)  and  r.  Equation  (26)  takes  into  account  the  fact  that 
the  observation  point  is  imbedded  in  the  plasma  with  a  local 
plasma  frequency  (_r)  which  varies  on  the  scale  of  an  AU. 

The  geometry  is  illustrated  in  Fig.  5.  Note,  the  factor 

2 

sin  p  guarantees  that  only  the  transverse  component  of  the  cur¬ 
rent  contributes  to  the  emission.  The  time  average  is  over  a 
time  T  which  is  long  compared  with  the  dominant  frequency,  u)Q  (T 
may  be  set  equal  to  the  collapse  time) . 

We  are  interested  in  nonlinear  currents  centered  about  a 
dominant  frequency, 
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Jnl(r,t)  =  t)exp(-iwQt)  +  c.c.  ,  (27) 


n  1 

where  the  time-dependence  of  the  envelope  ^  (r,t)  is  slow  on 
the  scale  of  w0  ^ .  Making  use  of  this  slowness,  Eq.  (26)  can 
be  expressed  in  terms  of  the  envelope  current  as 


dP 

~ 


Km  sin  a 
— o  o  To 


8itc‘ 


where 


(28a) 


K 


— o 


(28b) 


is  the  principal  wave  vector  of  the  emitted  radiation,  and  w  (r) 

p 

is  the  plasma  frequency  at  the  observation  point.  Also,  (J>o  is 
the  angle  between  r  and  co  =  0)  . 

We  now  need  to  develop  expressions  for  the  appropriate 
nonlinear  currents.  These  currents  arise  from  the  beating  of 
first  or  second  order  electron  density  fluctuations  with  the 
velocity  of  electrons  oscillating  in  the  Langmuir  field. 

The  current  which  gives  rise  to  emission  at  the  plasma 
frequency  is  third  order  in  the  Langmuir  field 


nl 

4tt a  J  (r,t) 
t-up  - 


(29) 


where  Sn2  is  the  density  driven  by  the  ponderomotive  force  in 
Eq.  (21b) ,  and  hence  second  order^  in  the  Langmuir  field,  E^. 

The  relationship  between  5n2  and  the  dimensionless  n  is  given 
in  Eq.  (22c).  We  note  that,  although  is  entirely  longitudinal, 
the  product  5n2EL  has  a  transverse  component,  in  general.  Also 
note  that  in  the  adiabatic  limit  5n2  reduces  simply  to  -|£|^ 

[see  Eq.  (16) J  . 
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The  current  at  210^  is  second  order  in  the  Langmuir  field. 


£l 


nl  2  ^ni 

4ir3ti2u)  (£'fc)  =  * 

p  o 


(30a) 


Here,  Sn.^  is  the  first  order  density  of  electrons  oscillating  at 
the  plasma  frequency.  (The  factor  2  arises  because  the  emission 
frequency  is  2^.)  An  expression  for  6n^  follows  immediately 


from  Poisson's  equation  for  the  Langmuir  field,  ET , 

n.  =  -v*  ET/47te  • 

1 


(30b) 


A.  Emission  at  2u 

- p 

It  is  easy  to  prove  that  there  can  be  no  dipole  emission 
at  2u)  .  The  standard  multipole  expansion  for  jnl(K,t)  is  generated 

p 

by  writing  the  spatial  Fourier  transform  of  the  current  in  terms 

of  the  Kronecker  delta,  6„  =  V  r. : 

x,  m  rn  3c 


d3£<Vl)Am1|£’t,exp,‘i£'£l 


(31) 


In  the  dipole  approximation,  K*r  is  set  equal  to  zero.  After  an 

integration  by  parts  and  application  of  the  continuity  equation, 

this  yields  »  -iw  d,  where  d  is  the  dipole  moment  of 

the  nonlinear  charge  density  distribution.  Hence,  whenever  the 

spatial  integral  of  jn^(r,t)  vanishes,  there  is  no  dipole 

that 

emission.  We  can  show  this  is  the  case  for  harmonic  emission  by 

/\ 

using  Eqs.  (30)  for  the  nonlinear  current  •  If  E.^  = 


Re[£exp(-iuj  t)]  ,  then  *  Re  exp(-2iw  t)]  ,  where  the  envelope, 

p  ~  up  p  P 
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^2(jJ  (r)  is  proportional  to  (V*£)£,  from  Eq.  (30)  .  Since  £ 
is  predominantly  curl-free  (see  the  Appendix) ,  there  follows 
the  vector  identity, 

-  su£&2'  •  '32> 

Hence,  /  vanishes,  by  the  divergence  theorem,  and  there 

is  no  dipole  emission  at  2u  . 

To  find  the  emissivity  for  harmonic  emission  in  terms  of  the 
field  $  of  a  Langmuir  wave  packet,  take  the  spatial  Fourier 
transform  of  the  current  given  in  (32).  Upon  integrating  by 
parts, 

-eK  f 

j”1  (£o ' =  Jd3rexp(-iK0-r)(^<fm-%ra£-£/2)  .  (33) 

2u  p  ^ 

P 

For  simplicity,  let  us  assume  the  Langmuir  field  direction 
remains  essentially  parallel  to  k^  during  collapse.  The  current 
does  not  depend  very  strongly  on  the  field  direction 
because  one  term  goes  as  £•£  in  Eq.  (33) .  We  write, 

£(r,t)  =  kQA  exp  (i8/2)  ,  (34) 


where  the  (real)  scalar  amplitude  A,  and  phase,  9,  depend  on 
space  and  time.  •  From  Eq.  (33),  we  find 


e<V2  - 


K 

— o 


•k  k  ) 

-o~o 


4tt<jj  m 

P 


J d3r  exp  [i(Ko-r-0)]A‘ 


(35) 


W 


o 
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The  magnitude  of  the  emission  depends  in  detail  upon  the 

space-time  evolution  of  A(r,t)  and  6(r,t).  We  shall  assume 
2 

that  A  collapses,  and  that  9  starts  out  as  21^ *r,  and  does 
not  evolve  pathologically. 

12 

We  note  parenthetically,  however,  some  recent  evidence 
that  the  nonlinear  behavior  may  consist  of  periodic  break-up 
and  reconstitution,  rather  than  collapse,  due  to  ponderomotive 
effects  in  the  phase.  Since  no  theoretical  understanding  yet 
exists  concerning  the  competition  of  such  behavior  with  collapse, 
it  is  not  taken  into  account  in  the  present  paper.  We  assume 
here  that  collapse  continues  down  to  scale  lengths  of  several 
Debye  lengths. 

In  the  very  early  phases  of  collapse  there  cannot  be 

substantial  emission  because  of  the  momentum  mismatch,  K  -2k  , 

—o  — o 

in  the  phase  factor  in  the  integrand  of  Eq.  (35) .  There  is 

.  .  2 
strong  phase  mixing,  as  we  shall  soon  show.  As  A  collapses 

more  and  more,  the  phase-mixing  becomes  less  important.  By  the 

time  the  collapse  has  become  supersonic  (W  >  16  m/M) ,  emission 


can  occur. 
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The  amount  of  emission  depends  sensitively  on  the  shape  of 

2 

A  ,  as  supersonic  collapse  proceeds  to  still  smaller  scales. 

There  have  been  no  calculations  of  the  three-dimensional  evolu- 
2 

tion  of  A  and  0  predicted  by  Zakharov  equations.  Model  equa¬ 
tions  studied  by  Budneva,  et  al.}^  suggest  that  a  small  col¬ 
lapsing  core  breaks  away  from  an  initially  Gaussian  packet, 
leaving  the  (essentially)  Gaussian  corona  behind.  The  core 
eventually  tends  toward  the  form  of  a  similarity  solution  to 
the  equations. 

We  shall  estimate  the  current  in  two  different  ways.  First, 
we  shall  assume  that  the  entire  Gaussian  corona  collapses.  This 
will  lead  to  an  upper  bound  on  the  emissivity.  Then  we  shall 
assume  that  only  the  (much  smaller)  core  collapses,  and  tends 
towards  a  supersonic  similarity  solution.  This  will  give  less 
emission.  The  actual  emissivity  probably  lies  between  the 


two  limits. 
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In  order  to  present  a  coherent  discussion  of  the  various 

spatial  scales,  we  introduce  the  following  definitions. 

2 

Define  L  (t )  as  the  half-widths  of  A 
Il'JL 


A2(z=L|(/  r=0)  =  A2  {z=0 ,  r=L  )  h  A2(0,0)/2  , 


(36a) 


and  l.  as  the  scale-lengths  of  the  phase: 

1  l'_L 

A,  .  2  I e I/I V  0|  .  (36b) 

ll'l  Il'-L 

We  now  discuss  the  implications  of  the  time-dependence  of 

L  (t)  and  i{  t)  for  the  size  of  the  current,  E<3-  (35). 

P 

We  begin  with  the  time  t  =  0  at  which  the  beam-amplified  Langmuir 
wave  packets  begin  their  collapse, 
i)  Onset  of  collapse  (t  =  0) 

Initially,  the  packet  moves  at  a  phase  velocity  equal  to  the 
beam  velocity,  so  the  phase  is 


9  =  2k  *r  , 


-  (2V1,  l  -  0]  . 


O'  '  1 


(37a) 


The  half-widths  L  ^  and  correspond  to  the  half-widths  of  the 
initial  packet  defined  by  Eqs.  (9)  and  (12) 


L  ( 0)  =  (Ak  ) 


-1 


L  (0)  =  (Ak  ) 


-1 


(37b) 


2 

If  we  assume  that  A  is  Gaussian,  the  integral  for  22u,  can  be 

P 

performed.  It  is  proportional  to 


i2u  a  exp[-(Ko-2k0>2L  2/4], 
P 


(37c) 


which  is  vanishingly  small.  This  result  corresponds  to  the 
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well-known  fact  that  beam-driven  Langmuir  wave  packets  cannot 
emit  type  III  radiation  at  2oj  in  the  absence  of  nonlinear  (or 

hr 

other)  interactions  which  broaden  their  k-space  widths.  This 

is  because  momentum  conservation  demands  that  the  photon  wave 

vector,  ,  be  equal  to  the  sum  of  two  Langmuir  wave  vectors 

k_,  and  kAA,  which  lie  within  the  packet .  Since  K  =  /3w  /c 
—01  —02  r  op 

(by  28b) ,  and  k  =  u  /v.  (by  5a) ,  we  see  that  this  is  not 

ir 

possible  for  beams  with  speeds  v^  of  order  c/2  or  smaller.  The 
situation  is  illustrated  in  Fig.  6.6.  Essentially,  the  wave 
packet  is  too  narrow  in  k-space  to  contain  Langmuir  wave  vectors 


kQ.  and  k^  sufficiently  smaller  in  magnitude  than  k  to  add  up 


to  K  .  The  mathematical  expression  cf  this  is  that  the  exponent 
2  2 

-  (I<o-2kQ)  L  /4,  in  Eq.  (37c)  is  a  large  negative  number 


initially. 


2  2 

However,  as  the  packet  collapses,  (KQ-2ko)  L  /4,  tends  to 

2  2 

zero.  The  reduction  factor  exp-(K  -2k  )  L  /4  is  no  longer 

o  o  1 1 

effective  the  time  L  has  become  small  enough  for  the  following 


condition  to  be  satisfied: 


L  (t) k  <  1  ,  (38) 

II  ° 

for  no  phase  mixing  (here,  we  have  used  the  fact  that  Kq  is  of 

order  k  ,  and  assumed  that  i  ,  does  not  get  much  smaller  than  L  . ) 

°  il  II 

2  9 

By  this  time,  the  packet  has  broadened  '  sufficient  in  k  space, 
so  that  it  contains  pairs  of  wave  vectors  [such  as  and  k^  in 
Fig.  6(b)"*,  which  properly  sum  to  K  .  Put  in  another  way,  the 
phase  factor  in  the  integrand  of  Eq.  (35)  is  longer  effective  in 
phase-mixing  the  integral  by  the  time  inequality  (33)  is  satisfied 
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To  proceed  further,  we  need  models  of  the  time-dependence 
of  L^.  The  most  optimistic  of  these  assumes  a  collapsing 
Gaussian  corona.  This  leads  to  an  upper  bound  on  the 
emissivity : 

ii)  Coronal  collapse  model 

In  the  adiabatic  stage  we  can  use  the  scaling  implied  by 
the  virial  theorem  | see  Eqs.  (18)  | 


(39) 


We  also  assume  that  0  =  2^‘r^  This  is  acceptable  in  the 
adiabatic  stage  as  long  as  L  k  >  1,  since  plasmon  momentum 

ll'_L  ° 

2 

is  conserved.  Another  conserved  quantity  is  the  plasmon 
number,1'2 


N 


const. 


(40) 


Equations  (39)  and  (40) ,  taken  together  with  the  assumption  of 
a  Gaussian  shape,  give  us  the  time-dependence  of  the  space- 
averaged  energy  density,  W(t)  [see  also  Eq.  CL 8 b )] : 


W(t)  = 


W(0) 


(l-t2/tv2)3/2 


(41) 


For  phase-mixing  to  disappear,'  Eq.  (38)  must  be  satisfied.  Using 
the  expression  for  L  in  Eq.  (39),  this  gives  the  time,  tQ,  at 
which  a  collapsed  corona  begins  to  emit  harmonic  radiation: 


(1-to2/tV2)J5  ”  “k.|/ko  =  V12 


(42) 


However,  at  this  time,  according  to  Eq.  (41),  the  energy  density 
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W(tQ)  will  have  increased  by  three  orders  of  magnitude,  and 

the  collapse  will  be  well  into  the  supersonic  regime.  If  the 

entire  corona  collapses  enough  for  phase  mixing  to  be  negligible, 

then  the  current  in  Eq.  (35)  becomes  proportional  to  the  plas- 

mon  number  N  in  Eq.  (40).  Since  n  is  an  invariant  of  the  Zakharov 

equations  (21) ,  it  is  conserved  even  in  the  supersonic  stage  of 

collapse.  We  can  therefore  find  an  upper  bound  on  by  using 

P 

N  to  evaluate  the  integral  during  the  supersonic  regime.  N  can 
be  evaluated  from  the  initial  Gaussian  conditions: 


2.3/2 


-1 


N  =  3  ‘,Tr',/ ‘  (Ak,,)  “(Ak 


r2  =  192„5/2  ns  Ae-  . 

j.  kD3  415  wth 


(43) 


Using  this  as  the  value  for  the  integral  in  Eq.  (35) ,  and  in¬ 
serting  into  the  emissivity  formula  (28a)  yields  an  upper  bound 
for  the  emissivity  during  the  supersonic  stage  of  collapse 


dP 

dI7 


max 


2w 


=  108/37rsin2<f> 


fe)  te)  6 


2r/M5 


n 


.5  w  0 

3  P 


(44a) 


The  angular  factor  is 


sin200  =  1  -  [  CkQ-Ko)2  -  ^]2  • 


(44b) 


This  factor  has  its  largest  value  (of  unity)  when  the  radiation 

comes  out  in  a  45°  cone  about  the  beam  direction,  which  is  in 

14 

agreement  with  the  known  coupling  of  radiation  at  2u  to  two 

P 

Langmuir  waves  in  parametric  instability  theory. 

We  note,  in  passing,  that  the  maximum  total  energy  radiated, 
according  to  Eq.  (44)  is  10  2  times  the  total  energy  in  the 
Langmuir  packet.  Hence,  it  is  indeed  valid  to  ignore  the 
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effect  of  radiation  losses  on  the  collapse  process  (see  Fig. 

4)  . 

iii)  Core  collapse;  similarity  solutions 

A  very  different  picture  emerges  if  we  assume  that  the  collapsing 
packet  quickly  assumes  the  form  of  a  similarity  solution. 

In  the  adiabatic  stage,  the  packet  width  of  a  simliarity  solu¬ 
tion,  L  ,  can  be  considerably  smaller  than  that  of  a  Gaussian 
II 

corona  [Eq.  09)].  Budneva,  et  al.,^  have  studied  the  adiabatic 
collapse  of  a  spherically  symmetric  scalar  field  obeying  a  cubic 
nonlinear  Schrodinger  equation  [the  scalar  version  of  our  Eq. 

(16)].  The  corona  of  an  initially  Gaussian  packet  substantially 
above  threshold  was  observed  to  remain  essentially  stationary, 
while  a  narrowly  spiked  core  collapsed  and  approached  the  form 
of  a  similarity  solution.  A  repetition  of  these  calculations 
near  threshold  also  seems  to  show  self-similarity.  Under  such 
conditions  we  might  expect  much  less  emission. 

The  width  of  an  adiabatic  similarity  solution  is  obtained, 
roughly,  by  setting  u  =  1  in  Eq.  (19b) .  Then,  the  half-widths, 


a  c  a  e  , 

L  and  L  ,  of  the  adiabatic  similarity  solutions  are: 
11  1  * 


.  as 


s  L 


as 

_i 

1 


=  (Ak  ) 


“M 


(l-t/ta) 


(45a) 


Note,  the  half -widths  are  independent  of  Ak^,  since 
Wfch  =  24 (Ak  ) 2/kD2.  In  effect,  the  similarity  shape  is  inde¬ 
pendent  of  the  initial  shape,  and  is  narrower,  particularly 
when  W  >>  Wt^.  However,  in  our  case,  W  is  only  slightly  greater 


than  Wt^,  so  the  half-width  L 


as 


appears  to  be  proportional 


to  (Ak^) 


,  -1 


This  is  much  smaller  than  the  parallel  half-width 
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of  the  initial  Gaussian  packet,  =  (Ak  )  ^ . 


The  presumption 


is  that  a  narrow  spike  is  superposed  over  the  broad  Guassian 
corona.  Pereira  and  Sudan^6  have  shown  that  initially  aniso¬ 
tropic  two-dimensional  packets  tend  to  become  more  isotropic  as 
collapse  gets  underway,  so  the  scaling  of  L^'s‘  *  L^,s‘  is 
not  surprising.  We  must  note,  however,  that  Eq.  (45a)  has  no 
validity  until  collapse  is  well  underway. 

The  scaling  of  the  energy  density  of  an  adiabatic  similarity 
solution  with  time  is  given  from  Eq.  (19a) : 


w(t)  =  . WJO) . . 

(1-t/t J  • 


(45b) 


Comparing  (45a)  with  (45b),  we  see  that,  in  three-dimensions, 
the  half-width  volume  decreases  at  a  faster  rate  than  the 
energy  density  increases#  hence, 

(45c) 


/ 


d3rA2  «  (1-t/t  )* 


where  C  indicates  integration  over  the  core.  The  contribution 
of  the  core  to  the  N  invariant  is  therefore  small.  (Phase¬ 
mixing  may  still  be  expected  at  larger  r,  due  to  Kq  and  the 
self-similar  phases.)  We  now  calculate  the  (smaller)  emission 
from  the  similarity  core. 

From  Eqs.  (45a)  and  (38),  we  find  the  time,  t^,  at  which 
the  collapsed  core  can  begin  to  contribute  to  the  current, 
j_2  ,  #  without  substantial  phase-mixing: 

(l-t12/t  2)*  »  Ak  /k  * 

1  a  J_  o 


1/4  . 


(45d) 


According  to  (45b) ,  the  energy  will  have  increased  by  a  factor  of 
16  at  this  time,  and  the  collapse  will  shortly  enter  the  super¬ 
sonic  stage.  We  shall  assume  all  the  emission  occurs  in  the 
supersonic  stage,  since  by  then  a  supersonic  core  of  similarity 

form  may  have  had  time  to  develop. 

ss 

The  half-widths  L  of  a  supersonic  similarity  solution 

ll'± 

are  obtained  from  Eqs.  (22 >-G4)  by  setting  u  =  1: 

L®S  a  L®S  ~  (l-t/ts)2/3/|  (12)1/3(m/M)1/2kD  ,  (46a) 

where  t  =  0  is  now  the  onset  time  for  the  supersonic  stage  of 

collapse,  and  W  =  16  m/M.  (We  note  that  -f.  d  rA  is  small 

but  invariant  in  the  supersonic  stage.)  At  t  =  0,  the  phase- 

s  s 

nixing  criterion  (38),  yields  k  L  =  0.3,  so  the  current  i, 

°  )) 

can  be  evaluated  with  the  phase  factor  in  the  integrand  of 
Eq.  (35)  ignored.  The  result  for  the  current  may  be  written  as, 

i2u  -  -  ^4  (l7"®  s)  h  ■  (46bl 

P  ckj^ 

where 

l2  *  *01  /  ^  (RlRn  -  5lm£-£/2)  '  ‘  l46cl 

and  R  is  the  similarity  field,  defined  in  Eq.  (24).  As  discussed 
beneath  that  equation,  j  R |  has  a  maximum  value  equal  to  one. 

Its  half-width  is  also  of  order  unity,  so  we  expect  [  I  to 
or  order  unity  as  well.  The  emissivity  that  follows  from  this 
current  is  found  [via  Eq.  (28a)]  to  be 
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2u>  64 

P 


^m[(M5  n  „e 

„2  m  [V  c  /  kD3  p 


where  we  have  approximated  Ij^l  =  1.  This  estimate  gives 
substantially  less  emission  than  that  of  the  coronal  collapse 


model,  Eq.  (44),  because  the  core  is  so  much  smaller  than  the 

corona.  For  the  parameters  we  have  been  considering,  IdP/d&l®^ 

- 6  ,  ,  . max  P 

is  about  10  times  smaller  than  [ dP/dft | - 

P 

There  is  a  clear  need,  here,  for  numerical  work  to  determine 


the  time-dependent  shape  of  a  three-dimensional  collapsing 
packet,  under  type  III  conditions.  Unfortunately,  the  Zakharov 
equations  should  not  be  solved  in  fewer  than  three  dimensions, 
because  the  N  integral  of  a  truncated  similarity  solution  only 
goes  to  zero  with  time  in  three  dimensions  [cf.,  Eq.(45c)] 

One  cannot  use  spherical  or  even  cylindrical  symmetry,  because 
such  symmetries  require  zero  field  at  the  origin,"^  due  to 
the  vector  nature  of  the  envelope.  A  full  three-dimensional 


numerical  solution  of  the  vector  Zakharov  equations  is  prohibi¬ 
tively  expensive  at  this  time.  However,  some  insight  has  been 
gained  by  further  studies  of  model  equations  for  a  scalar 
envelope,  such  as  that  of  Budneva,  et  al.^  In  particular, 
we  have  found  narrow  cores  in  packets  close  to  threshold  in 
recent^  numerical  work  using  Budneva 's  model,  which  suggest 
that  the  emissivity  may  lie  closer  to  the  lower  estimate  of 
Eq.  (47). 
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B .  Emission  at  the  Fundamental 

The  treatment  of  emission  of  radiation  at  frequencies 

close  to  the  plasma  frequency  is  somewhat  more  challenging. 

We  must  have  approximate  frequency  matching  between  the  Langmuir 

2  2  2  2  2  2 

waves  and  the  radiation:  u  +c  K  -  w  +3v  k  .  This  means 

p  o  p  e  o 

that  the  wave  number  K  of  the  fundamental  is  much  smaller  than 

o 

the  wave  number  k  of  the  Langmuir  waves.  [k  =  /3v  k  /c 

o  o  e  o 

<<  kQ,  as  long  as  vg/c  <<  1  (see  Appendix)  .J  In' order  to 
conserve  momentum,  one  requires  either  dynamical  ions  or  strong 
spatial  inhomogeneity.  In  the  present  calculation  we  ignore 
background  plasma  inhomogeneity,  so  we  do  not  allow  local  or 
global  density  gradients  to  absorb  the  extra  momentum.  In  the 
conventional  discussions  of  fundamental  emission  it  is  usually 
assumed  that  ions  or  ion-acoustic  waves  take  up  the  required 
momentum.  The  corresponding  "weak"  turbulence  process  involves 
the  scattering  of  a  Langmuir  wave  (plasmon)  off  ions  and  its 
transformation  into  a  photon:  l  i+t.  This  may  even  occur 
as  a  stimulated  process  (instability) . 

We  shall  make  the  case  here  that  fundamental  emission 
can  also  occur  in  "strong"  turbulence,  i.e.,  from  collapsing 
Langmuir  wave  packets.  It  is  clear  that  emission  cannot  occur 
in  the  subsonic  stage  of  collapse,  because  the  ions  are  adia¬ 
batic,  and  momentum  cannot  be  conserved.  However,  fundamental 
emission  can  occur  in  the  supersonic  stage  when  the  ions  are 
dynamic . 
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(An  argument  has  been  advanced  that  a  collapsing  wave 
packet  cannot  emit  radiation  at  because  the  associated  density 
cavity  "traps"  it.  This  argument  is  specious  because  the  wave¬ 
length  of  such  radiation  is  much  longer  than  the  characteristic 
size  of  the  cavity.  The  emission  occurs  from  this  packet  as  a 
whole,  in  a  manner  analogous  to  the  radiation  by  an  antenna. 

This  is  stated  mathematically  in  the  Appendix.) 

The  current  which  governs  the  -fundamental  emission  is  given 
by  Eq.  (29) .  The  Fourier  transform  of  its  envelope  is 


A  = 

P 


d  rexp  (-iK*r_) 


5n2 (r ,t) 


£  , (r,t) 
L 


In  the  adiabatic  stage  of  collapse,  5n2  is  proportional  to 
-|£|  .  The  dominant  phase  in  the  integral  is  then  in  exp(-iKo*_r) 
which  arises  from  £  (r,t).  This  causes  the  integral  to  phase 
mix  to  zero  [see  Eq.  (35)],  so  that  there  is  indeed  no  emission 
in  the  adiabatic  stage. 

In  the  supersonic  stage,  the  prediction  from  the  super¬ 
sonic  similarity  solutions  (21) -(25)  is  that 


and  the  dimensionless  density  and  field  supersonic  similarity 
solutions  n  ana  R  are  defined  in  Eq.  (24).  He  have 

omitted  the  phase  factor  exp(iK^*r),  which  is  always  of  order  unity. 
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sp¬ 


in  the  absence  of  phase  mixing,  we  expect  the  magnitude  of 
to  be  of  order  unity.  The  current  is  then  inserted  into  the 
emissivity  formula  (28) .  The  time-averaging  interval  T  is 
chosen  to  be  t  ,  the  collapse  time.  The  result  may  be  written 
as 


dP 

3JT 


(50) 


It  is  of  interest  to  compare  this  with  the  similarity  solution 
prediction  of  emission  at  the  harmonic  (Eq.  47): 


dP/dfi 


dP/dfi 


ss 

as  k  2 

p  ___  _o  c _  m 

ss  2  M 


(51a) 


D  v 


2co 


2  2 

The  large  factor  c  /ve  in  Eq.  (51a)  arises  because  the 
harmonic  emission  is  quadrupole,  whereas  the  fundamental  emis¬ 
sion  is  dipole.  The  small  factors  kQ/kD  and  m/M  correspond, 
respectively,  to  the  smallness  of  the  wave  number  and  the  higher- 
order  field  dependence  in  the  fundamental  emission. 

The  ratio  on  the  right  side  of  Eq.  (51a)  is  about  0.2  for 
our  parameters,  indicating  almost  as  much  fundamental  as  harmonic 
emission  from  a  single  collapsing  packet  in  its  supersonic  phase, 
provided  that  the  similarity  form  is  justified.  It 

is  also  of  interest  to  compare  this  value  with  the  value  obtained 

17 

from  weak  turbulence  theory.  The  weak  turbulence  estimate 

i  i  2 

depends  upon  the  assumed  distribution  of  < | ER |  >.  Taking  the  ratio 
of  the  result  predicted  by  (50)  to  the  weak  turbulence  result 
gives , 


> 
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(51b) 


where  8  depends  upon  the  assumed  form  of  the  distribution  of  wave 

energy,  and  can  vary  by  three  orders  of  magnitude  with  assump- 
17 

tions  that  Smith  takes  to  be  reasonable.  We  will  take  3=1. 

Here,  N  is  the  number  of  particles  in  a  Debye  cube;  N  s  10^ 

for  the  plasma  we  are  considering.  The  numerical  value  of  the 

approximately  10®. 

ratio  in  (51b)  is  therefore  The  enormous  enhancement 

A 

over  the  weak  turbulence  result  is  readily  understandable.  The 
weak  turbulence  processes  require  a  spontaneous  fluctuation 
in  the  ion  density  on  a  scale  of  the  Debye  length.  In  order 
that  the  longitudinal  fluctuations  can  scatter  into  transverse 
fluctuations,  these  have  amplitude  for  occurring  that  decreases 
as  1/N .  The  collapsing  wave  packet  makes  its  own  density 
fluctuation,  and  thus  this  factor  is  absent.  To  be  more  pre¬ 
cise,  the  power  radiated  depends  upon 


The  weak  turbulence  assumption  is  that  the  correlation  function 
can  be  factored.  Since  <E(o)*E(r)>  will  only  be  significant 
over  distances  the  order  of  A^,  this  is  roughly 
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If 


and  by  the  central  limit  theorem  <6N  6N>  «  N.  Consequently, 
dP/dft  «  /N.  In  the  strong  turbulence  case,  6n  is  driven 

by  E,  is  not  statistically  independent,  and  there  is  no  factor 
of  N  in  the  expression  for  the  power  radiated,  resulting  in 
many  orders  or  magnitude  more  emission. 

In  fact,  fundamental  emission  is  observed  for  bursts  which 

are  interpreted  to  originate  near  the  sun,  with  intensities 

which  are  comparable  to  the  harmonic  intensities  from  the 
18 

same  burst.  This  is  essentially  inexplicable  from  the  weak 
turbulence  viewpoint,  which  fails  by  many  orders  of  magnitude 
to  predict  sufficient  radiation  in  the  fundamental.  The  collapse 
mechanism  discussed  here  needs  to  be  modified  to  treat  the 
situation  near  the  sun,  but  the  argument  given  here  is  quite 
general  and  suggests  that  strong  turbulence  effects  can  provide 
an  explanation  for  the  observed  radiation. 

At  h  there  has  been  no  observation  of  fundamental 

radiation,  which,  in  view  of  the  relatively  large  amplitudes 
predicted  by  (51b)  is  apparently  inconsistent  with  the  similarity 
solution  predication.  This  nav  be  due  to  refraction  by  random 
inhomogeneities  in  the  background  plasma  density  which  could 
have  the  effect  that  only  radiation  emitted  at  the  location  of 


maximum  density  would  be  able  to  escape.  Inasmuch  as  the 

pulse  of  radiation  emitted  by  the  soliton  has  a  frequency 

-4 

spread  of  only  about  10  w  ,  inhomogeneities  of  the  order  of 

—  4  l  a 

only  3n/nQ  *  10  would  have  a  profound  effect.  We  note 
that  a  uniform  gradient  on  a  scale  smaller  than  or  comparable 
to  the  random  inhomogeneities  would  eliminate  the  self  trapping. 


I. 


1 


i 
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V.  Density  of  Collapsing  Packets  and  Volume  Emissivity 


Thus  far,  we  have  only  found  expressions  for  the  emission 

from  a  single  collapsing  wave  packet  .  We  must  now  go  further, 

and  estimate  the  number  density  of  collapsing  packets 

(in  the  various  stages  of  collapse) ,  in  order  to  calculate  the 

volume  emissivity  and  make  comparisons  with  measurements. 

Our  model  for  steady  state  was  described  beneath  Eq.  (15) , 

and  is  summarized  in  Fig.  3.  Langmuir  wave  packets  receive 

energy  from  the  beam,  collapse,  and  finally  surrender  their 

energy  to  particles  via  wave-particle  interactions.  The  wave 

packets  in  real  space  fill  the  volume  occupied  by  the  beam. 

Their  "discreteness"  arises  from  the  interference  of  beam- 

amplified  random-phase  Langmuir  noise.  We  may  define  a  wave 

2 

packet  roughly  by  finding  the  spatial  mean  value,  J  C(£)  \ 

over  some  large  volume,  and  letting  the  packets  consist  of  the 

2  2* 

simply-connected  volume  in  which  |<?(  r )  |  >|  £(£)  |  •  The 

packets  will  be  distributed  in  terras  of  energy  and  in  terms  of 
spatial  widths.  At  a  given  instart,  some  will  be  growing  (due 
to  the  beam),  some  will  be  in  various  stages  of  collapse,  and 
some  will  be  dissipating  their  energy  into  electrons.  In  the 
ensemble  or  space  average  sense  a  steady  state  or  quasi-steady 
state  is  assumed  tc  exist. 

The  instantaneous  rate  of  work  performed  by  the  beam  on  the 
waves  is 


P  . 
m 


'<■  (k 
0  1 


‘<3 


(52) 


40 


where  y^  (k)  is  the  growth  rate  of  Langmuir  waves  in  resonance 
with  the  beam  [Eqs.  (6)  and  (7)],  y  is  the  peak  growth  rate, 

y 

and  R  indicates  integration  over  resonant  modes  only. 

The  modes  in  resonance  with  the  beam  are  those  lying  in  the 
phase  space  volume  centered  about  k^,  within  the  bounds  of 
the  beam-determined  widths,  Ak^  and  Ak^,  as  in  Fig.  2 
[see,  also,  Eqs.  (9)J  .  In  real  space,  those  wave  packets  which 
are  well  into  collapse  will  not  have  appreciable  Fourier  com¬ 
ponents  in  the  resonance  region.  In  order  to  estimate  P^n  we 
next  need  to  consider  how  the  packet  and  energy  densities  are 
related. 

The  packet  densities  are  related  to  the  total  Fourier 
energy  spectrum  by 

f-£fj  1 41 2  =/d3£lf;£)!2  *  V  £  nuU  ,  (53) 

where 

l 

u=  f  |£(r)j2d3r  (54) 

is  the  energy  in  one  packet  (denoted  by  the  subscript  P) , 
and  ny  is  the  density  of  packets 

with  given  energy,  U*  We  expect  most  of  the  total  energy  to 
reside  in  packets  which  satisfy  or  almost  satisfy  che  condition 
for  collapse.  These  packets  will  all  be  clustered  about  a 
critical  value,  UQ,  with  a  density  nQ.  We  have,  then,  approxi¬ 


mately  , 


f .d°:< 

J  (27) 


Vn  U 
o  o 
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The  mean  spacing  of  th«:se  packets  is  assumed  to  be  on  the  order 
of  their  volume,  which  is  determined  by  the  beam.  This  "close¬ 
packing"  assumption  tells  us  that  nQ  is  on  the  order  of  the 
inverse  volume  of  a  packet,  or. 


nQ  a  (Ak(|)  (Ak  >  V8  ,  (56) 

where  Ak  ^  and  Ak^  are  the;  half -widths  given  by  Eqs.  (9). 

The  average  resonant  mode  energy  depends  on  which  of  two 
distinct  packet-evolution  scenarios  occurs: 

In  the  first  case,  the  number  of  packets  which  remain 
slightly  below  the  collapse  threshold  during  one  collapse  time 
is  much  greater  than  the  number  collapsing.  This  might  be 
expected  on  the  grounds  that  the  collapse  time  is  much  less  than 
y  ^ ,  so,  at  any  given  time,  there  are  still  a  large  number  of 
wave  packets  below  the  critical  W,  contributing  to  the  beam 
power  input  in  Eq.  (52). 

A  second  possibility  is  that  there  is  a  quasi-periodic 
behavior  in  time  with  period  on  the  order  of  y  ^ ,  in  which 
there  is  cyclical  resonant  mode  depletion.  Resonant  mode 
energy  builds  up  during  the  growth  phase,  creating  a  majority 
of  energy-contributing  packets  on  the  verge  of  collapse.  They 
all  collapse  together  quickly,  causing  a  severe  depletion  of 
resonant  mode  energy  for  a  time  on  the  order  of  y^  ^ .  During 
this  time,  amplification  of  noise  (and  perhaps  residual  frag¬ 
ments  of  packets)  occurs,  and  the  process  repeats.  A  long  term 
time  average  gives  a  resonant  mode  energy  equal  to  some  small 


fraction,  P,  of  the  total  mode  energy  given  in  (55) . 


In  either  case, 


the  average  input  power  is 


[from  Eq. 


(52)  and  (55)], 


P . 
in 


y  Fn  VU 

g  o 


o  ' 


(57) 


where  F  =  1  according  to  the  first  scenario,  and  F  < <  1  in 

the  second.  It  is  not  easy  to  decide  between  these  scenarios 

g 

on  the  basis  of  existing  theory  or  numerical  simulation, 
so  we  shall  leave  F  undetermined,  for  the  moment. 

(The  problem  with  numerical  simulation  is  that  the  "box"  size 
would  have  to  be  chosen  large  enough  to  contain  a  statistically 
significant  distribution  of  wave  packets.  This  seems  to  be 

prohibitively  costly  at  present.) 

The  spatial  density,  nc ,  of  collapsing  packets  can  be  estimated 

by  equating  Pin  to  the  rate  of  energy  flow,  Pc,  where, 


P  s  ~~  n  VU 

C  T  C  O 
C 


Here  x  is  the  appropriate  collapse  time, 
c 


(58)  , 


(58) 

Equating  (57)  and 


n_  =  Y„x^ (Fn  )  . 

c  1  g  c  o 


(59) 


The  density  of  adiabatic  collapsing  packets  is  then  obtained  by  lettisj 
t  equal  the  adiabatic  collapse  time,  t^,  given  in  Eq.  (20a) 


=  ^  5  lFn°>  ' 


n 


ad 


(60) 


and  the  density  of  supersonic  collapsing  packets,  by  letting  xc  equal 
the  supersonic  collapse  time,  t  ,  given  in  Eq.  (25b) 
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n  =  —a-  — 3—  —  (Fn  i  . 
ss  ajp  m  o 

We  can  use  Eq.  (61)  to  calculate  the  volume  emissivity: 

If  we  combine  Eqs.  (44),  (61),  and  (56),  we  obtain  an 
upper  bound  on  the  volume  emissivity  for  emission  at  2u)p: 


J_  dP 

2gj  =  n  -Tn 
p  ss  dQ 


max 


2u 


3  7T 


F  -2 
8  M 

p 


(61) 


noa  0 , 
P 


(62) 


We  evaluate  this  for  the  following  parameters: 

n  =  40  cm  3  ,  0  =  10  eV  , 

e  e 


nb/ne  ' 


10 


-6 


Avb/Vb  =  1/3 


W  =  2W 


th 


and  and  Ak^  as  given  by  Eqs.  (12) 

rate  is  taken  (from  Eq.  6)  to  be 
max  ,  2 


Y, 


■  (*y  5  ®  • 


The  resulting  evaluation  gives 


The  maximum  growth 


J_  =  2xlo  ^  F  ergs  cm  3  sec  ^  ster  ^  (63) 

2“p 

This  is  to  be  compared  with  the  measured  value  in  Eq.  (1), 

-23 

which  gives  2x10  .  The  upper  bound  provided  by  the  theory 

when  F  is  larger  than  10  b is  adequate  to  make  collapsing-packet 
emission  an  attractive  condidate  to  account  for  observed 
radiation  at  twice  the  plasma  frequency. 


Even  if  the  collapse  quickly  approached  similarity  form. 


so  that  the  core  emissivity,  (47)  were  more  appropriate 
than  the  coronal  emissivity,  (44),  the  volume  emissivity 
with  F  of  order  unity  would  still  be  consistent  with  the 
observed  emission.  However,  as  we  discussed  below  Eq.  (47) , 
no  one  has  demonstrated  that  three-dimensional  Langmuir  packets 
just  above  threshold  will  quickly  converge  to  the  form  of 
similarity  solutions.  We  note  further  that  only  the  most 
pessimistic  assumption  of  core  emissivity  and  cyclical 
resonant  mode  depletion  (F  <<  1)  leads  to  a  theoretical  volume 
emissivity  below  the  observed  levels. 

As  an  important  side  issue,  it  is  worth  pointing  out  once 
more  that  either  of  our  statistical  models  (F  =  1,  or  F  <<  1) 
is  consistent  with  the  absence  of  quasilinear  beam  plateau 
formation.  This  is  because  the  wave  energy  density  of  beam- 
resonant  modes  can  never  greatly  exceed  the  collapse  threshold, 
which  is  well  below  the  beam  energy  density  [see  Eq.  (13)  and 
(14)  ,  and  the  discussion  which  follows] . 
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VI .  Contrast  with  Previous  Theoretical  Work 

We  wish  to  point  out  here  the  main  differences 

between  the  theory  proposed  here  and  an  earlier  attempt  at 

treating  emission  from  stable  solitons,  due  to  Papadopoulous 
4 

and  Freund. 

A  central  difference  hinges  on  the  role  that  the  magnetic 

field  plays  in  the  evolution  of  the  solitons.  Papadopoulous 

and  Freund  assert  that  the  effect  of  the  magnetic  field  is 

to  produce  stable,  that  is,  not  collapsing,  essentially  one- 

dimensional  solitons.  This  argument  relies,  in  part,  on  their 

claim  that  the  magnetic  field  plays  an  important  role  in  the 

linear  stage  of  beam-mode  growth,  and  distorts  the  real-space 

wave  packets  into  one-dimensional  "pancakes."  We  assert  that 

the  magnetic  field  is  irrelevant  in  shaping  the  beam-mode 

packets.  The  ratio  of  u  /go  :  10  at  0.45  ,  so  one  would 

ce  p 

a  priori  expect  a  rather  small  effect. 

The  argument  that  Papadopoulous  and  Freund  rely  on  is 

20 

stated  more  explicitly  in  a  preprint  of  Smith,  et  al.  , 

where  they  claim  that  the  angular  spread  in  wave  vector  space 

of  the  growing  modes  excited  by  the  two-stream  instability  is 

less  than  1°  for  go  /go  *  10  This  conclusion  is  erroneous, 

c  p 

and  based  on  an  incorrect  application  of  a  standard  formula  for 
the  growth  rate  of  the  unstable  modes  in  the  presence  of  a 
magnetic  field  ^ 


(Akhiezer,  et  al.), 
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where  I^(a)  is  the  Bessel  function.  Papadopoulous  and  Freund 

claim  that  the  growth  rate  is  only  significant  when  K  R_<<  1, 

II  B 

basing  their  claim  on  the  approximation  of  g(a)  by  the  term 

with  1  =  0.  This  approximation  is  totally  unjustified  for 

larger  a,  however,  since  K  R^  =  (V/V  )/(w  /w  )  =  10,  and 

approximately  20  terms  need  to  be  kept  in  the  series.  If  one 

does  this,  one  finds  that  g(0)  =  1,  g(a)  =  0.9989,  i.e.,  the 

dispersion  relation  is  extremely  insensitive  to  K  R„  for  these 

1  b 

values  of  K  R_.  Furthermore,  it  should  be  noted  that  in  the 
li  B 

limit  of  vanishing  field,  K  R_  -*■  °°,  all  terms  in  the  series 

II  B 

must  be  summed.  Papadopoulous  and  Freund's  result  is  obtained 
by  taking  the  strong  field  limit  of  the  dispersion  relation, 
and  then  applying  it  for  weak  fields. 

Their  argument  that  the  solitons  are  stable  is  based  on 
the  assertion  that  they  are  essentially  one  dimensional. 

Since  the  assertion  is  false,  there  is  no  evidence  which 

22 

suggests  that  they  are  indeed  stable.  We  note  that  Petviashvili 
has  argued  that  there  are  indeed  static  localized  solutions  of 


the  equations  one  obtains  by  including  the  magnetic  field  in 
the  linear  part  of  the  equation  of  motion  (A2) .  It  is  not 
clear  whether  such  solutions  really  exist  (since  he  relied  on  a 
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numerical  solution  of  the  equation  to  prove  existence) ,  or  if 
they  are  stable.  In  any  case,  the  linear  and  transverse 
dimensions  of  these  entities  will  bear  no  relation  to  the 
dimensions  of  the  packets  formed  by  the  modes  that  grow  in 
the  presence  of  the  beam,  and  we  think  they  will  play  no  role 
in  the  problem. 

A  second  major  difference  lies  in  the  relationship 
between  the  linear  growth  rate  of  the  unstable  beam  modes,  yfi, 
and  the  average  level  of  energy  in  the  plasma  oscillations,  W. 

4 

The  picture  of  Papadopoulous  and  Freund  is  that  the  energy  is 
transferred  out  of  the  beam  modes  by  the  modulational  insta¬ 
bility,  acting  uniformly  throughout  the  plasma.  By  an  argu¬ 
ment  that  they  think  reasonable,  they  then  conclude  that 
Yb  ^  Ynl  is  the  condition  for  a  steady  state.  yNL  has  the 
same  dependence  on  the  parameters  of  the  problem  as  l/xcr 
where  x  is  the  collapse  time  of  the  solitons,  and  in  this  way 
they  obtain  yb  *  W,  W  <  m/M,  or  yB  «  (m/M^W1*,  W  >  m/M. 

Our  picture  is  that  the  transfer  of  energy  is  due  to  the 

direct  collapse  of  wave  packets,  which  occurs  when  the  energy 

2 

in  the  unstable  modes  has  grown  so  that  W  >  (AK)  .  w  is  fixed 
by  the  velocity  spread,  not  the  intensity  of  the  beam.  The 
collapse  does  not  occur  throughout  all  space,  and,  in  fact,  the 
density  of  collapsons,  n  ,  can  be  computed  from  an  energy 

C 

balance  equation 


(WL  3 ) n 
c  c 


r 


t 


as  long  as  y  <  l/x_,  n  <  1/L  3.  When  y_  >  1/x  ,  the 

D  C  C  C  b  “*  c 

collapsing  solitons  are  closely  packed,  and  the  physical 
situation  is  similar  to  the  picture  that  Papadopoulous  and 
Freund  propose  in  that  n  would  remain  at  1/L  3  as  y_  in- 

C  C  B 

creased,  and  y0  *  1/x^.  However,  this  regime  is  inappropriate 

for  the  type  III  parameters,  in  which  the  ratio  of  beam  to 

background  density  nb/ne  is  never  expected  to  exceed  10~6,  so 

2 

that  yB  <  (1/10) (1/tg) .  As  shown  by  Goldman  and  Nicholson, 
direct  collapse  is  the  dominant  energy  transfer  mechanism  in 
this  regime,  not  the  modulational  instability. 

VII.  Conclusions 

In  conclusion,  we  believe  the  models  we  have  developed 
in  this  paper  for  electromagnetic  wave  emission  from  collapsing 
Langmuir  wave  packets,  give  the  best  possible  state-of-the-art 
estimates  for  such  emission.  Reasonable  models  give  predictions 
which  are  well  above  the  volume  emissivity  observed  during  type 
III  bursts,  Eq.  (1).  Further  numerical  work  on  the  dynamical 
and  statistical  details  of  collapse  would  be  highly  desirable, 
but  the  need  for  working  in  three-dimensions  may  make  the  cost 
prohibitive  [see  discussion  below  Eq.  (47)]  .  Further  theoreti¬ 
cal  work  is  also  necessary,  particularly  in  the  refinement  of 
our  statistical  assumptions. 
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APPENDIX  DERIVATION  OF  EQUATIONS  FOR  TRANSVERSE  AND 
LONGITUDINAL  FIELDS 


We  want  to  show  that  if  o'  =  c/v^  >>  1,  then  a  consistent 
solution  of  the  equations  of  motion  for  a  plasma  can  be  obtained 
in  the  form 


£  =  &  +  £,/(c’)2  , 
— o  ~1 


where  £_  =  —  V4> ,  and  |  £  \  ^  |£l  .  The  field,  £,  is  always 

O  *“■*0 

predominantly  longitudinal.  The  longitudinal  part,  £  , 
satisfies  a  modified  form  of  the  Zakharov  equations,  and  £  is 
the  radiation  field.  We  begin  with  Eqs.  (21) ,  with  all 
tildas  omitted  from  dimensionless  quantities 


l£  , 

1  "  c'  lxlx£  +  =  2  ~  » 


(Al) 


Ot2  -  B2V2)  n  =  V2  |<f|  2  , 


(A2) 


where  c'  =  c/TTv^,  and  will  be  assumed  >>1.  If  we  make  the 

2 

ar.satz  £=  £  +  £  /c '  ,  £  =  we  find,  to  lowest  order  in 

— O  O 

1/c ' 2 : 


3£- 


i  -  vxvx<?  +  v(v*£  )  =  £_  , 


3  (Vx^) 
3t 


-  =  C'2V  x  (§4)  , 


(A3) 


(A4) 
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-  ev2n  =  V2  |£o|2  .  (AS) 

We  Fourier  transform  (A4)  for  the  transverse  field  £  ,  in 
time  and  invert  the  resulting  Helmholtz  equation: 


—  f- 

4  it  J 


exp (iK| r-r ' | ) 


r-r 


d3r ' 


oa 


K  5  io/(c')2  . 


(A6) 


Integrating  (A6)  by  parts  and  substituting  in  (A3)  we  have 


K2P  + 

~o  ,  CO 


exp  (iK  |  r-r 'I ) 


r-r ' 


d3r'+Z(V.^J 


(A7) 


to 

Consider  fundamental  emission  (near  the  plasma  frequency  u  ) . 
If  we  set  K  =  0  in  the  integral  on  the  left  side  of  (A7) 
it  is  just  the  transverse  part  of  the  current  (nc^/2) . 

Since  for  any  vector  field,  A(x,t)  =  Ar  (x,t)  +  A_,(x,t),  where 
L  and  T  designate  the  longitudinal  and  transverse  parts  of  the 
vector,  we  find  that  £  satisfies  the  equation 


(AS) 


the  corrections  due  to  finite  values  of  K  being  of  order  1/c 1 . 
Equations  (A8)  and  the  divergence  of  (Al)  imply  that 


i  7-£  +  72(7-£  ) 

3t  n.  ± 


o  , 


(A9) 
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and  hence  if  =  0,  initially  [or  at  least  ff(l/c')]  it  will 

be  zero  for  all  time,  and  the  solution  of  (A6)  can  be  taken 


to  be 


.  1  A«P(iK|r^-|)rn  1 

4’j  | r-r 1  |  U  JT, 


d3r' 


U) 


(AlO) 


The  problem  therefore  breaks  up  into  two  parts:  the 
solution  of  the  equations  of  motion  for  the  longitudinal  field 
(A8)  determined  entirely  by  the  longitudinal  part  of  the  cur¬ 
rent  (6n/n  )<£.  and  the  radiation  produced  by  that  field, 
determined  by  the  transverse  part  of  the  current  (A10) .  The 
emissivity  formula  (28a)  which  we  have  used  can  be  derived  from 
(A10) . 

The  super  sonic  similarity  solutions  and  plasmon  number 

invariant  arguments  we  have  employed  for  the  field  £  are 

based  on  the  field  equation  (Al) .  Since  we  have  just  demon- 

__  2 

strated  that  the  transverse  part  of  £  is  of  order  (c') 

times  smaller  than  the  longitudinal  part,  our  solutions  can 

also  be  regarded  as  satisfying  (A8)  . 

We  note  that  if  second  harmonic  terms  are  included  in  the 

current,  these  will  have  a  negligible  effect  on  the  motion  of 

£  .  The  radiation  due  to  these  terms  is  calculated  from 
o 

(A10)  with  the  appropriate  current,  and  K  =  ( /3/2 )  (1/c) . 


53 


REFERENCES 

1.  V.  E.  Zakharov,  Zh.  Eksp.  Teor.  Fiz.  62^  1745  (1972) 

[sov.  Phys.-JETP  _35,  908  (1972)]. 

2.  M.  V.  Goldman  and  D.  R.  Nicholson,  Phys.  Rev.  Lett.  41. 

406  (1978). 

3.  D.  A.  Gurnett  and  R.  R.  Anderson,  Science  194 ,  1159  (1976); 
J.  Geophys.  Res.  8_2,  632  (1977). 

4.  K.  Papadopoulos  and  H.  P.  Freund,  Geophys.  Res.  Lett.  5, 

881  (1978). 

5.  D.  A.  Gurnett  and  L.  A.  Frank,  Solar  Phys.  4_5,  477  (1975). 

6.  R.  J.  Fitzenreiter ,  L.  D.  Evans,  and  R.  P.  Lin,  Solar  Phys. 

46,  437  (1976). 

7.  D.  F.  Smith  and  D.  R.  Nicholson,  in  Wave  Instabilities  in 
Space  Plasmas,  Eds.,  P.  J.  Palmadesso  and  K.  Papadopoulos 
(Reidel,  Dordrecht,  1979). 

8.  G.  R.  Magelssen  and  D.  F.  Smith,  Solar  Phys.  5_5,  211  (1977). 

9.  D.  R.  Nicholson,  M.  V.  Goldman,  P.  Hoyng,  and  J.  C. 

Weatherall,  Ap.  J.  223,  605  (1978). 

10.  V.  E.  Zakharov,  A.  F.  Mastryukov,  and  V.  S.  Synakh,  Fiz. 
Plazmy  1,  614  (1975)  [Sov.  J.  Plasma  Phys.  1,  339  (1975)]. 

11.  0.  B.  Budneva,  V.  E.  Zakharov,  and  V.  S.  Synakh,  Fiz. 

Plazmy  _1 ,  606  (1975)  [Sov.  J.  Plasma  Phys.  1,  335  (1975)]. 

12.  A.  A.  Galeev,  R.  Z.  Sagdeev,  Y.  S.  Sigov,  V.  P.  Shapiro, 
and  V.  I.  Sherdenko,  Fiz.  Plazmy  1_,  10  (1975)  [Sov.  J. 

Plasma  Phys.  1,  5  (1975)j. 


54 


13.  T.  Tajima,  J.  LeBoef,  J.  Dawson,  and  M.  V.  Goldman  (to  be 
published) . 

14.  M.  V.  Goldman,  Ann.  Phys .  (N.Y.)  3_8,  117  (1966);  see  p.  154. 

15.  M.  V.  Goldman,  K.  Rypdal,  and  B.  Hafizi  (to  be  published). 

16.  N.  Pereira,  R.  Sudan,  and  J.  Denavit,  Phys.  Fluids  20, 

936  (1977). 

17.  D.  F.  Smith,  Adv.  Astron.  Astrophys.  1_,  147  (1970). 

18.  D.  F.  Smith,  Space  Sci.  Rev.  16. ,  91  (1974). 

19.  D.  F.  Smith  and  D.  Sime  (to  be  published). 

20.  R.  A.  Smith,  M.  L.  Goldstein,  and  K.  Papadopoulous  (to  be 
be  published) . 

21.  A.  I.  Akhiezer,  I.  A.  Akhiezer,  R.  V.  Polovin,  A.  G. 

Sitenko,  and  K.  N.  Stepanov,  Plasma  Electrodynamics 
(Pergamon,  New  York,  197  5)  . 

22.  V.  I.  Petviashvili,  Fiz.  Plazmy  1,  15  (1975)  [Sov.  J. 

Plasma  Phys.  _1,  28  (1975)]. 


55 


FIGURE  CAPTIONS 

Fig.  1  Type  III  solar  radio  burst,  showing  an  electron  stream 
emanating  from  a  flare  and  propagating  to  the  earth 
along  a  magnetic  field  line.  The  radio  wave  emission 
is  produced  by  beam-unstable  Langmuir  waves,  and  has 
been  detected  in  space  (by  the  indicated  satellites) , 
and  on  earth. 

Fig.  2  Contours  of  constant  Langmuir  wave  energy  density  in 

real  and  Fourier  space,  at  an  initial  time,  t  , 

and  a  later  time,  t-^  (after  some  real-space  collapse 

has  occurred) .  The  initial  Fourier-space  wave  packet 

consists  of  beam-unstable  (resonant)  modes,  with 

random  phases,  centered  about  the  wave  vector 

k  =  v.  u  /v,  ,  forming  a  packet  of  size  Ak..  by  Ak.  . 

<-o  b  p  b  sc-  II  1 

In  real  space,  this  corresponds  to  packets  of  size 
3  km  by  10  km.  • 

Fig.  3  Trajectory  of  the  state  of  a  collapsing  wave  packet, 

shown  in  a  "phase"  space,  in  which  a  packet  is  labelled 

2  2 

by  its  square  width,  (Ax)  /A  .  and  its  mean  energy, 

2 

w  =  <[£|  >pACKET/47rn0.  Energy  is  injected  into  packets 
of  a  width  set  by  the  beam  instability.  The  collapse 
is  initially  adiabatic,  then  supersonic,  and  finally 
ends  in  wave-particle  energy  transfer. 
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Fig.  4 


Fig.  5 


r 


Fig .  6 


Energy  flow  during  a  type  III  solar  radio  burst. 
Most  of  the  energy  remains  in  the  beam.  A  smaller 
fraction  goes  into  beam-unstable  Langmuir  waves, 
some  of  which  collapses.  A  small  fraction  of  the 
Langmuir  energy  goes  into  radiation.  When  a  packet 
has  collapsed  to  a  size  of  several  Debye  lenqths  it 
surrenders  its  energy  to  electrons  and  ions. 


Emission  from  a  single  collapsing  Langmuir  wave- 
packet.  Photons  of  frequency  u,  and  wave  vector  IC 
are  radiated  into  the  solid  angle  dft  about  the 
observation  point,  r.  Note  this  observation  point 
is  imbedded  in  the  plasma  [with  local  plasma 
frequency ,  (r ) ] . 


Momentum  conservation  requirements  for  emission  of 


harmonic  radiation  (at  2u)p)  by  a  wave  packet. 


Initially,  the  packet  is  centered  around  k  ,  and 


is  too  small  to  contain  two  plasmon  wave  vectors  which 


sum  to  the  photon  wave  vector,  K^.  After  some 


collapse,  the  packet  has  enlarged  in  k  space,  and 
contains  enough  plasmon  pairs  of  the  proper  momentum 


to  conserve. 
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Dimensionality  and  dissipation  in  Langmuir  collapse 

M.  V.  Goldman,  K.  Rypdal,*  and  B-  riafizi 

Department  of  Astro-Geophysics ,  University  of  Colorado, 

Boulder  80309 


The  nonlinear  Schrodinger  equation  provides  a  model  for 
Langmuir  evolution  at  low  energy  density  and  wave  number.  We 
study  this  equation  using  virial  theorem  techniques  and  find 
stationary  solitons  and  pulsating  solitons  (related  to 
"breathers")  in  one  dimension,  and  collapsing  packets  in  two 
or  more  dimensions.  Initial  wave-packet  collapse  thresholds 
and  times  are  found,  with  and  without  constant  collisional 
damping.  In  three  dimensions  a  narrow  collapsing  core  is 
observed  to  break  away  from  an  initially  Gaussian  packet,  and 
become  asymptotically  self-similar  with  time. 


^Present  address:  Institute  of  Mathematical  and  Physical 
Sciences,  University  of  Troms0,  Norway. 
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I 


I .  INTRODUCTION 

It  was  Zakharov^-  who  first  pointed  out  the  relevance  of 
optical  self-focusing  phenomena  to  the  nonlinear  behavior  of 
large  amplitude  Langmuir  waves.  V/hether  the  waves  are 
electromagnetic  or  electrostatic  is  of  little  consequence. 

The  associated  ponderomotive  force  pushes  electrons  out  of  a 
spatial  region,  and  they  drag  along  the  ions.  The  lowered 
density  creates  a  higher  index  of  refraction  in  which  rays 
undergo  total  internal  refraction  and  can  be  trapped  if  the 
nonlinearity  is  strong  enough.  In  one  dimension,  this 
nonlinearity  can  exactly  balance  linear  dispersion  (diffrac¬ 
tion)  of  a  wave  packet,  leading  to  the  formation  of  an 
envelope  soliton.  In  two  or  more  dimensions,  nonlinear 
refraction  can  permanently  exceed  dispersion.  When  this 
occurs,  a  stationary  balance  is  impossible  and  the  packet 
collapses  spatially.  The  collapse  threshold  can  occur  at 
initial  Langmuir  energy  densities  which  are  still  many  orders 
of  magnitude  smaller  than  the  background  electron  density,  so 
simple  nonlinear  models  are  expected  to  provide  a  good 
description  of  the  early  stages  of  collapse. 

In  the  so-called  Zakharov  equations,  '  the  (slow  time) 
electron  density  in  the  Langmuir  wave  equation  is  allowed  to 


be  nonlinear. 


Quasineutrality  is  assumed,  and  the  (ion  or 


3 


electron)  density  obeys  a  second,  ion-acoustic  wave  equation 

with  a  source  term  proportional  to  the  ponderomotive  force  of 

the  Langmuir  waves.  These  coupled  equations  have  been  used 
2  —  S 

extensively  to  describe  Langmuir  collapse.  They  provide 
the  dynamical  basis  for  what  is  often  called  "strong"  Langmuir 
turbulence . 

In  the  early  stages  of  collapse,  at  low  wave  energy 
densities,  the  time-dependent  (inertial)  term  in  the  ion 
density  equations  is  negligible.  The  ions  are  then  adiabatic, 
and  the  density  is  proportional  to  the  negative  of  the 
ponderomotive  force.  Under  these  conditions,  the  envelope 
approximation  to  the  Langmuir  wave  equation  leads  to  a 
Schrodinger  equation  with  cubic  nonlinearity. 

This  paper  is  concerned  with  effects  of  spatial 
dimensionality  and  collisional  damping  on  solutions  to  the 
nonlinear  Schrodinger  equation  (N'LSE)  for  a  vector  field 
envelope,  £.  Goldman  and  Nicholson  have  recently  shown0  that 
the  NLSE  provides  a  good  model  for  the  early  nonlinear  evolu¬ 
tion  of  certain  beam-excited  Langmuir  wave  instabilities. 

When  the  beam  growth-rate  is  slow  compared  to  the  nonlinear 
(collapse)  time-scale,  the  role  of  the  beam  is  essentially 
only  to  determine  the  shape  of  a  "linear"  Langmuir  wave 
packet,  which  is  then  used  as  an  initial  value  for  the 
undriven  NLSE.  Under  t  5e  conditions,  virial  theorem 
techniques^-  have  been  used  to  find  the  threshold  and  collapse 


4 


£ 

time  of  two-dimensional  Langmuir  packets.  Two-dimensional 
theory  and  numerical  analyses4' ^  show  that  such  direct 
adiabatic  collapse  is  very  likely  to  play  an  important  role  in 
the  saturation  of  beam  instabilities  at  very  low  beam 
densities.  An  important  example  is  furnished  by  the  solar¬ 
generated  electron  beams  responsible  for  type  III  radio 
bursts . 4 

One  of  the  purposes  of  the  present  paper  is  to  show  how 
the  assumption  of  near-daus sian  spatial  behavior  of  the 
Langmuir  field  leads  to  a  closure  approximation  in  the  virial 
theory.  With  this  approximation,  we  are  able  to  estimate  the 
threshold  and  find  an  upper  bound  for  the  collapse  time  of 
three-dimensional  Langmuir  packets.  Additional  numerical 
work,  based  not  on  the  virial  theorem  but  on  the  Schrodinger 
equation  for  a  spherically  symmetric  scalar  field,  shows  a 
self-similar  collapsing  core  developing  out  of  an  initial 
three-dimensional  wave  packet  close  to  threshold. 

In  one  dimension,  the  virial  theorem  with  closure 
approximation  leads  to  very  simple  predictions  of  pulsating 
solitons  which  are  consistent  with  the  results  of  detailed 
numerical  solutions7  based  on  inverse  scattering  theory.  The 
pulsating  solitons  have  amplitudes  slightly  higher  than  for 
the  corresponding  stationary  (sechx)  solitons.  They  are 
closely  related  to  "breathers,”  which  are  strictly  periodic 
bound  states  of  two  solitons.  (The  one-dimensional  nonlinear 


rjwi 
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••  Q  Q 

Schrodinger  equation  has  been  used  extensively  '  as  a  model 
for  nonlinear  behavior  of  deep  water  waves.  The  "recurrence" 

Q 

observed  by  Yuen  and  Ferguson  in  this  connection  may  be 
closely  related  to  pulsating  solitons  and  "breathers.") 

Other  observations  in  the  present  paper  have  to  do  with 
the  competition  between  modulational  instabilities  and 
collapse,  and  with  comparisons  between  the  virial  theorem  and 
similarity  solutions.  A  number  of  these  observations  are 
based  on  similar  phenomena  in  nonlinear  optics, ^  In  which  a 
laser  beam  undergoes  total  self-focusing  at  moderate 
intensities,  and  the  higher  intensities  "break-up"  into  fila¬ 
ments. 

We  have  derived  a  virial  theorem  for  the  NLSE  with 
constant  damping  included.  In  two  dimensions,  this  results  in 
a  dissipative  threshold  for  direct  collapse,  enabling  us  to 
predict  the  role  of  collisional  damping  in  Langmuir  collapse. 

The  plan  of  this  paper  is  as  follows:  In  Section  II  we 
treat  the  NLSE  using  general  virial  theorem  arguments.  In 
Section  III  we  explore  the  evolution  of  initial  Saussian  wave 
packets  in  one,  two,  and  three  dimensions.  Section  IV  is 
devoted  to  the  effects  of  damping  on  collapse.  Section  V 
deals  with  self-similar  behavior,  in  general,  and,  for  the 
special  case  of  three-dimensional  sphericaily-symmetric 
collapse  of  a  scalar  field.  In  the  Appendix  we  study  the 
conditions  of  validity  for  the  NLSE  model  of  Langmuir  collapse 
(i-e.,  the  adiabatic  ion  and  electrostatic  field 


approximations) . 
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II.  CONSERVATION  LAWS  AND  VIRIAL  THEOREMS 


The  most  general  way  to  derive  conservation  laws  for  field 
equations  is  to  exploit  the  invariance  properties  of  the 
corresponding  Lagrangian.  The  Lagrangian  density  for  Zakharov' 
equations  (see  Appendix),  is  given  by  Gibbons  et  al.^ 

In  the  limit  of  electrostatic  waves  and  adiabatic  ions,  their 
expression  reduces  to 


L  =  irE*E  -El*]  -  ls(V  E  >  (V.E*)  +  hiEEJ 
2  mm  m  mJ  mm  i  i  mm 


From  the  Euler-Lagrange  equations. 


(1) 

i 


_3_ 

at 


5L 

6? 


6L 
6  E_ 


m  '~m 

the  nonlinear  Schrodinger  equation  follows: 


(2) 

i 


i|  +  h V2E  +  I  El 2E  =  0  . 


(3) 


Here,  we  have  used  the  variational  derivative  of  the  Lagrangian 
L  =  fL  dDr , 


ik.  =  _ n 

*  *  v 

n  n 


a  L 


1 


(4) 


Note  that  we  have  treated  En  and  En  as  independent  generalized 
coordinates.  Variation  with  respect  to  En  gives  the  complex 


The  relation  between  the  dimensionless  units 

Wptf 


conjugate  NLSE 
employed  here,  and  physical  units  is  given  by:  t 
r  -  k^/ZT,  and  !  E  |  2  +  |  E  |  2/[32TTnQ  (0e+0i)  ]  .  The 
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electron  plasma  frequency  is  u  ;  the  Debye  wave  number,  k_; 

r  w 

the  background  plasma  density,  nQ;  and  the  electron  and  ion 

temperatures  in  energy  units  are  ©e  and  0^.  E  is  the  envelope 

of  the  electric  field,  E(r,t)  *  Re (Ee~ia)Pt) . 

The  conservation  laws  for  plasmon  number,  energy,  and 

12 

momentum  follow  generally  from  Noether's  theorem  and  the 

invariance  of  the  Lagrangian  under  a  gauge  transformation 

E  Ee"5"^,  under  translation  in  time,  and  under  translation  in 

space,  respectively.  Alternatively,  they  can  be  obtained 

directly.  Continuity  of  plasmon  number  density,  |jE(£)  I  ' 

* 

follows  directly  by  multiplying  NLSE  with  E  and  subtracting 
the  complex  conjugate,  giving  the  following  continuity 
equation : 

3|E|2 

+  7*£  "  0  '  C5) 
where  5  is  the  plasmon  current  density 


S 

a 


l 

2i 


«nVn  -  Wn> 


C6) 


Energy  and  momentum  conservation  can  be  derived  from  the 
following  (D+l) -dimensional  energy-momentum  tensor: 


_ -  3 

TCW 


■35 T : 


3  L 

3(3E*/3xy) 


(7) 


where  the  indices  p  and  v  can  assume  values  0,1,..., D,  and 

XQ  =  t,  (X^,...,Xq)  =  jC. 

From  the  Euler-Lagrange  equations  (2) ,  and  the  fact  that 
L  does  not  depend  explicitly  on  time  and  space  (translational 


8 


invariance) ,  we  easily  verify  that 

VUTyv  *  0  '  u,v  "  •  18) 

This  is  a  set  of  (D+l)  continuity  equations ,  one  for  energy, 

fa  +  v-jj  -  o  ,  O) 

where  the  energy  (Hamiltonian)  density  H  and  the  energy  flux 
vector  £  are  defined  as 

'[‘Vn1  (7*<>  -  'EnEn»2l  -  «<» 


Qu  *  -\o  ~  -Re(7nEnV  '  u  *  1 . D  '  1111 

and  one  equation  for  each  momentum  component 
3  p 

St  +  VMTPv  "  0  '  U'V  ’  '  (12) 

where  the  momentum  density  P  and  the  stress  tensor  T  are 

—  u\> 

defined  as 


2l  (E£7vE&  "  '  v  *  1,...,D 


T  =  Re(V0E,,VE)+i.<5  ,  y,v*l,...,D. 

uv  l  l  \>  p  uv 


(14a) 


Note  that  the  momentum  density  is  here  identical  to  the 

current  density,  S^,  in  Eq.  (6) .  The  time  derivatives  in  (  can 

be  eliminated  by  means  of  the  NLSE  (3),  and  by  applying  the 

2 

relation  7V*E  =  V  E  (valid  for  electrostatic  fields;  see 


Appendix),  we  find 
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L  3  "  |  [lE!4  +  V*ReCE*7*E)]  ,  (15) 

which  inserted  in  Eq.  (14)  gives  in  the  simple  form  of 
Goldman  and  Nicholson:6 

T±j  =  Re[(V-E>)7iE*]  -  >s6i;.  [  |  E{ 4  +  V*  (ReE*7-E)]  .  (14b) 

The  three  continuity  equations  above  can  be  integrated  to 
yield  the  following  conserved  quantities,  assuming  localized 
fields:  N  »  /|E|2dDr,  H  =  /H  dDr,  and  P  -  fP  dDr.  They  can 
also  be  used  to  explore  the  particle-like  behavior  of  a  wave 
packet  by  defining  the  average  of  any  quantity  using  the 
normalized  plasmon  number  density  | E |  /N  as  a  weighting 
function; 

<f(r)>  =  /  ( | E | 2/N) f Cr)dDr  . 

If  we  multiply  Eq.  (5)  by  r.  and  integrate  by  parts,  we  find 
the  Ehrenfest  theorem  for  the  velocity  of  the  centroid  coordinate 
of  the  wave  packet: 

3fc<jc>  *  S/N  »  P/N  =  const.  (16) 

Similarly,  by  Eqs.  (5)  and  (12),  and  again  using  S.  ■  £,  we  can 
prove  the  following  virial  theorem  for  the  time  evolution  of 
the  mean  square  spatial  deviation  <$r2>  =  /  (| E | 2/N) | r-<r> | 2dDr ; 

3t2<6r2>  =  2  [i/ TudDr  -  (I)  ]  •  <“) 


•  + 
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From  Eq.  (14)  we  find  *  2tf+%(2-D)  j  E|  *+(D/2)  V»  (ReE  V*jE), 
which,  inserted  in  Eq.  (17),  gives 


3t2<«Sr2>  -  2A  +  (2-D)  <  j  E {  2>  , 


where 


A  =  2H/N  -  S2/N2  , 


(18a) 


(18b) 


is  a  constant  of  motion.  By  integrating  twice  in  time,  we  get 


<5r2>  -  At2  +  Bt  +  C  +  (2 


t  t; 

-D)  f  df  f 


dt"<|Er>  , 


2  2 

where  B  =  3fc<5r  >t=0  and  C  2  <<Sr  >t_g.  This  is  the  result  of 

Goldman  and  Nicholson.11  If  the  number  of  spatial  dimensions 

2 

D  2  and  the  conserved  quantity  A  <  0,  it  follows  that  <Sr  > 

will  collapse  to  zero  in  a  finite  time.  This  general  result  is 

based  on  the  assumption  of  adiabatic  ions  and  electrostatic 

2 

fields,  both  of  which  are  eventually  violated  when  <<Sr  >  becomes 

sufficiently  small  (see  Appendix). 

Thus,  in  the  late  stages  of  the  collapse,  the  collapson 

may  radiate  ion-acoustic  waves  as  well  as  electromagnetic  waves. 

If  these  effects  are  not  sufficient  to  stop  the  collapse,  it 

2  h 

will  finally  be  stabilized  by  Landau-damping  when  <<5r  > 
becomes  of  the  same  order  of  magnitude  as  the  Debye  length  A.Q. 
The  useful  form  of  the  virial  theorem  for  the  NLSE  depends  on 
the  identity  S,  *  P.  This  identity  is  not  satisfied  by  the 
more  general  Zakharov's  equations.  Hence,  a 
useful  virial  theorem  that  can  describe  the  late  stages  of  a 
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collapse  has  not  been  derived.  At  the  present  time,  the  most 
fruitful  approaches  to  these  problems  seem  to  be  numerical 
integration  of  Zakharov's  equations  and  particle  simulations. 

III.  GAUSSIAN  PACKETS 

A.  Threshold  and  collapse  time 

We  treat  an  initial  Langmuir  wave  packet  of  the  form 

E(r,t=0)  *  -V<|>  exp  (-Ak2r2/D)  exp  (ik  *r)  ,  (20a) 

^  ^  o  ^ 

where  we  assume  that  the  k-space  width  of  the  packet,  Ak,  is 

much  less  than  the  wave  number  k  : 

o 

e  =  Ak/kQ  «  1.  (20b) 

(In  the  Appendix  we  shall  see  that  e  <<  1  is  the  condition  for 
neglecting  electromagnetic  effects.)  We  note  several  features 
of  this  initial  wave  packet:  It  is  purely  electrostatic,  since 
it  is  the  gradient  of  a  potential.  As  long  as  Ak  <<  kQ,  the 
field  JE  points  essentially  in  the  k^  direction,  and  has  a  maximum 
value, 


IW*-0’! 


Vo 


(20c) 


where  <j>Q  is  assumed  to  be  real  and  constant.  If  we  evaluate 


i 


2 


the  mean  packet  momentum  density,  S/N,  we  find 

.2, 


S/N  -  ^[1  +  0 Ce  ) ]  . 


(21) 


The  factor  D  in  the  exponent  of  the  Gaussian  is  equal  to  the 

number  of  spatial  dimensions  considered.  Its  presence  guarantees 
2 

us  that  Ak  is  indeed  the  correct  measure  of  the  packet's 
k-space  width:  To  justify  this  interpretation,  we  note  that 


2  I*-*  |2 

-o' 


dPk 

(2tt)E 


(Ak) 


(22) 


by  using  the  inequality  Ak  <<  kQ,  and  Eq.  (20a) . 

The  physical  quantities  and  invariants  defined  in  Section 
II  can  be  evaluated  for  the  initial  field  of  Eq.  (20) ,  and 
expressed  entirely  in  terms  of  EQ,  Ak,  kQ,  and  D.  For  example, 


to  zero  order  in  e, 
N  *  E  2 


D/2 


(*) 

<Sr2>0  =  (ttf  - 


(23) 


(24) 


< I E I 2>  =  E  2/2D/2 


(25) 


The  invariant  A,  defined  in  Eq.  (18b),  is 

S  ^  c  2 

A  =  2H  .  A  =  Ak2  - 

N  N  71  * 


(26) 


The  threshold  for  collapse  for  D  »  2  (two  dimensions)  is  A  <  0. 
This  is  also  an  upper  bound  on  the  three-dimensional  threshold: 


•Sfc-  ■¥;  ' 
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E  2 1  =  2D/2Ak2  .  (27) 

1  threshold 

For  our  Gaussian  initial  packet ,  the  integration  constants  B 

and  C  in  Eg.  (19)  are  easily  evaluated.  We  find  B  *  0,  and 

C  =  (D/2)2/Ak2.  From  Eqs.  (19)  and  (26)  the  time  t  follows: 

c 

t  =  |  C/A |  ^  =  D/2Ak2(P-l)Js  .  (28) 

G 

This  is  the  virial  theorem  prediction  of  the  collapse  time  for 
D  =  2,  and  an  upper  bound  on  the  collapse  time  for  D  -  3 .  The 
quantity  P  is  defined  as: 

p  =  EQ2/2D/2Ak2  .  (29) 


When  D  =  2,  P  is  the  ratio  of  field  energy  to  threshold  energy. 
We  shall  use  P  in  our  treatment  for  arbitrary  D,  although  its 
.  interpretation  as  wave  to  threshold  energy  holds  only  for  D  =  2. 


•*'*  p 
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B .  Gaussian  approximation 

In  general,  as  a  packet  develops  nonlinearly,  it  does  not 
preserve  its  Gaussian  shape.  If  P  is  much  greater  than  one, 
the  packet  may  be  unstable  against  "breaking-up"  into  smaller 
packets  (modulational  instability^).  One-dimensional 
"breathers"  may  have  many  spatial  oscillations  when  P  >>  1. 

In  three  dimensions,  even  very  close  to  threshold,  self- 
similar  behavior  develops  asymptotically,  as  the  collapse 
proceeds.  Using  a  scalar  NLSE,  Budneva,  et  al.2  have  shown 
that  an  initial  three-dimensional  Gaussian  packet  with  P  >>  1 
soon  develops  such  a  feature.  We  show  in  Section  V  that  such 
a  feature  also  develops  when  P  ”>  1  (near  threshold).  A 
quickly-collapsing  core  of  similarity  form  rises  at  the  center 
of  the  packet.  This  core  becomes  singular,  and  its  width  goes 
to  zero  for  non-zero  <5r  >.  However,  the  threshold  for 
collapse  and  the  early  time  behavior  of  <Sr2>  are  well- 
described  by  the  virial  theorem  methods  we  are  about  to 
describe . 

Assuming  the  packet  remains  approximately  Gaussian,  a 
closure  scheme  for  Eqs.  (18)  may  be  formulated  with  D  =  1  or 
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2 

D  *  3.  The  problem  is  with  the  quantity  <|E|  >,  which  is  not 
an  invariant.  We  shall  make  the  (Gaussian)  approximation  that 

2  2  “°/2 

<|Ep>  =  Q  N<6r  >  ,  (30a) 

where  Q  is  assumed  constant.  We  may  evaluate  Q  at  t  =  0, 
using  Eqs.  (23)-(25).  To  zero  order  in  e,  the  result  is 

Q  =  (D/4ir)D/2  .  (30b) 

Inserting  Eqs.  (30)  into  the  time-evolution  Eq.  C19)  for 
2 

<6r  >  enables  it  to  be  integrated  by  potential  theory  methods. 

A  first  integral  is 

|2/2  +  V(S)  =  E  ,  l  =  <6r2>  .  (31a) 

Here,  E  is  an  arbitrary  integration  variable,  and  the  "potential" 
V  (£)  is  given  by 

VU)  =  -2A£-2NQ5a_D/2)  .  (31b) 

Equations  (31)  are  convenient  for  studying  effects  of  dimension¬ 
ality  on  the  evolution  of  solitary  wave  packets. 

Calculations  of  characteristic  times,  such  as  pulsation  and 

collapse  times,  are  easier  if  we  express  the  potential  in  terms 

2 

of  the  normalized  coordinate  n  =  £/£t_Q,  where  £t_0  =  (D/2Ak) 
is  the  initial  mean  square  spatial  width  of  the  wave  packet, 

V  =  ^-  [  (P-1) n  -  Pn1_D/2]  . 


(32) 
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Note  that  the  potential  for  the  initial  packet  (n  =  1)  is 
2 

V(5  0)  =  -D  /2,  hence  independent  of  the  initial  parameters. 

We  study  the  implications  of  the  potential  of  Eq.  (.32)  for 
various  cases: 

D  =  1.  For  A  <  0,  CP  >  1) ,  the  potential  has  the  concave 

shape  of  Fig.  1.  For  a  Gaussian  packet  the  potential  has  a 

-1  -2  -1  -2 
minimum  at  nQ  =  ^(l-P  )  and  a  zero-point  at  h  (1-p  ) 

This  allows  bounded,  oscillating  solutions  about  the  equilibrium 

point  n  .  For  P  =  2  we  find  that  n  =1,  which  is  the  initial 
o  o 

coordinate,  thus  giving  the  stationary  equilibrium  solution 

2 

corresponding  to  the  well-known  NLSE-soliton  E  =  asech  (ax) exp (i  a  t/2] . 
Since  >  1  for  all  P  >  1,  and  +  1  as  P  +  it  is  clear 
that  full  collapse  never  occurs.  For  sufficiently  large  P  the 
oscillations  about  nQ  will  be  so  large  that  the  minimum  n  will 
be  below  the  limits  of  validity  of  the  NLSE  as  given  in  the 
Appendix  B. 

Assuming  (P-1)  is  sufficiently  small  (see  Appendix  B) ,  our 

theory  gives  pulsating  solutions  corresponding  to  the  bound 

states  near  the  bottom  of  the  potential  well  in  Fig.  1. 

2 

<5x  >  oscillates  periodically,  and,  by  the  invariance  of 

/  dx|E|2,  so  does  I  El  2 
11  11  max 

This  behavior  appears  to  be  related  to  certain  numerical 
solutions  obtained  by  Satsuma  and  Yajima,7  who  apply  the 
inverse  scattering  method  to  solve  for  the  time  evolution  of  an 
initial  wave  packet  of  form 


E(x, 0)  =  asechx  . 


(33) 
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When  a  =  1+e ,  and  e  <<  1,  they  also  observe  oscillations  in 
I  El  ,  but  these  oscillations  slowly  relax,  presumably  due  to 
"continuum"  radiation  of  Langmuir  waves.  We  do  not  observe 
such  damping  of  the  oscillations,  probably  because  "continuum" 
radiation  is  excluded  by  the  assumption  of  localized  fields  in 
the  spatially-Gaussian  closure  approximation. 

The  validity  of  our  treatment  of  periodic  pulsations  of  one 
single  wave  packet  requires  that  the  packet  does  not  break  up 
due  to  secondary  instabilities  in  a  time  shorter  than  the  period. 
The  possibility  of  such  a  break-up  is  not  accounted  for  in  our 
Gaussian  model.  The  period  is  obtained  by  integrating  Eq.  (31) 
using  Eq.  (32) , 


(34a) 


(34b) 


The  positive  sign  is  for  P  >  2,  (r>turn  <  1),  the  negative  sign 
for  P  <  2  (nturn  >  1).  F(P)  is  plotted  in  Fig.  3.  The  period 
predicted  by  our  Eqs.  (34)  are  in  good  agreement  with  the 
numerical  results  exhibited  in  Figure  2  of  Ref.  7.  As  P  +  1+, 
the  period  goes  to  infinity. 

The  growth  rate  of  secondary  instabilities  such  as  modula- 

13  2 

tional  instability  and  parametric  decay  is  ~  |EQ|  .  If  we 
let  f  =  Ysts  be  the  number  of  e-folding  needed  for  the  noise 
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to  grow  to  nonlinear  levels,  we  get 

t  _  F(P) 
ts"  f  * 

The  value  of  f  depends  on  the  noise  level  from  which  the  unstable 

waves  are  amplified,  however,  even  very  conservative  estimates 

give  f  >  10.  This  means  that  "breathing"  and  break-up  times  are 

2 

of  the  same  order  of  magnitude  for2<P<10.  Break-up 

instabilities  are  effective  only  if  the  packet  size  is  larger 

2  \ 

than  the  shortest  unstable  wavelength;  <<$r  >  =  l/(2Ak)  >  X 

3 

~  2 

«  u/ 1 E  |  or,  equivalently,  P  >  2/7tt  *28.  If  this  threshold  is 

exceeded,  the  wave  packet  will  break  up  into  smaller  packets  on 
a  time  scale  of  the  same  order  as  the  pulsation  period.  We  do 
not  expect  our  theory  to  apply  under  these  conditions. 

A  different  way  to  view  one-dimensional  "break-up"  behavior 

7 

when  P  >>  2  is  provided  by  the  work  of  Satsuma  and  Yajima.  They 
studied  initial  packets  of  the  form  given  in  Eq.  (33)  for 
a  =  1,  2,  3,  also  (see  their  Figure  1).  The  case  a  =  1  corres¬ 
ponds  to  the  usual  single  soliton,  but  a  =  2  and  3  correspond  to 
"breathers,"  which  are  exactly  periodic  pulsating  bound  states 
of  two  or  three  solitons.  The  case  a  =  3,  in  particular,  shows 
markedly  non-Gaussian  behavior,  as  the  packet  splits  into  two 
and  three  narrower  packets  in  the  course  of  its  periodic  behavior. 

g 

(Similar  behavior  was  also  observed  by  Yuen  and  Ferguson,  in 
what  they  call  "complex"  recurrence.)  If  we  set  the  area  under 
our  Gaussian  packet  equal  to  the  area  under  their  sechx  packet, 
we  obtain  a  relation  between  our  P  and  their  a: 


19 


P  =  rra2//?  -  (35) 

From  this  we  see  that  a  =  1  corresponds  to  P  *  2  in  the  single 
soliton  result.  The  case  a  =  2  corresponds  to  P  »  9,  which  is 
a  somewhat  lower  bound  for  validity  than  found  from  consideration 
of  modulational  instabilities. 

For  P  <  1  (A  >  0) ,  the  potential  in  Fig.  1  is  monotonically 
decreasing  for  all  q  >  0,  so  any  localized  wave  packet  will 
disperse  spatially  with  time.  Break-up,  recurrence,  or  collapse 
will  never  occur. 

2 

D  =  2.  In  this  case,  the  term  containing  <|E|  >  vanishes, 

and  no  approximation  is  necessary  in  the  virial  theorem.  The 

potential  V(£)  is  linear  with  slope  -2A,  giving  collapse  for 

A  <  0,  and  spatial  dispersion  for  A  >  0.  Threshold  for  collapse, 

and  collapse  time,  are  given  by  Eqs.  (27)  and  (28) ,  respectively. 

D  =  3 ■  The  potential  for  A  <  0  grows  monotonically  from 

minus  infinity  at  £  =  0 ,  a  pproaching  the  straight  line  -2A£ 

as  C  +  “•  Consequently,  collapse  occurs  for  all  initial  wave 

packets,  and  an  upper  bound  for  the  collapse  time  is  found  by 

considering  collhpse  along  the  linear  potential  -2A5.  This 

gives  the  expression  of  Eq.  (27) .  The  convex  shaped  potential 

appearing  for  A  >  0  has  an  unstable  equilibrium  for 
“1  -2/3 

qQ  =  [2  (P  -1)]  '  .  Collapse  for  a  Gaussian  wave  packet  occurs 

when  q  >  1,  or 
o 


P  >  2/3  . 


(36) 


The  threshold  condition  P  >  1  for  D  *  2  corresponds  to  the 

2  2 

threshold  condition  EQ  >  2 Ak  ,  while  Eq.  (36)  for  D  ®  3 
2  5/2  2 

requires  EQ  >  (2  '  /3)Ak  .  This  means  that  the  threshold  is 
slightly  lower  in  three  dimensions. 

The  virial  theorem  prediction  for  the  collapse  time,  valid 
for  all  P  >  2/3,  is  easily  obtained  by  integration  of  Eq.  (31), 


_  G(P) 

C  |EJ2 


(37) 


where  G(P)  is  defined  by  the  integral 


dn _ 

[Prf*5-  (P'Dn-1]*5 


(38) 


which  is  plotted  in  Fig.  3. 

The  collapse  time  predicted  by  (37)  is  an  upper  limit.  We 

shall  see  in  Sec.  V  that  a  self-similar  "core"  can  collapse 
2 

faster  than  <6r  >. 

The  threshold  condition  for  break-up,  that  the  packet  size 
is  larger  than  the  smallest  unstable  wavelength,  now  becomes 
P  >  /2(tt/3)2  s  1.6,  while  the  ratio 

^  «  21£L  ,  (39) 

S  f 

is  smaller  than  unity  only  for  0.7  <  P  <  10.  Hence  for  large 

p  (p  >  10) ,  a  wave  packet  should  break  up  into  smaller  packets 

before  it  has  had  time  to  collapse.  If  the  smaller  packets 

have  P  in  the  range  where  t  /t  <  1  they  will  collapse.  This 

c  s 


i  i 


o 


9 
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succession  of  break-up  and  collapse  has  been  referred  to  as 
indirect  collapse.** 

Q 

Similar  phenomena  are  well  known  in  nonlinear  optics.  A 
nonlinear  laser  beam  with  P  >>  1  breaks  up  into  intense  fila¬ 
ments/  whereas  when  P  is  closer  to  one,  the  beam  self-focusses 
as  a  whole. 


IV.  EFFECT  OF  DAMPING  ON  TWO-DIMENSIONAL  COLLAPSE 

We  next  introduce  a  local  damping  term  of  the  form  iyE 
on  the  left  side  of  the  NLSE,  Eq.  (3).  The  conservation  laws, 
Eqs.  (5) ,  (9) ,  and  (12)  are  modified  in  the  following  manner: 

(3t+2y)N  =0  or  N  =  NQexp(-2yt)  . 


(40) 
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Since  there  is  no  driver,  the  plasmon  number  decreases 
exponentially  with  time.  The  momentum  behaves  the  same  way: 

0,.+2Y)P  “0  or  P  -  S  ■  Sexp(-2yt)  .  (41) 

However,  the  energy  H  has  a  more  subtle  evolution  equation: 

Ot+2y)H  «  yN<[E[2>  .  (42) 

An  initially  negative  H  may  become  positive  if  the  effective 
source  on  the  right  side  is  large  enough.  Sufficiently  large 
dissipation  causes  the  nonlinear  refraction  term  («|E|4)  in 
H  to  decrease  faster  than  the  dispersion  term  (*|V*E|  )•  Hence 
H  and  A  eventually  change  from  negative  to  positive,  and  collapse 
stops.  The  virial  theorem  takes  the  form  (for  D  »  2) 

(3 t+2y) 2<6r2>  «  2A  .  (43) 

Assuming  an  approximately  Gaussian  wave  packet,  Eqs.  (30)  implies 
that  <  |  E |  2>  =  (D2/tt23)  D/^2<5r2>”D//2NQexp  (-2yt)  ,  which  can  be 
inserted  in  Eq.  (42).  We  restrict  ourselves  to  treat  the  case 
D  »  2  for  which  Eq.  (42)  may  be  written  in  the  form 
N 

9tA  "  f  ~~2T'  exP  C~2yt )  .  (44) 

<6r  > 

In  Eq.  (43)  and  Eq.  (44)  we  make  the  following  substitutions 


t  =  t/tc,  v  =  ytc  , 

exp (2vt) 
2tc(Pv)is 


y  (x) 


fccA 
- 1 

(Pv)  ' 


(45) 


x  (x ) 


<6r2>  , 


(46) 
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where  tc  is  the  collapse  time  of  Eq.  (28)*  The  resulting 
equations  are 

3t2x  -  y  exp(2yr)  ,  3ty  -  x_1  ,  (47) 

with  initial  conditions 
x  (0)  *  1/20** 

x'  (0)  *  va  (48a) 

y  CO)  =  -a-*5  , 

a  =  v/(l-P_1)  .  (48b) 

This  initial-value  problem  has  been  solved  numerically  for 
various  values  of  P  and  a.  For  a  given  P,  there  exists  a 
critical  value  ac(P).  For  a  <  ac,  the  packet  collapses  com¬ 
pletely.  For  a  >  ac,  the  variable  x  defined  in  Eq.  (46)  decays 

to  a  minimum,  x  . _ ,  and  then  increases.  The  packet  size, 

2 

<<5r  >  asymptotically  approaches  a  constant,  due  to  the  balance 

between  linear  dissipation  and  linear  dispersion.  This  can  be 

seen  from  Eqs.  (47).  As  x  +  ®,  y  goes  to  a  constant,  and 

x  approaches  exp(2yt).  From  the  definition  of  x,  this  implies 
2 

that  <Sr  >  approaches  a  constant.  From  Eq.  (43),  we  see  that 
2  2 

<<5r  >  -*■  A/2y  .  In  the  asymptotic  limit,  only  linear  dispersion 

,  2-1  2-1 
contributes  to  H,  so  A  <5r  >  ,  and  lim<5r  >  •v#  y  .  This 

£-►00 

may  be  of  little  interest,  however,  because  |E|  has 

damped  to  a  small  value  by  this  time,  and  the  packet  is  linear. 
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2 

In  Figure  4  we  show  some  typical  curves  of  <6r  >  versus  time, 
for  various  values  of  the  damping.  Each  curve  is  shown  as  a 
dashed  line  after  the  plasmon  number,  N,  has  decreased  by  one 
order  of  magnitude. 

In  Fig.  5  the  quantity  8  =  xmin/x(0)  has  been  plotted 
versus  a  for  various  P-values.  These  plots  show  that  collapse 
is  stabilized  for  a  >  *  1/3.  Thus,  we  have  non-collapsing 

solutions  for  y  >  y  ,  where  the  critical  damping  rate  y  is 

C  G 

given  by 

Y  *  ( 1— P~ 1 )  /  (3 1  )  .  (49) 

c  c 

If  the  collapse  proceeds  too  far  before  stabilization  occurs, 
the  NLSE  breaks  down  and  results  based  on  the  virial  theorem 
are  not  reliable.  Initial  wave  packet  conditions  for  which  the 
NLSE  remains  valid  throughout  the  nonlinear  evolution  are  given 
in  the  Appendix . 
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V.  SELF-SIMILAR  BEHAVIOR 
A.  Scaling  laws 

1  2 

By  making  the  self-similar  substitution  ' 

E  =  Ct  -t)"‘5sRCu)  ,  u  =  Ct  -t) -i5r  ,  C50) 

^  C  ^  ***  G  ^ 

in  Eq.  (3),  we  get  rid  of  the  time-dependence: 

|  (l+u*3u)R+  3s3u2R  +  |  R  |  2R  =  0  .  C51) 

At  collapse  threshold  the  nonlinear  pressure  term  must  balance 
the  dispersion  term,  hence  we  get  for  the  ratio  of  field  energy 
to  threshold  energy 

!  R|  2R  2 

P  ^  — — — 7—  ^  •  /co\ 

J,3u  R  ( 

Here  Au  is  the  half -width  of  the  function  R(u) .  Assuming  that 
the  first  term  in  Eq.  (51)  is  of  same  order  of  magnitude  as 
the  nonlinear  term  (which  is  obviously  true  for  P  >>  1) ,  we 
find  that  R^x”®^)*  From  Eq.  (50)  ,  it  then  follows  that 

tc  ■  0<iEor2)  •  <”> 

This  always  turns  out  to  be  a  faster  time  than  that  predicted 
by  virial  theory.  (An  example  will  be  given  below.) 
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The  self-similar  solution  in  Eq.  (50)  has  some  peculiar 
properties  which  might  tend  to  obscure  its  relation  to  arbitrary 
initial  avlue  problems.  For  example,  its  N- invariant  is  infin¬ 
ite  in  three  dimensions  (although  not  in  two) .  To  see  this,  we 
note  first  that  Eq.  (50)  implies 

N  -  ( tc-t)h  f  d3u|R(ji)  |2  .  (54) 

However,  in  th>*  limit  of  large  u,  the  last  two  terms  in  Eq.  (51) 
are  negligible,  and  R  *  u-^".  Hence,  the  integral  in  (54) 
diverges.  Indeed,  this  must  be  the  case,  in  order  for  N  to  be 
time- independent.  However,  in  any  initial  value  problem  of 
physical  interest,  N  is  always  finite.  What  role  can  self¬ 
similar  solutions  play  in  arbitrary  initial-value  problems? 

This  question  is  addressed  next. 


B.  Numerical  studies  of  three-dimensional  collapse 

We  support  our  discussion  with  numerical  solutions  of  a 
scalar  NLSE  in  spherical  symmetry: 


i 


with  boundary  conditions 


(SI) 


r*0 


(55) 


This  equation  follows  from  the  vectorial  NLSE  (3)  under  certain 
conditions.  Assume  that  the  electric  field  envelope  E  has  a 


! 


rapidly  oscillating  spatial  phase  factor  expdjc^r),  where  kQ 
is  much  larger  than  the  k-space  width  Ak  of  the  spatial  envelope. 
Under  this  assumption  the  electric  field  can  be  represented  in 
terms  of  a  scalar  function  $(r' ,t): 

E(r\t)  =  V[Mr',t)/k0]  ~  i<Mr' ,t)kQ  .  156) 

This  immediately  gives  a  scalar  NLSE  in  <f>,  but  it  is  not 
spherically  symmetric  because  <p  (r '  ft)  still  contains  the  non- 
symmetric  phase  factor.  This  means  that  the  wave-packet  has  a 
non-zero  momentum,  P'  =  N'k  .  However,  the  momentum  can  be 
removed  by  the  following  gauge- frame  transformation 

<j>(r',t)  *  ¥(rlt)exp(ikJt/2+ik0«r,>  ,  (57) 


r  =  r'  -  k  t  ,  (58) 

under  which  the  NLSE  and  the  constants  of  motion  N  and  A  [see 
Eq.  (18b)]  are  invariant.  The  momentum  transforms  as 

P  =  P'  -  N'k  =  0  , 

so  <Mr,t)  does  not  contain  the  phase  factor  exp(ik  *r) ,  and  it 
is  possible  to  impose  spherical  symmetry  to  obtain  Eq.  (55) 

Equation  (55)  was  solved  by  Budneva  et  al.  for  an  initial 
Gaussian  shape  corresponding  to  P  =  8.5.  (Threshold  is  P  = 
2/3.)  We  solve  it  for  several  P  values,  both  below  and  above 
threshold,  and  the  results  can  be  summed  up  as  follows:  For 


28 


all  P  >  2/3  a  collapsing  "core"  develops  whose  collapse  time  is 

less  than  one-half  of  the  collapse  time  derived  from  the  virial 

theorem  under  the  Gaussian  approximation. 

However,  the  collapse  threshold  condition,  P  ■  2/3,  obtained  from 

the  virial  theorem  with  the  Gaussian  closure  approximation 

provides  a  surprisingly  good  criterion  for  "core"  collapse. 

2 

When  P  <  2/3  the  corona  disperses  (<6r  >  grows  monotonically) , 
in  agreement  with  virial  theorem  predictions.  Just  below 
threshold,  however,  we  have  the  situation  of  a  collapsing  core 
co-existing  with  a  dispersing  corona,  indicating  that  core  and 
corona  can  behave  independently  of  each  other. 

In  Fig.  6  we  illustrate  a  solution  to  Eq.  (55)  (the 
factor  in  the  dispersion  term  has  been  scaled  away,  by 
stretching  r  by  a  factor  /2,  in  order  to  correspond  to  the 
equation  of  Budneva,  et  al.).  Figure  6  shows  the  build-up  of 
the  core  for  P  =  4/3  (two  times  threshold) .  The  intensity  is 
displayed  at  time  t  =  1.2.  The  dotted  curve  shows  the  cor¬ 
responding  shape  if  the  packet  has  remained  of  Gaussian  shape 
and  collapsed  in  accordance  with  virial  theorem  arguments.  The 

steepness  of  the  core  is  of  much  less  consequence  when  we  recall 

2 

that  moments  and  invariants  are  weighted  by  r  when  three- 

dimensional  integrations  are  performed. 

For  example,  at  early  times,  the  virial  theorem  prediction 
2 

of  width  <6r  >  is  well  satisfied.  If  we  assume  that 
|1  -  <5r2>/«5r2>o|  <<  1, 


T 


then  the  virial  result,  Eq.  (31) ,  may  be  integrated  analytically 


to  yield. 


<<Sr2>  *  <<Sr2>o(l-at2)  , 


(I  p-1) 


18  P" 


(59) 


2 

This  curve  is  plotted  in  Fig.  7  for  P  =  4/3  (EQ  =  2.39). 

2 

Superimposed  on  it  are  the  results  for  <6r  >  obtained  by  spatial 

integration  of  the  numerical  solutions  to  (55),  at  various  times. 

By  the  time  t  -  1.2  (corresponding  to  Fig.  6) ,  the  non- 

Gaussian  character  of  the  core  is  causing  the  numerically 
2 

determined  <<Sr  >  values  to  fall  about  1%  below  the  virial  theorem 

predictions.  This  happens  because  Eq.  (59)  was  obtained  by 

assuming  Q  is  constant,  and  equal  to  the  value  given  in  Eq. 

(30b) .  In  the  actual  numerical  solution,  Q  has  increased  by  a 

factor  of  2  by  the  time  t  =  1.2,  and  it  is  this  non-Gaussianity 

.  2 

which  is  causing  the  slight  lowering  of  the  <<5r  >  points. 

The  virial  theorem  prediction  for  the  collapse  time  [Eq. 

(37)]  gives  t  «  3.2.  However,  the  collapse  of  the  core  is  seen 

to  occur  at  t  =:  1.33,  by  arguments  we  shall  advance  shortly. 

2 

At  this  time  <6r  >  is  non-zero  and  comes  from  a  tail  which  remains 

even  when  the  core  has  gone  singular.  This  time  is  indicated  on 
(s) 

Fig.  7  as  t  .  The  significance  of  the  virial  theorem 

2  ( s ) 

predictions  of  <5r  >  beyond  t  are  not  clear.  The  nature  of 
the  problem  will  be  summarized  later. 
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In  Fig.  8  we  verify  that  the  field  is  self-similar  at 

r  =  0,  and  determine  the  collapse  time  by  extrapolation. 

According  to  the  scalar-field  version  of  Eq.  (50) ,  if  the  field 

-k 

is  self-similar  at  the  origin,  then  iM0,t)  =*  R(0) (t  -t)  . 

C 

—2 

Hence,  in  Fig.  8,  we  have  plotted  1 4*  (0 ,  t)  |  versus  time  and  have 

—2 

found  the  expected  straight  line,  with  |^(0,t  )|  =  0  at 

c 

t  (s)  =  1.3265. 
c 

Of  more  interest  is  the  question  of  the  spatial  extent  of 

the  self-similarity.  Consider  the  field  at  two  times  t^  and 

( s ) 

t0,  such  that  t.  <  t«,  <  t  .  If  the  field  is  self-similar  at 
t1,  with  respect  to' the  later  time  1 2,  then  it  must  have  the 
form  ^ss(r,t^)  which  is  related  to  ^(r,t2)  by 


^ss^'1!5  ~  a21^  (r>/a21,t2J 


t  (s)-t  ^ 
c  z2 

‘21  “  1  (s)  . 

cc  ~Z1 


In  Fig.  9  we  have  plotted  the  quantities 

2 


<H2/U 


ss  1 


-  1  , 


(60) 


for  t2  =  1.3220,  and  three  different  values  of  the  earlier 

,  ,  2 
time  t^.  This  represents  the  percent  difference  between  |  ip  | 

and  the  self-similar  solution,  as  a  function  of  radius,  for 

the  three  earlier  times.  At  times  later  than  1.30,  j  4>  | 2  is 

self-similar  to  within  15%  up  to  radii  of  about  r  =  3.7.  At 

these  times  the  half -width  of  the  peak  occurs  at  r  <  0.5,  so  a 

relatively  long  self -similar  tail  is  observed. 
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How  much  of  a  contribution  to  the  "number  invariant,"  N, 

is  made  by  the  self-similar  part  of  the  solution?  To  answer 

this  question  we  have  plotted,  in  Fig.  10,  the  volume  integral 
2 

of  1^|  up  to  radius  r,  as  a  function  of  r, 

r 

Nr(t)  =  4 tt  f  dr  r2|^(r,t)|2  ,  (61) 

*0 

at  the  initial  time,  and  at  two  later  times.  Note,  N  is  the 

CO 

plasmon  number  invariant,  N,  here  equal  to  about  14.  The  arrows 

on  the  curves  at  t  =  1.2  and  at  1.31  indicate  the  radius  at  which 

|^|  deviates  from  self-similarity  by  ±25%.  We  note  that  about 

half  of  N  comes  from  the  self-similar  portion  of  the  solution. 

2 

The  dots  indicate  the  radius  at  which  the  half -maximum  in  | 
occurs  for  each  time.  Most  of  the  contribution  of  the  self- 

2 

similar  portion  of  |tj;|  to  N  comes  from  the  tail  rather  than 

the  peak.  As  the  collapse  proceeds,  the  self-similar  peak  makes 

a  vanishingly  small  contribution  to  N,  while  the  self-similar 

tail  makes  an  increasing  contribution. 

The  important  issue  of  what  happens  to  the  entire  tail 
2 

(and  to  <Sr  >) ,  after  the  collapse  of  the  central  peak  at 
( s ) 

time  t  ,  cannot  be  resolved  within  the  context  of  the 
present  theory.  A  proper  resolution  should  take  into  account 
the  inevitable  break-down  of  the  Schrodinger  equation  and  the 
need  for  more  physical  processes.  In  the  Langmuir  wave  appli¬ 
cation,  this  means  the  inclusion  of  a  dynamic  ion  response  and, 
possibly,  energy  transfer  to  electrons.  The  criteria  for 
neglect  of  these  physical  effects  are  described  in  the  Appendix. 
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APPENDIX 


Here  we  briefly  review  the  plasma  physics  conditions  which 

must  be  satisfied  for  the  validity  of  the  cubic  Schrodinger 

equation  (3)  in  the  text.  We  begin  with  a  more  general  set  of 

equations,  the  "Zakharov  equations,"  which  have  been  used 
14 

extensively  to  describe  nonlinear  Langmuir  and  electromagnetic 
wave  evolution 

C2 

ij E  +  !jH  •  E-J  VxVxjE  -  SnjE  =  0  ,  (A  1) 

(Cs“23t2-V2)6n  =  V2  |  E  |  2  (A  2) 

The  units  here  are  the  same  as  described  after  Eq.  (3) ;  in 
addition,  6n  is  the  low  frequency  electron  (or  ion)  density 
response,  in  units  of  2nQ,  where  nQ  is  the  average  background 
density.  The  parameters  C  and  C  are,  respectively,  the  speed 

S 

of  light  and  the  ion-acoustic  sound  speed,  in  units  of  /J  v  , 

lc 

where  v  is  the  electron  thermal  speed,  (0  /m  )  .  There  are 
6  6  6 

five  conditions  for  the  validity  of  the  Zakharov  equations 
(Al)  and  (A2)  : 

i)  <k/kD)|E|  <<  1  (dipole  approximation); 

ii)  oj_t..7  <<  co  (slow-fast  time  separation)  ; 

SLOW  p 

iii)  neglect  of  wave-particle  interactions  (k/kD  <<  1, 

oe  »  0±) ; 

iv)  quasi-neutrality; 


v)  linear  ion  response  to  ponderomotive  force  (fin  <<  nQ) . 

We  shall  be  concerned  here  mainly  with  the  conditions  for 
two  further  approximations,  which  lead  to  the  cubic  Schrodinger 
equation.  These  are,  respectively,  the  electrostatic  approxima¬ 
tion  (V*jE  »  0) ,  and  the  adiabatic  ion  approximation 

iCs”23^1  <<  111  Eq‘  (A2)  * 

We  begin  by  assuming  the  electrostatic  approximation,  and 
then  show  that  this  approximation  can  be  well  satisfied  in  the 
adiabatic  limit,  provided  that  the  packet  also  satisfies  certain 
criteria  in  k-space. 

With  V*jE  =  0,  it  follows  that  £  _V*jE  =  V2jE,  in  Eq.  (Al)  . 

In  the  adiabatic  limit,  the  first  term  on  the  left  side  of  (A2) 
is  neglected  in  comparison  to  the  second  term.  For  localized 
fields,  (A2)  then  integrates  to  fin  =  -|E|  ,  and  (Al)  becomes 
the  cubic  Schrodinger  equation.  An  a  posteriori  examination  of 
the  terms  on  the  left  side  of  (A2)  then  gives  us  the  necessary 
inequality  for  the  adiabatic  limit: 

Cs"23t2lE|2|  «  |v2|E|2|  .  (A3) 

From  Eqs.  (5)  and  (12) ,  and  the  identity  of  current  and  momentum 
densities  for  the  Schrodinger  equations,  we  find 


V.V .T.  . 

i  )  i) 


(A4). 


The  stress  tensor  is  given  by  Eq.  (14b) .  It  may  be  rewritten 
in  a  useful  form  by  expressing  the  field  in  terms  of  an  amplitude 
and  phase: 


jE  =*  A  exp(i0)  ,  A,  6  real  . 


(A5) 


Then, 


6ii  r*  4 


Tij  -  (V.A.)  +  u-A^A.  -  [A4  +  V-  (A  V-A)]  ,  (A6) 


where , 


u  i  V0  , 


(A7) 


corresponds  to  the  packet  velocity  [note,  with  the  help  of  (A5) , 

the  current  density,  (6)  may  be  rewritten  as  £  =  u|E|  ].  In 

order  to  reduce  the  inequality  (A3)  still  further,  we  consider 

a  wave  packet  which  is  centered  about  wave  vector  k  and  has  a 

— o 

k- space  width  Ak: 

A  ^  Aoexp(-r2Ak2)  ,  U,  =  ko  .  (A8) 

From  (A6)  we  see  that  the  various  terms  in  the  stress  tensor 
are  then  of  the  following  orders: 

T  =  0  [  (Ak)  2A2]  +  0  [kQ2A2]  +  0  [A4]  +  0  [  (Ak)  2A2]  .  (A9) 

Hence,  (A3)  and  (A4)  yield  the  following  inequality  for  the 
adiabatic  limit: 

0 [ (Ak) 2]  +  0(kQ2)  +  0 ( l A l 2)  «  Cs2  =  r  J  ,  (A10) 

where  r  =  (1/3) (l+y.O./O  ),  and  y.  is  the  usual  ratio  of  ion 

lie  l 

specific  heats.  The  condition  on  the  wave  numbers  means  essen¬ 
tially  that  the  packet  velocities  (or  group  velocity,  in  the 
limit  Ak  <<  k  )  must  be  much  less  than  sound  speed,  so  that  the 


ions  can  follow  the  packet  spatial  translation.  The  condition 
on  the  amplitude,  | a| ,  means  that  the  packet's  collapse  speed 
also  must  be  much  less  than  sound  speed.  Both  conditions  are 
theoretically  met,  for  example,  in  the  case  of  the  type  III 
solar  radio  emission. 6/^ 

It  is  also  useful  to  examine  the  adiabaticity  criterion 

(A3)  for  the  case  of  self-similar  solutions  of  form  (40) . 

Once  again,  if  (R)m!iV  and  O  R)  are  considered  to  be  of 
^  max  u  max 

order  unity,  the  adiabaticity  condition  (A3)  becomes 
2  2 

I  El  <<  C  ,  for  non-translating  similarity  solutions. 

1  1  max  s 

Next,  we  show  that  the  condition  for  electrostatic 
approximation  in  the  adiabatic  limit  is  merely 

Ak  <<  kQ,  for  electrostatic  approx.  (All) 

Here  we  imagine  an  initially  pure  electrostatic  packet  (such 

as  may  arise  from  a  beam  instability,  for  example6, ) , 

centered  around  wave  vector  k  .  As  the  packet  collapses,  its 

effective  k-space  width,  Ak,  increases.  As  long  as  Ak  remains 

2 

much  less  than  k  ,  the  term  C  V*V*E/ 2  on  the  left  of  Eq.  (Al) 

O  *** 

may  be  ignored. 

The  demonstration  consists  of  two  parts.  First  we  require 
that  the  transverse  part  of  jE  be  much  smaller  than  the  longi¬ 
tudinal  part.  This  has  been  shown  in  references  2  and  15,  where 
is  shown  to  be  of  order  C  .  Given  |JEL|  >>  Ij^j  ,  we 
may  take  the  longitudinal  and  transverse  parts  of  (B-l)  and 
write  them  approximately  as 
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“L +  v2  it  -  (SnhK  - 0  ■ 

L 

ijtr  +  T  T*£r  -  "  0  • 


(A12) 

(A13) 


Note  that  if  we  can  demonstrate  |<5njELl  <<  |6nEjJ  ,  it  will 

T  L 

then  follow  that  the  third  term  in  (A12)  can  be  written  approxi¬ 
mately  as  (6nE  )  +  (dnE.)  *  <SnE.  ,  and  the  resulting  equation 

~L  L  T  ~U 

is  equivalent  to  (Al) ,  in  the  electrostatic  approximation.  The 

2 

condition  ]  5nE  |  <<  |6nE  |  ,  with  6n  2  -|E_|  (adiabatic  ap- 

~L  T  —L  L  L 

proximation) ,  may  be  written  as, 


<< 


r-r 1 


(A14) 


2  2 

Next,  take  E_  to  be  of  the  form  E_  =  A  exp {-r  Ak  )exp(ik*r), 

as  in  (A5)  and  (A8)  .  Then,  since  the  si^e 

is  of  order  Ak/k  smaller  than  the  right  side,  when  Ak  <<  k  . 

o  o 

This  demonstrates  that  Ak  <<  k  is  indeed  the  condition  for  the 

o 

electrostatic  approximation,  in  the  adiabatic  limit.  Together 
with  the  inequality  (AlO) ,  this  defines  the  conditions  for 
converting  the  Zakharov  equations  (Al)  and  (A2)  into  the  cubic 
Schrodinger  Eq.  (3) .  However,  we  note  that  these  conditions 
are  based  on  spatially  Gaussian  packets.  If  collapse  has 
proceeded  sufficiently  into  the  self-similar  regime,  these 
estimates  may  have  to  be  modified. 
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FIGURE  CAPTIONS 


2  2 

Fig.  1  Pseudopotential  V (rj )  for  D  *  1.  (n  =  <6r  >/<6r  >Q.) 
Fig.  2  Pseudopotential  V(n)  for  D  =  3.  (n  =  <6r^>/<6r2>o. ) 

Fig.  3  Functions  F  (P)  and  G(P)  versus  P. 

2  2 

Fig.  4  <6r  >/<Sr  >  versus  time  t  for  v  =  0.15,  0.4,  and 

o 

5.0.  Curves  are  dotted  for  times  when  N  has  damped 
by  more  than  one  order  of  magnitude. 

Fig.  5  S  =  xmin^X^  Plotted  versus  a  for  P  =  1.5,  2,  3, 

5 ,  and  00 . 

Fig.  6  Initial  Gaussian  (t=0) ,  and  nearly  collapsed  solution 
with  a  core  of  similarity  form  (t  =  1.2).  Dotted 
curve  is  the  solution  at  t  =  1.2  in  the  Gaussian 
approximation . 

2 

Fig.  7  Spherically  symmetric  numerical  determination  of  <6r  > 

(x-marks)  as  a  function  of  time,  versus  virial  theorem 

prediction  [solid  curve — see  Eq.  (59)],  for  the  case 

P  =  4/3,  t  (s)  =  1.3265. 
c 

Fig.  8  1^(0, t) |  versus  time,  showing  self-similar  approach 

2  /  g  \ 

to  singularity  in  J\j;(0,t)|  at  r  *  0,  and  t 


1.3265 
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2  2 

Fig.  9  |<|»|  /I'Jj __|  -  1  as  a  function  of  r  at  t  *  1.2,  1.3, 

s  s 

and  1.31.  This  exhibits  the  relative  precentage 


2  2 
difference  between  |if>|  ,  and  |  |  . 

ss 


The  latter  is 


reconstituted  from  Jt^(t  =  1.3220)  |  ,  under  the 
assumption  of  self-similarity. 


oo  2  2 

Fig.  10  Nr  =  4tt  Iq  dr  r^|4>|  as  a  function  of  r  for  t  =  0, 

2 

1.2,  and  1.31.  The  radii  at  which  |i^|  is  equal  to 
its  half-maximum  are  shown  on  each  curve  as  a  dot. 

The  cut-off  points  for  deviation  from  self-similarity 
by  more  than  25%  are  shown  by  arrows. 
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FIGURE  4 
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ABSTRACT 

Parametric  instabilities  in  a  weakly  magnetized  plasma 
are  discussed.  The  results  are  applied  to  waves  excited  by 
electron  streams  which  -travel  outward  from  the  Sun  along 
solar  wind  magnetic  field  lines,  as  in  a  Type  III  solar 
radio  burst. 

Subject  headings:  plasmas  -  Sun:  radio  radiation 
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I .  INTRODUCTION 


Intense  waves  in  plasmas  are  known  to  cause  parametric 
instabilities,  resulting  in  the  transfer  of  energy  from  the 
intense  wave  to  other  waves;  for  a  review  see  Nishikawa  et 
al.  (1976) .  An  important  astrophysical  phenomenon  involving 
such  intense  waves  is  the  Type  III  solar  radio  burst, 
involving  a  stream  of  electrons  which  travel  outward  from 
the  Sun  along  solar  wind  magnetic  field  lines;  for  reviews, 
see  Nicholson  et  al.  (1978),  D.  F.  Smith  and  Nicholson  (1980), 
and  Goldstein,  Papadopoulos ,  and  R.  A.  Smith  (1980).  There 
has  been  a  great  deal  of  work  involving  the  application  of 
parametric  instability  theory  to  Type  III  solar  radio 
bursts;  see  Papadopoulos  et  al.  (1974) ,  Bardwell  and 
Goldman  (1976),  R.  A.  Smith  et  al.  (1976),  Nicholson  et  al. 
(1978) ,  Goldman  and  Nicholson  (1978) ,  Nicholson  and  Goldman 
(1978) ,  and  references  therein. 

There  is  a  substantial  body  of  literature  concerning 
parametric  instabilities  in  a  magnetized  plasma;  see,  e.g., 
Kaw  (1976) ,  Porkolab  and  Goldman  (1976) ,  Kaufman  and  Stenflo 
(1975) ,  Sanuki  and  Schmidt  (1977) ,  and  Dysthe  and  Pecseli 
(1978).  Nevertheless,  previous  applications  of  parametric 
instability  theory  to  Type  III  bursts  have  not  treated  magne¬ 
tic  field  effects  systematically.  [See,  however,  a  qualita¬ 
tive  discussion  in  Nicholson  et  al.  1978.  Also  see  a  pre¬ 
print  by  Freund  and  Papadopoulos  (1979)  for  a  treatment  of 
some,  but  not  all,  magnetic  field  effects.]  This  paper 
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represents  a  step  in  the  direction  of  a  proper  inclusion  of 
the  effects  of  magnetic  field  on  wave  evolution  during  Type 
III  bursts.  It  is  a  direct  generalization  of  the  earlier 
work  of  Bardwell  and  Goldman  (1976) . 

II.  PARAMETRIC  INSTABILITIES 

An  electron  stream  travelling  through  a  background 
plasma  gives  rise  to  Langmuir  waves  (high  frequency  electron 
plasma  waves  with  frequency  near  the  local  electron  plasma 
frequency)  through  the  well  known  beam-plasma  instability. 

As  a  first  approximation,  the  spectrum  of  stream-excited 
Langmuir  waves  can  be  represented  by  a  single  large  amplitude 
monochromatic  wave.  As  discussed  in  detail  by  Bardwell  and 
Goldman  (1976) ,  this  is  in  many  respects  not  a  very  good 
approximation,  but  it  allows  analytic  progress,  the  results 
of  which  may  have  important  implications  for  the  true 
situation. 

Our  theoretical  model  thus  consists  of  an  intense 
single  monochromatic  Langmuir  wave  (the  "pump"  wavel 
travelling  along  a  uniform  background  magnetic  field  B^  in 
an  infinite,  homogeneous  plasma.  The  electric  field  of 
this  intense  wave  is  given  by 

E(r,t)  =  Ex  cos  (k  x-oj  t) 

—  —  o  o 


r 


(i) 
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where  E  is  a  real  constant,  and  x  is  the  magnetic  field 
direction.  Even  though  E  is  an  intense  wave,  we  assume 
that  it  is  still  weak  enough  that  it  propagates  as  a  linear 
wave  and  satisfies  the  linear  Langmuir  dispersion  relation 


3k  2vs2 


(2) 


2  2 

where  oie  is  the  electron  plasma  frequency,  we  =  4irnoe  /m 
the  average  electron  density  is  nQ;  the  electronic  charge 
has  magnitude  e;  the  electron  mass  is  me;  the  thermal  speed 
vg  =  ^e/me;  an<^  the  electron  temperature  Tg  has  units  of 
energy  so  that  Boltzmann's  constant  does  not  appear 
explicitly. 

In  accordance  with  standard  parametric  instability 
theory,  we  suppose  that  high  frequency  and  low  frequency 
fluctuations  in  the  plasma  are  coupled  together  by  the 
pump  wave  and  grow  exponentially.  In  general,  the  coupling 
involves  the  pump  wave,  a  low  frequency  wave  characterized 
by  a  complex  frequency  w  and  wavenumber  k,  and  two  high 
frequency  waves  characterized  by  the  frequencies  and  wave- 
numbers  (w  +w,  k+k)  and  (w  -u* ,k -k) .  For  simplicity,  we 
assume  throughout  this  paper  that  all  waves  are  longitudinal, 
having  electric  fields  parallel  to  their  wavenumbers.  The 
possibility  of  electromagnetic  decay  waves  is  briefly 
discussed  in  the  last  section.  The  low  frequency  wave  is 
therefore  characterized  by  an  electric  field  of  the  form 
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— L  t) 


j  ELk  exp (-iwt+ik*r)  +  j  EL*k  exp  (icj*t-ik*  r) 


C3) 


while  the  high  frequency  electric  fields  are 

E^trjt)  =  ^  E+k+  exp  [-i  (ujo+(jj)  t  +  iUcQ+kJ^r] 


and 


+  j  E+*  k+  exp  [i  (o)o+u>*)  t  -  iCkQ+kJ'r], 


E  (r,t)  =  j  E_k_  exp[-i  (o)Q-u)*)  t  +  i  (3^-k)  *r] 
+  r  E  *k  exp[i(u  -u>)t  -  i(k  -k)*r], 

4  "  “  O  — O  *“  — 


(4) 


(5) 


where  k.  =  TT*+K  are  unit  vectors  in  the  k  +k  directions. 

+  o—  — o — 

The  relation  among  the  four  different  wave  vectors  is  shown 

in  Figure  1.  While  Figure  1  is  drawn  in  the  k  -k  plane, 

x  y 

all  figures  in  this  paper  can  be  rotated  around  the  k^-axis 
to  obtain  a  fully  three-dimensional  picture. 

The  high  frequency  and  low  frequency  modes  couple 
together  to  produce  new  normal  modes  described  by  the 
dispersion  relation: 
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(w,k) 


x±  («,k) 


-k2  A 
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£  ((Jd  +00  ,  k+k) 

o  — o  — 


e  (to  -cu,k  -k 
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where  the  angular  factors  are 


(6) 
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(7) 


the  electron  Debye  length 
energy  density, 

w  =  e2 
wo  ~  4in  I  * 
o  e 


,  and  the  dimensionless 

e  e 

(8) 


Kaw  (1976)  uses  an  equation  similar  to  (6)  to  study 
instabilities  of  electrostatic  waves  in  a  magnetized  plasma, 
but  with  a  dipole  pump.  [The  reader  may  recall  that  in 
studying  linear  longitudinal  waves,  one  writes  Poisson's 
equation  V*E  =  4ttp  as  ik(l+xe+x^)E  =  0,  where  the  electron 
susceptibility  xe  is  proportional  to  that  portion  of  the 
charge  density  p  due  to  electron  motion  and  the  ion  (in 
this  paper,  proton)  susceptibility  x^  is  proportional  to 
that  portion  of  the  charge  density  p  due  to  ion  motion. 

The  combination  £  =  1+X  +X-  is  called  the  linear  dielectric 
function,  and  the  dispersion  relation  for  the  wave  involved 
is  contained  in  the  expression  e  =  0.]  In  the  next  two 
sections  we  evaluate  the  dispersion  relation  (6)  in  the 
unmagnetized  case. 


III.  UNMAGNETIZED  CASE 

We  first  solve  the  dispersion  relation  (6)  neglecting 
the  background  magnetic  field,  with  parameters  roughly 
corresponding  to  a  typical  Type  III  solar  radio  burst  at 
a  position  one-third  of  a  solar  radius  above  the  Sun's 


g 

surface.  These  are  (Bardwell  and  Goldman  1976) :  n  =  10 

o 

cm-3,  T  =  T.  =  140  eV,  k  X  ■  0.05,  and  VI  =  10~4.  In  the 
'  e  i  o  e  o 

unmagnetized  limit,  we  take  the  dielectric  function  needed 
on  the  right  side  of  (6)  from  fluid  theory  (Krall  and 
Trivelpiece  1972) 

e(cu  +o>,  k  +k)  =  +2  —  -  3k2A  2  +  6k*k  X  2  ,  C9) 

o-  — o —  -  ui  e  —  — o  e 

e 

where  throughout  this  paper  |  o>  |  << 

For  the  low  frequency  susceptibilities  needed  on  the 
left  of  (6) ,  we  use  the  results  of  kinetic  theory,  as  has 
previously  been  done  by  Bardwell  (1976) .  This  is  somewhat 
more  accurate  than  the  fluid  model  employed  by  Barduell  and 
Goldman  (1976)  especially  in  the  present  case  of  equal 
electric  and  ion  temperatures.  The  results  of  the  fluid  and 
kinetic  approaches  are  in  quite  good  qualitative  agreement, 
and  differ  quantitatively  only  by  factors  of  less  than  2. 
The  kinetic  susceptibilities  for  species  s  are  (Montgomery 
1971) 


X_ (^,k) 

5 

where 


l1  +  ' 


(10) 


’s 


(11) 


with  the  thermal  speed  of  species  s  and  Z  the  plasma 
dispersion  function  (Fried  and  Conti,  1961)  which  arises 
because  the  background  electron  and  ion  distribution 


functions  have  been  taken  to  be  Maxwellian. 
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The  dielectric  function  (9)  and  the  susceptibilities 

(10)  are  inserted  in  the  dispersion  relation  (6)  which  is 

then  solved  numerically  to  yield  the  complex  frequency  w  (k) . 

The  imaginary  part  of  this  frequency  is  then  plotted  as  a 

function  not  of  k,  but  rather  as  a  function  of  the  Langmuir 

wave  vector,  kL  =  l^-k.  Figure  2  shows  the  resulting 

contours  of  constant  growth  rate.  This  two-dimensional 

contour  plot  can  be  rotated  about  the  k  (B  )  axis  to  yield 

x  o 

a  fully  three-dimensional  contour  plot.  Figure  2  is  in 
agreement  with  the  corresponding  figure  in  Bardwell  and 
Goldman  (1976) .  As  discussed  in  detail  by  Bardwell  and 
Goldman  (1976) ,  there  are  three  distinct  regimes  of 
instability;  these  are  labelled  PDI  (parametric  decay 
instability) ,  SMI  (stimulated  modulational  instability) , 
and  OTS  (oscillating  two-stream  instability) .  The  maximum 
growth  rate  in  each  of  the  three  regimes  is  close  to 
wi^we  ~  1*3*10  in  the  present  case.  The  properties  of 
these  three  regimes  in  the  unmagnetized  case  have  been 
reviewed  by  Bardwell  and  Goldman  (1976) ;  in  the  next  section 
we  consider  the  modification  of  these  three  regimes  in  the 
weakly  magnetized  situation. 


IV.  WEAKLY  MAGNETIZED  CASE 
In  this  section  we  consider  the  modification  of  the 


previous  results  in  the  presence  of  a  weak  magnetic  field. 
In  this  paper  "weak"  means  that  the  electron  gyrofrequency 


2  eBQ/mec  (c  is  the  speed  of  light)  is  much  less  than 
the  electron  plasma  frequency  u  .  For  example,  with  the 
solar  corona  parameters  of  the  previous  section  and  a 
reasonable  magnetic  field  strength  of  2.5  gauss,  we  have 

=  o.l.  Note  that  while  the  magnetic  field  is  weak  in 
the  sense  we  have  described,  the  magnetic  field  energy 
density  for  the  present  parameters  exceeds  the  kinetic 
energy  density  of  the  background  electrons  (i.e.,  this  is 
a  low  8  plasma) . 

The  magnetic  field  affects  both  the  high  frequency  and 
the  low  frequency  wave  motions.  For  the  high  frequency 
longitudinal  waves,  the  electrons  feel  a  v*B  force  in 
addition  to  an  electric  field  force,  and  the  dielectric 
function  becomes  (Ginzburg,  1964) 


£(w  +w,k  +k)  =  +2  —  -  3k2X  2  +  6k-k  a  2  +  (n  2-i) 

o-  — o —  -  a)  e  - oe  +  2 

e  —  u 

e 


(12) 

which  must  be  used  on  the  right  side  of  the  dispersion 
relation  (6) . 

There  are  also  magnetic  field  effects  on  the  low 
frequency  wave  motions.  For  heuristic  purposes,  suppose 
we  ignore  the  strong  ion  Landau  damping  of  ion  acoustic 
waves  in  an  equal  temperature  plasma  and  use  the  dispersion 
relation  w  =  kcg  to  estimate  a  typical  ion-acoustic 
frequency.  With  the  sound  speed  cg  =  (Te/m^)^  and  a  typical 
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low  frequency  wavenumber  kXg  %  0.02,  we  have  cu/ ^  4*10 
The  ion  gyrofrequency  'v  5*10  ^  co^ ,  and  the  ion  (proton) 
plasma  frequency  is  w  .  ^  0.02  w  .  Thus,  the  frequency 
ordering  of  interest  is  <<  M  «  ^pi  <  <<  <V 

For  most  of  the  wavenumbers  kL  in  Figure  2,  the  product 
of  the  ion  gyroradius  p^,  with  the  low-frequency  wavenumber, 
k  =  jj^-kjJ  ,  substantially  greater  than  unity.  We  find 
that  the  modification  of  the  low  frequency  ion  susceptibility 
due  to  a  magnetic  field  is  insignificant  for  most  of  the 
wavenumbers  in  this  problem.  The  exception  is  the  OTS. 

Along  the  dashed  line  labelled  A  in  Figure  2,  u>  is  purely 

imaginary,  and  at  maximum  growth  rate  |w|  =  1.0*10  ^ 

and  kp.  a.  1.  We  shall  find  that  the  OTS  branch  is  substan- 

i 

tially  suppressed,  but  we  attribute  this  to  the  low  frequency 
effects  on  the  electrons,  not  to  kp^  ^  1.  So,  although  they 
are  included,  the  magnetic  effects  on  the  low  frequency  ion 


motion  do  not  seem  to  be  important. 


As  for  the  electrons,  the  fact  that  u  I  <<  (and 

e 

typically  k^pQ  <<  1  where  pg  is  the  electron  gyroradius) 
means  that  the  low  frequency  electron  motion  is  indeed 
strongly  magnetized.  In  other  words ,  electrons  are  not 
free  to  follow  low  frequency  motions  across  the  field  lines, 
but  rather  they  begin  an  HxB^  drift  when  subjected  to  low 
frequency  electric  fields  perpendicular  to  the  field  lines. 
Along  the  magnetic  field  lines  the  electrons  are  perfectly 
free  to  move,  like  beads  on  a  wire .  As  discussed  in 
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somewhat  more  detail  by  Nicholson  et  al.  (1978) ,  the  net 

result  of  these  parallel  and  perpendicular  effects  is  that 

for  angles  (Mc^/k^)  which  are  greater  than  (n^/nu)  from 

perpendicular  to  Bq,  there  is  no  effect  of  the  magnetic 

field  on  the  low  frequency  wave  motions  (m^  is  the  proton 

mass).  Only  in  the  small  range  of  angles  |k  /kx|  <  (mQ/m^)^ 

are  the  electron  motions  inhibited  greatly,  and  the  low 

frequency  wave  properties  modified.  As  we  shall  see,  the 

instability  growth  rates  in  this  small  range  of  angles  can 

be  severely  reduced  because  of  the  inhibition  of  electron 

motion  across  field  lines. 

Let  us  perform  a  simple  analytic  calculation  to 

illustrate  one  case  of  a  reduction  in  growth  rate  due  to 

the  magnetic  field.  We  focus  our  attention  on  the  dashed 

line  labelled  A  in  Figure  2.  Along  this  line  where  =  0, 

the  instability  is  purely  growing  with  to  =  ico^.  Now  suppose 

we  have  a  plasma  with  cold  ions  and  a  growth  rate  whose 

magnitude  is  small.  The  unmagnetized  fluid  susceptibility 

2  2  2  2 

for  species  s  is  xs  =  /  (u>  -k  vs  )  which  means  we  can 

ignore  the  ion  susceptibility  term  on  the  left  of  the 

dispersion  relation  (6) .  Inserting  the  electron 

2  2 

susceptibility  xe  ~  1/k  >  the  unmagnetized  dielectric 

function  (9) ,  and  the  assumption  o  =  iw^  into  the  dispersion 
relation  (6)  we  find 
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whereupon  the  highest  growth  rate  is 

wi/u»e  =  Wq/8  ,  (14) 

which  occurs  at 

Ve  =  12)V2  *  (15) 

Now,  how  is  this  result  modified  when  the  magnetic  field 

is  included?  Continuing  to  ignore  the  ions  in  the  low 

frequency  susceptibilities  on  the  left  of  (6),  there  are 

two  places  where  magnetic  field  effects  enter.  The  first  is 

in  the  high  frequency  dielectric  function,  where  (12) 

replaces  (9) .  One  may  think  of  the  change  as  replacing 

-3k2A  2  in  (9)  by  -3k2A  2  +  (y  2- 1)0  2/oj  2  in  (12).  As  both 
e  ©  +  e  © 

terms  are  negative,  this  effect  is  as  if  the  wavenumber  in 
(9)  were  increased;  the  result  is  merely  a  shift  in  the 
growth  rate  curve  to  smaller  wavenumbers  with  no  change  in 
the  maximum  growth  rate  obtainable.  This  effect  was  first 
suggested  to  us  by  D.  F.  Smith  and  Tsytovich  (1977). 

The  second  place  where  the  magnetic  field  effect  enters 
is  in  the  low  frequency  electron  susceptibility.  For  the 

A 

case  under  discussion  with  k*BQ  =  0,  the  unmagnetized 

-2  2  2 
electron  susceptbility,  (kA  )  ,  is  replaced  by  x  ~  w  /Q  , 

0  0  0  0 

corresponding  to  polarization  drift;  and,  neglecting  for 
simplicity  the  high  frequency  magnetic  effect  of  the  previous 
paragraph,  the  dispersion  relation  (6)  yields  (without  assuming 
m  purely  imaginary) 
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which  does  not  predict  instability  at  all  for  the  parameters 
of  the  present  paper.  This  crude  calculation  exhibits  the 
reduction  in  the  growth  rate  when  the  low  frequency  mode 
propagates  with  an  angle  of  (m  /n^)  with  the  perpendicular 
to  the  magnetic  field. 

We  emphasize  that  this  great  reduction  in  growth  rate 
occurs  only  for  the  branch  marked  OTS  in  Figure  2.  For  the 
other  branches  marked  PD1  and  SMI  in  Figure  2,  the  low 
frequency  mode  has  an  angle  greater  than  (m  /m.)  to  the 

6  X 

perpendicular  to  the  magnetic  field,  and  propagates  as  if 
the  medium  were  unmagnetized. 

To  make  these  remarks  rigorous,  we  numerically  solve 
the  dispersion  relation  (6)  with  the  parameters  already 
mentioned  (fie/we  =  0.1).  For  the  low  frequency  electron  and 
ion  susceptibilities  we  use  the  magnetized  kinetic  version 
which  is  given  by  (Bekefi  1966) 
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I*  2  2 

where  e  =  co/2^k  v  ,  a  =  k  p  ,  and  the  I  are  modified 
s  x  s  s  Y  ®  n 

Bessel  functions.  For  the  high  frequency  dielectric 
functions  we  use  the  fluid  versions  (12) .  The  solution  of 
the  instability  dispersion  relation  (6)  is  shown  in  Figure 
3.  Comparing  this  figure  to  Figure  2,  we  notice  several 
effects  of  the  magnetic  field.  The  most  dramatic  effect  is 
the  disappearance  of  the  OTS  branch,  in  agreement  with  the 
crude  analytic  calculation.  The  other  dramatic  effect  is 
a  squeezing  of  the  contours  in  the  y-direction  for  both  the 
PDI  and  SMI  branches.  We  ascribe  this  effect  almost 
totally  to  the  magnetic  term  in  the  high  frequency  dielectric 
function  (12) . 

It  is  important  to  note  that  despite  the  squeezing  of 
the  contours  in  the  direction  perpendicular  to  the  magnetic 
field,  the  vertical  extent  of  the  region  of  fastest  growth 
(the  contours  labelled  10)  is  only  slightly  affected  by 
the  magnetic  field.  This  is  true  for  both  the  SMI  and  the 
PDI  branches;  the  maximum  perpendicular  extent  of  the  "10" 
contour  is  reduced  by  only  10%  of  its  unmagnetized  value  in 
each  case. 


Returning  to  the  OTS  branch,  we  have  seen  in  Figure  2 
that  in  the  unmagnetized  case  it  has  as  large  a  growth  rate 
as  any  other  branch,  while  when  =0.1  (Fig.  3)  it  has 

completely  disappeared.  In  order  to  explore  the  nature  of 
this  transition,  we  show  in  Figure  4  curves  of  growth  rate 


versus  perpendicular  wavenumber  k^Ae 


for  various  values  of 


ft  /m ,  with  k  =  0.  The  horizontal  axis  of  this  figure 

@  6  X 

should  be  identified  with  the  dashed  line  labelled  "A"  in 
Figure  2.  We  see  that  even  for  the  small  value  ft  /u  * 

6  c 

0.005,  the  instability  has  almost  disappeared.  The  OTS 
branch  is  very  sensitive  to  the  presence  of  a  weak  magnetic 
field;  the  main  reason  for  this  is  the  resistance  of  the 
magnetic  field  to  motion  of  electrons  across  field  lines. 

In  this  paper  we  have  considered  only  longitudinal 
decay  waves.  There  also  exists  a  host  of  potential 
electromagnetic  decay  products.  Although  we  have  not 
performed  a  systematic  numerical  study  of  the  electromagnetic 
decay  possibilities,  we  have  considered  many  specific 
examples  within  the  context  of  the  present  parameters.  In 
every  case,  we  find  growth  rates  far  lower  than  the  maximum 
growth  rates  of  the  SMI  and  PDI  branches.  Of  course,  in  a 
particular  region  of  wavenumber  space,  an  electromagnetic 
instability  can  have  the  largest  growth  rate.  For  example, 
when  the  OTS  instability  is  reduced  to  zero  growth  rate  by 
the  weak  magnetic  field,  the  region  of  wavenumber  space 
which  formerly  contained  the  OTS  can  now  support  a 
parametric  instability  involving  a  magnetosonic  wave. 

Whereas  the  low-frequency  electron  motion  across  field  lines 
is  inhibited  by  the  magnetic  field,  a  magnetosonic  wave 
moves  the  field  lines,  thus  allowing  the  electrons  to  move 
and  enhancing  the  tendency  toward  instability.  Our 
calculations  indicate,  however,  that  the  resulting  growth 
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rate  is  very  much  smaller  than  the  growth  rates  of  the  PDI 
and  SMI  branches  in  the  weakly  magnetized  case.  Thus,  we 
feel  that  there  is  no  indication  that  electromagnetic 
effects  would  change  the  overall  growth  rate  picture  in 
the  weakly  magnetized  case.  The  effort  required  to  produce 
a  comprehensive  contour  plot  such  as  Figures  2  and  3 
including  all  electromagnetic  effects  does  not  seem  to  be 
warranted. 

This  concludes  our  detailed  calculations.  All  of  the 
results  of  this  section  agree  with  the  qualitative 
predictions  of  Nicholson  et  al.  (1978). ^  In  the  next 
section  we  discuss  the  implications  of  these  results  for 
parametric  instabilities  and  soliton  collapse  associated 
with  Type  III  solar  radio  bursts. 


1In  Section  IV  of  this  reference,  the  expression  kp^  =  800 
the  sixth  paragraph  should  be  replaced  by  the  expression 
kp^  =  20.  Equation  (13)  should  read 
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V.  SUMMARY  AND  DISCUSSION 

In  this  section  we  summarize  the  preceding  results 
and  discuss  the  implications  of  these  results  for  the 
theory  of  Type  III  solar  radio  bursts. 

In  the  unmagnetized  version,  the  parametric 
instabilities  to  which  an  intense  monochromatic  Langmuir 
wave  is  subject  consist  of  three  kinds,  the  OTS,  PDI,  and 
SMI.  The  maximum  growth  rates  in  each  branch  are 
comparable.  One  of  these  branches,  the  OTS,  is  very 
sensitive  to  the  addition  of  a  weak  magnetic  field.  For 
the  parameters  of  the  present  paper,  this  branch  is 
virtually  wiped  out  for  a  magnetic  field  such  that  ^e/^e 
=  0.005.  The  other  two  branches,  the  PDI  and  the  Sill, 
are  very  insensitive  to  the  addition  of  a  weak  magnetic 
field.  This  is  true  both  for  the  maximum  growth  rate  in 
each  branch,  and  for  the  extent  of  each  branch  in  the 
wavenumber  direction  perpendicular  to  the  direction  of  the 
magnetic  field. 

We  conclude  that  to  the  extent  that  the  stream- 
excited  Langmuir  waves  of  a  Type  III  burst  are  monochromatic, 
the  linear  parametric  instabilities  to  which  these  waves  are 
subject  are  not  one  dimensional  in  nature.  The  presence 
of  a  weak  magnetic  field  does  not  change  the  overall  growth 
rate  picture.  The  detailed  Type  III  Langmuir  wave 
scenarios  of  earlier  work  CBardwell  and  Goldman  1976, 
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Nicholson  et  al.  1978)  need  not  be  modified. 

This  strong  conclusion  must,  of  course,  be  tempered 
by  repeating  the  observation  that  the  Type  III  stream- 
excited  Langmuir  waves  are  not  monochromatic,  but  have  a 
spread  of  wavenumbers  along  the  magnetic  field  and  across 
the  magnetic  field.  No  satisfactory  general  theory  of 
parametric  instabilities  due  to  a  broadband  pump  wave 
presently  exists  even  in  the  unmagnetized  case,  although 
some  results  have  been  obtained  (Bardwell  and  Goldman  1976, 
Thomson  and  Karush  1974) .  However,  numerical  work 
(Nicholson  et  al.  1978)  indicates  that  the  broadband  nature 
of  the  pump  often  does  not  substantially  slow  the  nonlinear 
wave  processes.  In  fact,  the  broadband  pump  can  often 
speed  the  nonlinear  processes,  as  in  the  case  that  the 
regions  of  constructive  interference  of  Langmuir  waves  in 
real  space  undergo  a  direct  collapse,  thus  bypassing  the 
stage  of  parametric  decay  instability  (Nicholson  et  al. 
1978) .  The  nonlinear  evolution  of  a  broadband  pump  in  a 
weak  magnetic  field  will  be  explored  in  detail  in  a  future 
publication. 

After  the  completion  of  this  work  (Weatherall  et  al. 
1978) ,  we  became  aware  of  related  work  by  Freund  and 
Papadopoulos  (1979) .  They  consider  only  the  effect  of  the 
magnetic  field  on  the  high  frequency  waves,  and  ignore  the 
effect  of  the  magnetic  field  on  the  low  frequency  motions. 
Thus,  they  find  the  partial  suppression  of  the  OTS  branch 
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due  to  the  magnetic  modification  of  the  high  frequency 
waves  which  we  discuss  in  §1V?  however,  their  work  does 
not  contain  the  low  frequency  magnetic  effects  which  we 
find  to  be  dominant  in  suppressing  the  OTS  branch.  Regard¬ 
ing  the  PD I  branch,  their  work  agrees  with  ours  in  finding 
it  to  be  quite  insensitive  to  a  weak  magnetic  field. 
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FIGURE  CAPTIONS 


Fig.  1 — Relation  among  the  four  wavevectors  involved 
in  a  parametric  instability. 

Fig.  2 — Solution  of  the  dispersion  relation  (6)  in 
the  unmagnetized  case;  the  contours  represent  the  imaginary 
part  of  the  frequency  (the  growth  rate)  as  a  function  of 
two-dimensional  Langmuir  wavenumber  kL  =  k^-k.  This  figure 
can  be  rotated  about  the  kxL  axis  to  obtain  a  fully  three- 

dimensional  picture.  The  contour  labelled  1  represents  a 

—  6 

growth  rate  w./to  =10  ,  while  the  contour  labelled  10 

1  0 

“5 

represents  a  growth  rate  to^/coe  =  10  .  The  parameters 

are  those  of  §111. 

Fig.  3 — Solution  of  the  dispersion  relation  (6)  in 
the  weakly  magnetized  case.  All  parameters  and  contour 
labels  are  the  sane  as  in  Figure  2,  with  ft  /to  =  0.1. 

Fig.  4 — Curves  of  growth  rate  versus  wavenumber  for 
the  OTS  branch  of  Figure  2,  for  different  values  of  ft  /to  ; 
all  other  parameters  are  the  same  as  in  Figure  2.  The 
horizontal  axis  of  this  figure  should  be  thought  of  as  the 
dashed  line  labelled  "A"  in  Figure  2. 


24 


M.  V.  Goldman  and  J.  C.  Weatherall 
Department  of  Astro-Geophysics 
University  of  Colorado 
Boulder,  CO  30309 

D.  R.  Nicholson 

Department  of  Physics  and  Astronomy 
University  of  Iowa 
Iowa  City,  10  52242 


kyXg 


FIGURE  4 


A  STATISTICAL  THEORY  OF  LANGMUIR  TURBULENCE 


by 


D.  F.  DuBois  and  H.  A.  Rose 
Theoretical  Division 
Los  Alamos  Scientific  Laboratory 
University  of  California 
Los  Alamos,  New  Mexico 

and 


M.  V.  Goldman 

Department  of  Astrogeophysics 
University  of  Colorado 
Boulder,  Colorado 


ABSTRACT 

A  statistical  theory  of  Langmuir  turbulence  is  developed 
by  applying  a  generalization  of  the  directive  interaction 
approximation  (DIA)  of  Kraichnan  to  the  Zakharov  equations 
describing  Langmuir  turbulence. 


A  STATISTICAL  THEORY  OF  LANGMUIR  TURBULENCE 


Recent  advances  in  the  theory  of  "strong" 
Langmuir  turbulence  have  concentrated  on  the  evo¬ 
lution  of  modulational  instabilities  and  their 

relation  to  soliton  solutions  (in  1-D)  and  Langmuir 
2 

collapse  in  higher  dimensions.  Most  of  the  non¬ 
linear  theories  in  this  area  have  emphasized  initial 
value  or  similarity  solutions  for  the  coherent  non¬ 
linear  structures  of  interest.  In  many  situations 
we  can  conceive  of  the  nonlinear  excitations  as 
developing  from  the  thermal  (particle)  fluctuations 
in  the  plasma  in  the  presence  of  external  beams  or 

A.C.  fields  which  drive  Langmuir  instabilities. 

3 

Numerical  studies  have  shown  the  birth  and  decay 
of  "collapsons",  new  collapsons  being  generated  from 
the  residual  fluctuation  debris  of  previously 
decayed  collapsons.  It  is  not  unreasonable  to  try 
to  construct  a  statistical  turbulence  theory  to 
describe  such  situations.  The  present  work  repre¬ 
sents  a  preliminary  attempt  in  this  direction. 

Our  method  is  a  generalization  to  the  Zakharov 
equations^  of  the  direct-interaction  approximation 
(DIA)  of  Kraichnan^  which  was  originally  applied  to 
the  Navier-Stokes  equations.  We  begin  with  the 
Zakharov  equations  in  Fourier  transform  space, 
which  can  be  written  in  the  compact  form: 


.(2), 


£,2n2  -  !2x1v;;n2n,  +  Hi  ,  (i) 

where  N,  **  N  (k  ,  t  )  is  a  three  component  vector 

1  ai  — i  l 

with  the  discrete  indices  ctj  taking  on  the  waves  +, 
0,-.  Repeated  indices  such  as  2  and  3  are  under¬ 
stood  to  be  summed  on  discrete  indices  a2 ,  a3  and 
integrated  over  the  continuous  variables  k_j ,  t;, 
etc.  The  identification  of  the  discrete  indices  is: 
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N+<_k1  , t ! )  =  $+(ki,tj);  NjCkj.t!)  =  n(k1(t,); 

*.<£»»*»>  *  ♦~(k1,t1),  (2 

where  $+(kj,tj),  c  l )  are  the  spatial  Fourier 

transforms  of  the  envelope  function  of  the  high 
frequency  Langmuir  potential  and  its  complex  con¬ 
jugate  J^<j)+(k,t)*  -  4>  (-k,  t)J  and  n(k,t)  is  the 
Fourier  transform  of  the  ion  density  deviation 
[n(k, t)  *  n(-lc,  t)J.  The  .linear  operator  Lj2  is 


3„  +v  +ik,  0 
tj  e  l 


0  K  +2v.3  +k:  0 

ti  i  tj  i 

0  0 


3t,+Vikt 


•(2Tr)s£(k;-k2)6(tl-t2) 

(3) 


The  only  nonzero  components  of  Xi2j  are 
^+0-  ”  ~^-0-  =  ^12  3  » 

”  "X--0  "  1  2^kl  ^  1  2  J  * 

V-  "  X0-+  ”  “k1  (kj’kj j3 


(4) 


6i23  m  (2Tr)353  (k,-k2-kJ)6(t2-t3)6(tj-t2)  . 

Equation  (1)  is  a  general  quadratically  non¬ 
linear  form  to  which  the  DIA  can  be  immediately 
applied,^  giving  a  set  of  equations  coupling  three 
important  objects:  the  ensemble  averaged  (mean) 
fields  (Nj),  the  infinitesimal  response  functionJ 
(given  by  a  functional  derivative)  and  the  covari¬ 
ance: 

Rll»  -  «<Nl  >/6  <r»l .  >;  Cu'  *=  <NlN1’>-<N1><N1’>  (5) 

The  equations  connecting  these  are: 
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The  equations  connecting  these  are: 

...  L  J 

where, 

Eu  ,  -  xfjfcaun  iRjj.Cjj.+xf^  <N3>,  (7) 

I>1 2  <N2  )  ■  <n*>  +  *tf,(«(<N2><Ns>+C2S)  ,  (8) 

(£j  2~ ^*1  2  l  |  =  12  j  i  *  C9) 

Sll'  ‘=Sll'  +  *iX123Xn2'3'C22'C33'  »  (10) 

where  Sllt  is  the  correlation  of  the  fluctuating 

part  of  the  driving  term  rij  which  we  can  take,  for 
example,  to  be  white  noise  related  to  the  damping 
decrements  by  a  Nyquist  theorem: 

sf> .  -  <*»,«»..>  -  ft. ai) 

r+.  ■  r.+  "  r.>  ■  3k?(”i/nc)  Ji; 

others  zero.  (12) 

This  set  of  nonlinear,  non-Markoff ian  coupled 
equations  is  currently  being  studied  by  numerical 
analysis.  The  general  initial  value  problem  is 
difficult  because  of  the  long  time  histories  which 
must  be  retained  in  an  unstably  evolving  system. 

The  DIA  can  be  shown  to  have  the  general  property 
that  the  mean  constants  of  the  motion  of  the 
Zakharov  equations  ’  <N),  (£)  and  <H>  are  inde¬ 

pendent  of  time.  These  conservation  properties  of 
the  complete  DIA  give  us  some  confidence  that  these 

equations  contain  at  least  some  of  the  physics 

2 

important  for  Langmuir  collapse. 

We  have  investigated  the  steady  state, 
spatially  homogeneous  solutions  of  these  equations 


for  zero  mean  field.  Here  the  R(C)  matrices  have  a 
diagonal  (anti-diagonal)  form.  The  explicit  equa¬ 
tions  for  the  various  components  are: 

[-i(Wl  -k J)  +  ve  -  )]  R+4.(kiC0, )  -  1  (13a) 

Z++(kw)  *  (2i7)“Vd3k2/da32{i(k1-k2)2k72kt 
*c+_(^2>a,2)Roo  (1L3  ,to3 )  +  (kj  •k2)2k12k22 
*^1 1  )Cii  n  (k^ti)^ )?  ;  (13b) 

[-■i(tiJl-kj)  +  —  E  |  |  (k1  )1  C  |  _  (kt  to,  ) 

■  R+4.Oh^i).  s+_(^i  »wi)  (14a) 

s+_(.k10Jl )  =  S^_ (Jc, ojj  )  +  (2TT)"uJd3k1  dWj  (k1-k3)2k7‘* 

•C«oQ£f»2>C^Q5.»«.)  ;  (14b) 

[-<U2  +  2iwlvi  +  k2-  E0 0  Oil  >wi)]Roo  Oil'll)  =  !*  (15a) 
zooOUMi>  =  (2Tr)"l*/d3k2/da)2(-i)(k2.k3)2kfk72 

*[R+t-(JS^2)C_+(k3U3)-R__(k2u2)C+_(k,JJ3)]  ;  (15b) 

[~wi  2iuJiV^  +  kj  —  £q  o  CJs.1  >^i  o  ClSi  ) 

”  R00Oii’V  ^oo  i  )  »  (16a) 

S00  <**.«,)  =  o  )  +  (2ir)  oijkj 

•QSz’JLj)2  c+.(ka“2)c.+(J«i»“3>  •  (16b) 

where  throughout  kj^  =  kj  +  lcj ,  CjOj  =  co2  +  Ci>3  and 
R _ a  R+4.(~Jii  »WlJi  )*  and  C_+  kjjOJj)  =■ 

c+_(“k}  )  • 

What  usually  is  described  as  weak  turbulence 
theory  is  obtained  from  equations  (  14)  and  ( 16)  by 
replacing  the  response  functions  R  and  everywhere 
by  their  zero  order  values  R°  .  =  f-i(aj-k:)  +  v  1~* 

Roo  D  [-^2  +  2i0JVi  +  k’]~\  C^_  -  W(-k)k_2(2Tr)  • 

6(u  -  k2),  etc.,  where  W(k)  is  the  Langmuir  energy 
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density.  In  this  approximation,  it  is  easily  seen 
that  the  two  terms  in  and  ZJ0  describe  induced 
decay  processes  of  the  form  L  -*•  L+S  which  lead,  for 
example,  to  the  well-known  cascade  of  wave  energy 
toward  lower  k. 

The  DIA,  on  the  other  hand,  treats  the  self- 
consistent  renormalization  of  the  response  functions 
and  this  renormalization  is  necessary  to  preserve 
the  mean  constants  of  the  motion.  This  renormali¬ 
zation  has  extremely  important  consequences:  For 
example,  if  in  (15b)  we  approximate  the  quantities 
R  and  C  by  their  zero  order  values  and  then  substi¬ 
tute  the  resulting  E00  into  (15a)  we  find  that 
R00  has  complex  poles  corresponding  to  the  roots  of 
the  well-known  modulational  dispersion  relation, 
i.e.,  the  quantity  in  square  brackets  in  (14)  is 
just  this  dispersion  relation  generalized  to  the 
case  of  a  broad  Langmuir  spectrum.^  Thus,  in 
addition  to  the  modified  ion  sound  poles  in  R0  0 

(modified  by  the  decay  branch  of  the  dispersion 
relation)  the  modulational  instability  introduces 
new  modulational  poles  in  R00.  When  this  renorma¬ 
lization  R00  is  put  into  (13b),  it  appears  that 
flow  of  Langmuir  energy  toward  higher  k  becomes 
possible.  Furthermore,  C00  now  has  large  compon¬ 
ents  due  to  the  modulational  instability  which 
produce  a  significant  source  term  (14b)  on  the 
right-hand  side  of  (14a).  The  renormalized  Langmuir 
modes  then  have  a  f inite  turbulent  damping  in  con¬ 
trast  to  the  marginally  damped  modes  found  in  the 
usual  theory  of  the  cascade  of  energy  toward  small 
k. 


A  fully  self-consistent  solution  of  the  DIA 
equations  requires  computer  analysis.  We  will  pre¬ 
sent  results  of  1-D  numerical  solutions  of  the  DIA 
equations  as  well  as  a  comparison  of  the  results 
with  direct  computer  solutions  of  the  Zakharov 

equations.  Questions  concerning  the  spontaneous 
/ 

generation  of  a  mean  field  at  k  =  0  to  account  for 
the  Langmuir  condensation  and  consequent  modula- 
tional  instability  will  also  be  addressed. 

This  research  was  performed  under  the  auspices 
of  U.S.  DOE  and  AFOSR  grant  //F49620-76-C-0005 . 
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CHAPTER  1 


GENERAL  CONSIDERATIONS 


Much  work  has  been  done  in  the  past  on  the  problem  of 

parametric  instabilities  in  an  inhomogeneous  plasma. ^  *  -  ^  ^ 

However,  this  work  in  large  part  is  concerned  with  such 

matters  as  the  calculation  of  inhomogeneous  thresholds  and 

the  condition^  for  absolute  and  convective  instabilities. 

Much  Less  attention  has  been  paid  to  the  calculation  of 

actual  wave  intensities  in  the  plasma,  and  the  uses  to  which 

this  information  can  be  put.  This  present  work  calculates 

these  intensities  for  the  parametric  decay  instability  in 

two  different  models  and  gives  an  example  of  an  application. 

The  parametric  decay  instability  has  been  studied  in 

(  Q  _  id  \ 

great  detail  elsewhere,'  '  so  only  a  brief  discussion 

is  necessary  here.  To  physically  understand  the  decay 

instability,  consider  a  homogeneous,  unmagnetiaed  plasma. 

It  is  not  necessary  that  the  plasma  be  homogeneous  and 

unmagnet i zed ,  but  these  conditions  simplify  the  concept 

CLi-e 

considerably.  There  w-i  1  i — he  two  electrostatic  normal  modes 
in  the  plasma,  corresponding  to  Langmuir  waves  and  ion 

o.*t 

acoustic  waves.  These  waves  w-vT-t— he  in  thermal  equilibrium 
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at  a  constant  level  of  intensity.  Now  impose  an 
electromagnetic  "pump"  wave  on  the  plasma  in  such  a  manner 
that  its  frequency,  fc0o,  and  wave  vector,  satisfy. 


(1-1) 

~  +■  ^~  ia. 

-fta  Suio*c.r‘>yl? 

wherel'L  and  ia  refer  to  Langmuir  and  ion  acoustic, 
respectively.  Then  the  pump  wave  can  beat  against  the 
thermal  level  of  ion  acoustic  waves  to  produce  a  source  for 
Langmuir  waves,  and  against  the  thermal  level  of  Langmuir 
waves  to  produce  a  source  for  ion  acoustic  waves.  If  the 
pump  intensity  is  large  enough,  and  the  damping  of  the  ion 
acoustic  and  Langmuir  waves  is  not  too  large,  energy  can  be 
continuously  transferred  from  the  pump  to  the  normal  modes 
of  the  plasma,  resulting  in  an  instability. 

This  process  can  also  be  seen  mathematically  in  a 
simple  fashion.  The  normal  mode  oscillations  in  the  plasma 
in  the  absence  of  the  pump  will  satisfy  wave  equations  of 
the  form, 


©V.  4c  ■*  O 


,  |  ( 

where  the  Cs  are  operators  A  The  Fourier  transform  in 
and  space  of  these  equations  gives  the  dispersion 
relation  tO  =  oO(_k_)  ,  and  the  solution  of  this  the  real 
frequency  and  .lamping  rate.  In  tlif„easo  of  the  langmuir 


(  1-2) 


time 


wave 


1-3 


one  has  u)  =  kl  w 

+  i»L*  Now,  imposing  the  pump  wave  on  the 
V1  asma  produces  sour ce  terms,  transforming  Equations  (1-2)  to, 

(x,+)  *  ■,«.(*>+) 

(1-3) 

Clearly  ft*  represents  the  beating  of  the  pump,  contained 
in  and  C2,  against  the  acoustic  wave  level  to  produce  the 
source  for  Langmuir  waves.  Now  the  two  equations  are 
coupled,  because  of  the  pump,  and  the  procedure  which  led 
to  U)=  00^  +  i^(L  for  the  Langmuir  mode  before  jfc  will  be 
changed.  Omitting  the  details  which  can  be  found  in 
Reference  ^  ,  one  will  find  that  the  Langmuir  normal  mode 

has  shifted  to  uJ'  =  U)T'  +  iVL'1  •  Normally  but  i-s 

possible,  for  appropriate  parameters,  to  have  <  0, 

meaning  that  has  switched  sign,  so  a  natural  damping  has 
become  growth.  In  essence,  the  new  normal  mode  resulting 
from  the  presence  of  the  pump  is  a  naturally  growing  mode, 
rather  than  the  naturally  damped  mode  which  it  was  in  the 
absence  of  the  pump. 

Now  consider  what  happens  to  the  instability  in  an 
inhomogeneous  plasma.  A  given  Langmuir  wave  will  no  longer 
have  a  fixed  J^.  As  the  wave  propagates  will  change,  so 
the  second  oi  Equations  (1-1),  quantum  mechanical  momentum 
conservation,  cannot  be  satisfied  everywhere.  Since  the 
decay  instability  is  active  only  in  regions  where  this  k 
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matching  condition  is  approximately  satisfied,  propagation 
will  take  the  Langmuir  wave  away  from  this  active  region, 
and  hence  saturate  the  instability  linearly.  This  process 
is  called  convective  saturation,  and  if  it  occurs  quickly 
enough  so  that  the  Langmuir  intensity  at  a  given  point  in 
the  plasma  becomes  constant  with  time,  the  instability  is 
said  to  be  convective.  The  decay  instability  can  also  be 
absolute.  Although  it  is  true  that  any  given  waves* 
intensity  will  saturate  due  to  propagation  out  of  the  active 
region,  if  one  observes  a  sequence  of  waves  going  past  at  a 
given  point  in  the  plasma,  these  waves  can  have  increasingly 
large  intensities.  In  this  situation  the  Langmuir  intensity 
at  the  observation  point  grows  in  time  without  bound 
linearly,  and  the  instability  is  called  absolute  at  that 
point.  All  calculations  done  in  succeeding  chapters  are 
done  in  steady  state,  which  implicitly  assumes  that  a 
convective  instability  is  present. 

As  mentioned  earlier  there  are  two  models  being 
addressed  in  this  thesis.  The  first  is  a  model  of  the 
ionosphere,  dealt  with  in  Chapters  2  and  3.  Chapter  2 
introduces  the  physical  phenomena  associated  with 
ionospheric  modification  experiments  and  the  concept  of 
cyclotron  harmonic  damping..  Chapter  3  numerically 
integrates  the  WKE  wave  kinetic  equation  to  find  the 
Langmuir  intensity  spectra  which  the  model  predicts. 

Chapter  4  introduces  the  dense  plasma  focus  scattering 
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experiment  on  which  the  second  model  is  based.  The  fifth 
chapter  deals  with  Langmuir  wave  propagation  in  the 
inhomogeneous,  unmagnetized  plasma.  Chapter  6  and  7 
integrate  the  wave  kinetic  equation  for  this  model  in  one 
and  two  dimensions.  Chapter  8  considers  the  problem  of 
adding  a  nonlinear  term  to  the  inhomogeneous  kinetic 
equation  and  derives  conditions  under  which  the  convective 
terms  can  be  ignored.  The  last  chapter  presents  numerical 
results  and  the  application  to  the  focus  scattering 
experiment.  The  appendices  are  concerned  with  the 
derivation  of  the  WKB  wave  kinetic  equation  and  the 
derivation  and  properties  of  Wilson's  function. 


CHAPTER  0- 


IONOSPHERIC  MODIFICATION  AND  CYCLOTRON  DAMPING 

This  section  is  meant  to  introduce  the  reader  to 
the  basic  effects  seen  in  ionospheric  modification 
experiments.  In  these  experiments  a  high  intensity 
electromagnetic  pump  wave  is  reflected  from  electron 
density  gradients  in  the  ionosphere  to  produce  local 
changes  in  such  quantities  as  distribution  functions, 
electron  density,  and  electron  temperature.  For 
appropriate  pump  parameters,  these  changes  are 
presumably  brought  about  through  the  mechanism  of  the 
parametric  decay  instability.  Energy  travels  from  the 
pump  wave  through  a  spectrum  of  Langmuir  waves  and 
finally  is  deposited  into  the  ionospheric  particles  via 
collisional  and  Landau  damping.  In  addition,  if  the 
pump  is  operated  so  that  at  its  reflection  point  its 
frequency  is  near  the  electron  cyclotron  frequency  or  a 
harmonic  thereof,  observations  indicate  an  increase  in 
the  energy  being  deposited  in  the  particles.  This  is 
consistent  with  the  theoretical  picture  in  which 
Langmuir  waves  with  frequencies  near  the  cyclotron 
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frequency  or  its  harmonics  will  undergo  cyclotron 
damping  in  addition  to  collisional  and  Landau 
damping.  This  section  concludes  with  a  brief 
discussion  of  cyclotron  damping  both  physically  and 
mathematically . 

The  following  discussion  is  in  large  part  taken 
from  sections  of  a  technical  report  written  by  the 
author  late  in  1976. 

Intentional  modification  of  the  ionosphere  using 
radio  waves  has  been  successfully  accomplished  since 
1970.  .However,  the  theoretical  beginnings  of  the 
subject  go  back  much  farther,  to  Bai^  in  1938. He 
predicted  that  the  night  sky  could  be  visibly 
brightened  by  heating  electrons  in  the  ionosphere  with 
a  powerful  radio  transmitter.  Later  predictions  raised 
the  possibility  of  better  long-range  communication, 
since  increased  electron  density  in  a  modified  region 
could  enhance  ionospheric  reflections  and  result  in  a 
stronger  signal  at  the  receiver.®^  These  predictions 
have  been  verified  by  recent  experiments,  and  in 
addition  many  unexpected  phenomena  have  been 
observed.  Among  these  new  phenomena  were  the  presence 
of  field  aligned  density  fluctuations  and  wideband 


attenuation,  to  be  described  in  some  detail  later. 
The  first  phenomenon  to  be  discovered 
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experimentally  was  that  of  artificial  spread-1?.  1  The 
term  originates  from  the  appearance  of  ionosonde 
records  when  the  pump  is  on.  The  ionosonde  is 
essentially  a  radio  transmitter  and  receiver  which 
transmits  a  range  of  frequencies  into  the  ionosphere 
and  measures  the  delay  time  until  the  reflected  signal 
is  received.  This  allows  the  measurement  of  electron 
density  versus  altitude,  assuming  that  each  frequency 
is  reflected  at  a  point  where  it  is  equal  to  the  plasma 
freuqency.  Normally,  an  ideal  ionosonde  record  is  a 
sharp  line,  implying  that  the  ionosphere  has  a  smooth 
density  variation.  However,  within  seconds  of  the 
turn-on  of  a  high  intensity  pump  wave,  this  sharp  line 
diffuses,  indicating  that  density  irregularities  are 
building  up  in  the  ionosphere.  When  the  pump  is  turned 
off,  the  diffuse  area  will  again  coalesce  into  a  line, 
usually  on  the  order  of  minutes,  although  sometimes 
longer.  Spread-F  is  the  most  consistent  of  the 
phenomena  to  be  discussed  here,  appearing  whenever  the 
pump  is  on,  and  also  the  most  easily  understood 
conceptual  ly ,  since  i^T  only  requires  that  density 
irregularities  be  present  near  the  reflection  altitude 
of  the  pump  wave. 

One  of  the  least  understood  results  from  the 
modification  experiments  is  wideband  attenfuation 
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( WBA )  This  is  also  seen  on  ionosonde  records, 

although  with  not  nearly  the  consistency  of  spread-F. 

To  explain  the  phenomenon  a  short  digression  is 
necessary.  The  ionosonde  record  described  previously 
is  not  really  a  simple  single  line,  but  rather  a  pair 
of  lines,  one  corresponding  to  the  ordinary  mode  of  the 
ionosonde 's  radio  wave  and  the  other  to  the 
extraordinary  mode.  The  two  lines  occur  because  the  0- 
mode  propagates  to  slightly  higher  altitude  than  the  X- 
mode  and  therefore  has  a  slightly  longer  delay  time. 

WBA ,  w^ien  it  occurs,  is  present  if  the  pump  is  also 
opeg'i'ted  in  the  O-mode.  Then  the  ionosonde  line  which 
corresponds  to  the  O-mode  is  cut  off  very  near  the  pump 
frequency.  No  ionosonde  frequencies  higher  than  the 
pump  frequency  are  reflected.  The  phenomenon  tracks 
the  pump  very  closely,  meaning  that  WBA  is  present 
within  seconds  of  the  turn-on  of  the  pump  and 
disappears  within  seconds  when  the  pump  is  turned 
off.  The  amount  of  the  attenuation  exceeds  10  db,  and 
its  cause  is  unknown.  Explanations  have  been  advanced, 
but  none  appears  to  be  definitive.  The  extremely 
sporadic  nature  of  WBA  would  appear  to  be  one  of  the 
problems  in  developing  a  good  theory. 

A  third  and  very  important  phenomenon  associated 
with  ionospehric  modification  is  that  of  artificial 
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fit 


This  is 


field  aligned  scattering  (AFAS).‘ 
intimately  connected  with  the  density  irregularities 
responsible  for  spread-F.  Studies  have  been  done  to 
determine  the  configuration  of  the  density 
irregularities  with  respect  to  the  magnetic  field. 
Essentially  this  is  done  by  using  a  directional 
ionosonde.  For  the  Platteville,  Colorado,  pump  site 

the  ionosonde  can  be  pointed  slightly  to  the  north  of 
the  zenith  and  then  slightly  to  the  south.  It  is  found 
that  for  the  same  frequency  the  delay  time*  for  pulses 
sent  to  the  south  is  longer.  This  indicates  that  the 
density  irregularities  are  at  a  greater  altitude  toward 
the  south  than  toward  the  north.  Talcing  the  magnetic 
field  configuration  into  account,  the  differences  in 
delay  times  observed  are  consistent  with  a  modified 
region  of  the  ionosphere  that  is  aligned  with  the 
inagnetic  field. 

Much  of  the  experimental  interest  in  these  field 
aligned  irregularities  has  been  in  determining  their 
scattering  properties.  Pulsed  radars  are  usually  used 
for  these  studies,  which  show  that  scattering  from  the 
irregularities  is  much  like  specular  reflection  from 
the  geomagnetic  field  lines.  AFAS  appears  to  be  very 
aspect  sensitive,  with  returning  radar  echoes  dropping 
off  shards  when  the  reflection  conditions  are  not  met. 
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The  AFAS  phenomenon  is  one  in  which  large 
enhancements  in  scattering  cross  sections  are  seen  when 
the  pump  is  operating  at  approximately  twice  the 
cyclotron  frequency  in  the  heating  region.  A  study  by 
Fialer*'^  shows  an  increase  in  cross  section  of  about 
10  dbsm  from  55  dbsm  to  65  dbsm  for  the  highest  probe 
frequency  used,  75  Miiz.  This  clearly  indicates  that 
there  is  some  mechanism  associated  with  the  cyclotron 
harmonic  which  is  enhancing  energy  transfer  between  the 
pump  wave  and  the  ionospheric  plasma. 

AFAS  has  already  been  used  experimentally  to 
facilitate  long  range  radio  communications. 

Reproduction  of  transmitted  material  has  been 
successfully  achieved  over  distances  too  great  for 
direct  radio  communication.  The  aspect  sensitivity  of 
AFAS  is  both  a  hindrance  and  a  help  to  this 
communication.  Its  reflective  property  will  result  in 
less  signal  loss  at  the  receiving  station,  but  of 
course  the  same  property  severely  limits  the  possible 
area  of  reception.  However,  for  some  applications  this 
would  not  be  considered  a  hindrance. 

The  last  major  effect  of  the  heating  experiments 
is  the  observed,  enhancement  of  the  airglow  above  the 
heating  installation.  ^  Most  of  the  interest  is 

0 

centered  on  the  neutral  oxygen  airglow  of  the  6300  A 
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and  5577  ®  lines.  A  typical  enhancement  at  6300  ® 

would  show  the  intensity  going  from  about  50  Rayleighs 

with  the  pump  off  to  about  90  Rayleighs  with  the  pump 

on.  The  enhancement  of  5577  ?\  radiation  is  much 

smaller,  about  5  Rayleighs,  due  to  the  significantly 

greater  amount  of  energy  needed  to  excite  the 

transition.  This  is  a  definite  pumping  effect, 

however,  since  the  5577  %.  line  can  be  se  m  to  follow 

th^modu lation  of  the  pump  very  closely,  as  the  heating 

is  turned  on  and  off.  The  ratio  of  the  intensities  of 

the  two  lines  can  be  used  to  determine  the  temperature 

assuming  a  Maxwellian  distribution.  This  turns  out  to 

be  of  the  order  of  20,000  ®K,  which  is  unrealistic  on 

e 

the  basis  of  the  actual  intensities  obser\A,  so  clearly 
a  non-Maxwellim  electron  distribution  must  be 
involved . 

The  region  of  deposition  of  pump  energy  and  the 
region  of  enhanced  airglow  do  not  always  coincide. 

a 

Below  about  380  km,  the  regions  are  the  same,  but  ir 
the  pumping  region  goes  above  this  altitude,  the 
arigLow  region  stays  at  about  230  km.  This 
neces s i ta t t es  a  theory  allowing  for  the  transport  of 
hot  electrons  from  the  pumping  region  to  the  airglow 
region  where  they  give  up  their  energy  due  toine last ic 
collisions  with  neutral  atoms. 
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There  is  one  instance  of  6300  A  airglow  observed 

when  the  pump  operated  at  approximately  twice  the 

-e  'iA 

cyclotron  frequency.  This  resulted  in  the  intensity 

going  from  about  50  Rayelighs  at  turn-on  to  about  250 
Rayleighs  two  minutes  after  turn-on.  This  is  two  and 
one-half  times  the  "typical"  enhancement  when  the  pump 
is  not  near  a  cyclotron  harmonic.  The  extra 
enhancement  is  more  evidence  for  some  phenomenon 
associated  with  the  cyclotron  frequency  being  an 
important  mechanism  for  energy  deposition. 

Chapter  is  concerned  with  calculating  the 
spectrum  of  Langmuir  waves  in  the  ionsphere  when  the 
pump  is  near  twice  the  electron  cyclotron  frequency. 
Although  this  work  makes  no  application  of  the  derived 
spectra,  they  can  presumably  be  used  for  calculating 
energy  transfer  to  the  ionospheric  particles  and  in 
making  predictions  for  the  observed  quantities 
associated  with  the  modification  experiments.  No 
application  of  the  spectra  was  made  here  for  two 
reasons.  There  are  very  few  observations  of 
ionospheric  phenomena  occurring  when  the  pump  was 
operated  near  2iOce.  No  serious  work  has  been  done  near 
the  cyclotron  frequency  or  any  harmonic,  and 
observations  that  have  been  reported  have  been  mainly 
serendipitous.  Secondly,  the  experimental  work  that 
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has  been  done  probably  does  not  fall  within  the  region 
of  validity  of  the  calculations  of  Chapter  3  .  Since 
nonlinear  effects  have  been  excluded  there,  the  limit 
on  the  ratio  of  pump  intensity  to  threshold  intensity 
for  typical  ionospheric  parameters  is  about  13.  The 
observations  have  taken  place  at  intensities 
significantly  larger  than  this,  so  nonlinear  effects 
need  to  be  considered  and  are  probably  dominant. 
Nevertheless,  the  spectra  of  Chapter  3_  may  be  useful 
at  lower  pump  intensities  or  in  other  magnetoactive, 
inhomoyeneous  plasmas. 

The  derivation  of  the  mathematical  form  of 
cyclotron  damping  proceeds  from  the  linear  electron 
susceptibiity  in  a  magnetic  field, 

'XeCio.t'l  x  1  +  2  (  (atuMc  )]  ,  (  a  -i ) 


In  this  equation  a  =  /u)Qe^ ,  In  is  the  modified 

Bessel  function,  and  Z  is  the  plasma  dispersion 
function.  kj_  and  k(l  refer  to  perpendicular  and 
parallel  to  the  magnetic  field. 

The  damping  is  found  by  expanding  the  dispersion 
relation  1  +”Xe (a) ,  k_ )  =  0  about  the  real  frequency  a) r  . 
This  procedure  gives. 
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=  ‘  4St]U|  (a-2 

^  <x>  I  u>  -  u3r  , 

In  the  denominator  of  this  expression  it  is  sufficient 
to  use  the  linear  susceptibility  in  an  unmagnetized 
plasma, 

,  o  -V  u,*‘,fc4J*€+‘4^ 

4K  Ke  _  q cpfv  ( q -3 

4  (jo  '  UJaujf.  ”  ~  <0f 


Assuming  the  real  frequency  is  near  the  plasma 
frequency,  X  becomes. 


It  is  unnecessary  to  deal  with  equation  (3L-1)  in 

its  exact  form.  Since  Im  Z  is  largest  for  small 

arguments  which  occur  when  nu£.e,  tlie  Z  function  can 

•si  OuS* 

be  expanded  for  small  arguments, 

(a-5) 


From  this  equation  is  is  clear  that  as  cd  moves  off 
resonance,  that  is,  away  from 


the  cyclotron 
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damping  drops  sharply.  In  fact  the  width  can  be  seen 
from  the  exponential  term  to  b e  |2k|Ve. 

For  the  purposes  of  Chapter  3  ,  where  0)2:  2a£e, 
only  the  n  =  2  term  in  the  sum  of  equation  (3L-6) 
contributes.  The  exponential  factor  removes  all  the 
other  terms.  Also,  for  typical  ionospheric  parameters, 
a  is  very  small,  so  e“aln(a)  can  be  expanded  in  the 
limit  of  small  argument.  Then,  using  k,j  =  k  cos©  , 

kj^  -  k  sin©,  K  becomes, 


cote 


(a  -7) 


Now,  assuming  that  U)  is  very  close  to  2U>,e  so  that 
the  exponential  is  essentially  unity,  and  ©  is  small, 
so  that  sine  2: Q  and  cos©k.  1, 


To  understand  cyclotron  damping  physically, 
consider  an  electron  and  a  Langmuir  wave  in  a 
magnetized  plasma.  The  electron  will  spiral  around  the 
magnetic  field  lines  at  a  frequency  of  ^ce*  Allow  the 
Langmuir  wave  to  be  slightly  oblique  to  the  magnetic 
field,  so  that  a  small  perpendicular  electric  field 
component  exists.  This  perpendicualr  component  will 


oscillate  at  the  Langmuir  frequency  Wow  consider 

what  happens  when  the  Langmuir  frequency  happens  to  be 
a1*some  multiple  of  the  cyclotron  frequency.  On  each  of 
its  orbits,  the  electron  will  feel  exactly  the  same 
electric  field  at  exactly  the  same  points.  The  field 
and  the  electron  are  in  phase,  so  the  electron  can 
efficiently  absorb  energy  from  the  field.  If  the 
Langmuir  wave’s  frequency  i^slightly  off-resonance  this 
synchronous  behavior  is  destroyed  and  the  efficiency  of 
energy  transfer  drops  rapidly.  This  drop  off  is 
mathematically  described  by  the  exponential  term  in 
equation  (2.-7).  The  sin4&  term  in  (2.-7)  basically 
determines  how  oblique  the  Langmuir  wave  is,  and  so 
fixes  the  size  of  the  perpendicular  electric  field. 
Clearly  a  wave  with  larger  E^,  and  hence  larger  &,  can 
transfer  energy  more  quickly  to  the  electrons.  This  is 
stated  mathematically  by  the  &4  dependence  in  (2.-8). 


CHAPTER  2> 


THE  KINETIC  EQUATION  INTEGRATED  IN  AN  INHOMOGENEOUS 
PLASMA  WITH  MAGNETIC  FIELD 

To  model  the  ionosphere  near  a  frequency  which  is 
a  harmonic  of  the  electron  cyclotron  frequency,  it  is 
essential  that  the  earth's  magnetic  field  be 
inducted.  In  this  chapter  the  wave  kinetic  equation  is 
integrated  in  a  semi-infinite  inhomogeneous  plasma  with 
linear  density  profile  in  the  presence  of  this  magnetic 
field.  The  field  appears  in  the  kinetic  equation  in 
three  places.  The  first  is  through  the  Langmuir  ray 
paths,  which  are  altered  from  the  zero  field  case. 

This  is  simply  a  consequence  of  the  appearance  of  the 
field  in  the  dispersion  relation  for  the  Langmuir 
waves.  Secondly,  the  growth  rate  for  the  Langmuir 
waves  is  slightly  modified.  This  occurs  because  of  the 
propagation  characteristics  of  the  ordinary  wave 
transverse  pump  in  the  magnetoactive  plasma.  It  is 
clear  that  in  a  stratified  plasma  without  a  magnetic 
field,  a  normally  incident  transverse  pump  wave  will 
always  have  its  electric  field  component  oriented 


perpendicular  to  the  density  gradient.  Hence  this  is 
the  direction  of  the  most  strongly  pumped  Langmuir 
waves.  However,  in  a  magnetoactive  plasma  the  ordinary 


wave  pump  propagates  so  that  at  the  reflection  point, 

where  the  plasma  frequency  equals  the  pump  frequency, 

the  pump  electric  field  is  oriented  along  the  magnetic 

field.  The  largest  growth  rate  then  occurs  along  the 

magnetic  field  rather  than  perpendicular  to  the  density 

gradient.  Finally,  the  field  appears  in  the  damping 

rate  of  the  Langmuir  waves.  Since  these  waves  will  have 

frequencies  which  are  near  2u^e,  where  U>ce  is  the 

electron  cyclotron  frequency,  cyclotron  damping  can  be 

effetive.  Th»  presence  of-  cyclotron-  damping  can  be 

■effective..  The  presence  of  cyclotron  damping, 

discussed  more  fully  in  Chapter  0-  ,  is  the  reason  that 

a  realistic  lienar  model  can  be  constructed.  Since 
v 

this  damping  is  proportional  to  e4,  where  8  is  the 

angle  between  the  of  the  Langmuir  wave  and  the 
\\ 

magnetic  field, Ais  initially  zero  for  the  most  strongly 
pumped  waves.  However,  as  these  waves  propagate,  their 
wavevector  rotates  away  from  the  field  direction, 
increasing  0  and  hence  increasing  the  damping.  This 
proess  eventually  saturates  the  instability  at  linear 
levels  if  the  intensity  of  the  pump  field  is  not  too 
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Listed  below  are  the  assumptions  used  in 
constructing  the  model: 

a)  linear  density  profile 

U)£U  -  U  ~  U  =•  ^  «eW  (3.-1 ) 

u>o*  pump  frequency,  L  =  electron  density  scale 
length ; 

b)  Te  =  Ti? 

c)  ^ damp i ng=  ^  +  ^ eye  (collisional  and  cyclotron 
damping  included). 

d)  only  two  dimensions  considered; 

e)  Airy  function  variation  of  (see  Figure  3.1  ) ; 

f)  spontaneous  and  "beat"  emission  included. 
Assumptions  (d)  and  (e)  require  some  further 

explanation.  It  is  clear  that  this  problem  in  its 

full?  generality  is  three  dimensional.  Refering  to 
3,1  * 

Figure  3^,  however,  it  is  also  clear  that  any  wave 

which  has  a  k_  component  outside  of  the  x-y  plane  will 

have  a  larger  cyclotron  damping  rate  than  the 

corresponding  wave  for  which  that  Jc  component  is 

zero.  Therefore,  one  should  expect  to  find+he  fastest 

growing  waves  in  the  x-y  plane.  This  plane,  determined 

by  the  density  gradient  and  the  magnetic  field 

3.1 

direction,  is  diagrammed  in  Figure  In  what  is  to 


B  k 


FIGURE  3.1  Schematic  diagram  of  the  plane 
determined  by  B  and  Vn. 


4 


follow,  the  z  direction  is  ignored.  As  stated  in  (e) 

the  pump  electric  field  is  assumed  to  have  an  Airy 

function  variation  in  space.  The  field's  intensity 

3JL 

variation  is  graphed  in  Figure^J.,  on  a  typical 
ionospheric  scale.  The  Airy  function  is  the  correct 
form  for  the  elecric  field  amplitude  of  a  transverse 
wave  impinging  normally  on  plasma  with  a  linear  density 
profile/*^  It  is  incorporated  into  this  model 
numerically. 

Finally,  the  heart  of  the  model,  the  kinetic 
equatipn,  may  be  formally  written  down. 

(  ■$+  *  ^3*  Sx  "v*  Sic, )  Zf:  +-  X t  =  2.  (A.-2 ) 

In  this  equation  vgx  is  the  x  component  of  the  group 
velocity,  is  the  Langmuir  frequency,  Y is  the  net 

growth  rate, and  S  represents  the  sources.  I,  the  field 

A 

correlation  function,  may  be  written, 

xrr  <  I  E  a_-3> 

where  V,  T  refer  to  volume  and  time  respectively,  and 
the  brackets  denote  an  ensemble  average.  The  quantity 
in  the  kinetic  equation,  I ,  is  obtained  by  integrating 
I(k,tO)  over  the  desired  resonance,  in  this  case  the 


x  =0 


FIGURE  3. 
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Pump  intensity  variation  in  the 
ionospheric  plasma. 


Langmuir  resonance. 

The  first  step  in  solving  the  kinetic  equation  is 
to  derive  the  Langmuir  wave  ray  paths.  The  ray  path 
equation  gives  the  altitude  x  as  a  function  of  ©  with 

^  and  ky  as  parameters.  Since  ^  and  k^  are  conserved 

along  a  ray  path,  they  serve  to  characterize  a  given 
wave.  To  derive  z(©;^L,ky),  the  dispersion  relation  is 
necessary.  This  is  found  from  the  real  part  of  the 
quasilongitudinal  dielectric  function. 


_ 

U3A 


W  " 


s'.*v© 


3t\i( 


3  O 


(3-4) 


The  ray  path  equation  is  easily  found  by  substituting 
(  3-1 )  into  (  3  -4  )  and  assuming  (x3u  3uJte, 


CO  o'-  +  3  ©  + 


-  I 


r  y 

Also  note  from  Figure  3.3.  that  K  =  co iKA-©) 


so , 


X  1  I  tOj.  1  - 

L  -  L  ‘  CU0V  +  S’*  ® 


1/, 


Several  examples  of  ray  paths  are  plotted  in  F igure 3.3 
The  figure  shows  ray  paths  for  a  given  with  varying 


The  reflection  points  of  the  waves  are  points  at 
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which  dz/de  =  0.  Differentiating  (  ?>-0-5)  and  solving 
for  ©T  in  the  approximation  0«1,  so  thatA-©*A, 
sin©~©,  and  cos©«*l, 

9  )»y  Ve.v  A 


.Equation  gives  no  information  about  whether  © 

increases  or  decreases  for  a  given  wave.  To  determine 
this,  use  must  be  made  of  the  Hamiltonian  equation, 


w  =  . 


For  the  adopted  density 


profile,  kx>  0,  so  kx  always  increases.  Referring  to 
Figure  'i.Ll  it  is  clear  that  if  ©  is  originally  small  and 
positive,  it  will  decrease  to  zero  and  then  become 
negative.  This  means  that  the  kinetic  equation  must  be 
integrated  from  positive  ©  to  negative  0. 


It  should  be  noted  that  only  one  of  two  possible 
cases  is  being  considered  here,  the  case  with  Jc 
approximately  parallel  to  j3.  These  are  he  waves  with 
downward  phase  velocity.  It  is  also  possible  to 
consider  waves  with  upward  phase  velocity,  or  jk 
approximately  antiparallel  to  j^.  The  propagation 
characteristics  of  these  waves  are  illustrated  in 
Figure  3.^1  •  There  are  no  significant  differenes  between 
the  two  cases,  so  only  one  will  be  analyzed  in  detail. 

The  last  step  before  actually  integrating  ( 3  ~2 ) 


: 


IJ 
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is  to  make  explicit  th  terms  and  'i  in  the 
equation.  The  basis  for  much  of  what  follows  is  drawn 
from  Professor  M.  V.  Goldman's  Lausanne  Notes, 
Reference  3^1  in  the  Bibliography. 

The  response  of  a  plasma  to  given  sources  may  be 
written  as  follows. 


£.Cy.)/ 

% 

,  i  "  1 

*X* 

L  . 

1  [ 

In  this  equation  )(,  -  (Jc  ,t0) ,  £.  is  the  dielectric  function 
of  the  plasma,  is  the  susceptibility,  s  represents 
the  spontaneous  sources,  and  the  subscript  zero  refers 
to  a  pump  wave.  Equation  ( 3  -7 )  takes  into  account 

L 

only  the  downshifted,  or  Stokes,  line,  denoted  by  ta=kQ, 
and  ignores  the  upshifted  anti-Stokes  line.  This 
procedure  is  valid  only  if  Ju>  A)  ^  Xg,  where  is  the 
ion  acoustic  frequency,  and  Y  g  is  the  growth  rate  of 
the  Langmuir  mode. 

Solving  (3-7)  for  E(fc)  , 


eU>  = 


tew  -  naVtCK-u 


Q_-8> 


K 

This  is  then  related  to  I(k)  through  equation  ( 3—  3 ) . 


A  nonlinear  dielectric  function  may  now  be  defined. 


8 


Inlb 


(3-9) 


Making  a  resonant  approximation  about  a  mode  with 
frequency  10^.  and  growth  rate  gives. 


ML 


\2*j!L\  ,  .  y\ 

{^r,X) 


(X-io) 


Then,  assuming  Itl  «  u^,  LJr  is  the  solution  to  Re£NL 
0,  and, 

"  KL  u )-  u)r 


T 


lu>  ^  ^ 

These  quantities  must  now  be  substituted  into  (3-8), 
and  it  in  turn  substituted  into  (V-3).  Then, 
integrating  over  UJ one  finds. 


r  = _ 

■  ^10rl lwu)r'-  |U)r  *  (kvM-  ItCt-b  ,<^T2-1 1 ) 


where, 

S^,<o)  =  vr^-*  WTrr  ^  ^ i 00  ^ ^  ^  • 

This  can  now  be  related  to  the  general  source  term 
in  the  kinetic  equation  through  Kirchoff's  law.  In 
equilibrium, 


(3-12) 


The  next  step  is  to  write  (V}fe>)Re  NL,  and 

as  function  of  the  pump  amplitude  EQ.  By  making 


resonant  approximations  for  £(k)  and 


,  it  is 


possible  to  find  a  general  solution  for  the  equation 


rNL 


*  0.  That  solution  is 


.  y  tV  .  _J__  L' 

to  =  tor  - 1  »  -  ujl-  -k  •  *A  uVk*  \  vT^v*  (^“13) 


Here,  P2  =  -q  I'XT  ,  VD  is  the  total 

Langmuir  damping,  and  u)L+  -  “^ois  the  frequency 

mismatch.  V  A  is  the  ion  acoustic  damping,  which  is  of 
the  same  order  as  u)ft  for  the  equal  temperature  quasi¬ 
modes  in  this  model.  It  is  clear  from  (3-13)  that  the 
minimum  threshold  for  growth,  X  -  0,  occurs  when  P2  * 

*DtA  and  ^ *  0. 

It  is  now  possible  to  put  a  more  precise  upper 
limit  on  pump  intensity  than  was  done  previously.  In 
connection  with  the  neglect  of  the  anti-Stokes  line,  it 

was  mentioned  that  the  condition  !  |  »  Y«  must  be 

„  v,3  Pv  l 

satisfied.  Recognizing  in  (3-13)  that  ia  ■»  -c-  “ — 

-  *  •*  '** 


i  J T  _  ri 

V*  4  4  ~  ^ <<  05 » ■ 


(3-14) 
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Since  P2  contains  EQ2  through  iTtl2,  (3^14)  is  the 
condition  on  the  allowable  pump  intensity.  Using 
typical  ionospheric  parameters,  the  condition  is  found 
to  be  satisfied  for  ratios  of  pump  intensity  to 
threshold  intensity  of  less  than  13.  Note  also  that 

when  (3$14)  is  satisfied  the  last  term  (3-13)  is  much 

/ 

less  then  u)A.  Since  this  term  represents  the  shift 
in  the  real  frequency  due  to  the  presence  of  the  pump, 
and  udft«(X>L,  (3-14)  allows  this  frequency  shift  to  be 


ignored.  Hence  Wr  can  be  identified  as  k)L. 

To  find 

*u>  l  oJ  =  uJL 

it  is  necessary  to  write  down  explicitly  the  expression 
for  £nl  obtained  when  resonant  approximations  are  used 
for  £.(■*)  and  £(te=kQ)<.  This  is, 


^  (u)- CO,.*-’.  V)  +  ^  / 2  %  "ik  (u)-o)04UJa  +  1  ^  ft  ^ 

^  1  .  I  .  £  V"  (uj-UJo+uJ^r 

w  ----- 


\Ze  E 

-ll  - 

-  1 

\  to 

«*Y  L 

A 

A 

Wow\ 

o 
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-  JL 

4  to  1(0  =  ioL  ~  u)p  • 


Substituting  this  into  the  source  terra. 


a.St  =  S*nv^S(^,uJL)  + 


(3-16) 


S(k,Ul)  includes  Bremmstahlung  and  cyclotron  emission, 
and  S(Jc,U^-U^)  is  low  frequency  Cerenkov  emission  which 
is  upshifted  by  the  pump  into  a  source  for  Langmuir 
waves-3”  This  is  the  reason  for  the  lab(^s\?  "beat" 
emission.  S(Jc,U^)  is  easily  obtained  through  detailed 
balancing  in  equilibrium, 


aK„r^-=  u*-  s  (.£  ,uV) 

T”k.c  iliWluj*  ewer-gy  deviVi'ty 

©  -  2-  ^  <^rr  VT  MTT  ^  I  E(j=,to)|  ^ 


Combining  (3-17)  and  ("3-18), 


(.3-  n ) 

(_r!8) 

<3  -i?) 


5  (t,uO  =  7T  ®  , 


(3-19) 


may 


UJV.-OJ0  y, 

S(k,  0)  is  most  easily  evaluated  by  noting  that  lg 
be  written,®^ 


)  ~xiv  1  —  - 

"viop  t{X.  ,u l.>toe) 


(3-20) 
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From  the  fluctuation-dissipation  theorem, 

S  ,u)t-u)0)  =  2HT  ®  X £  (jL ,  u3c-u?e)  (3.-21) 


Combining  (^-20)  and  (3.-21), 

•s(t,u)l-ujt,')=  &  uu,^ryur<i-22) 

Hence,  the  source  term  can  finally  be  written. 


-  %ir  ®  ( ^  + 


UJl 

lO0-U^. 


(3-23) 


By  substituting  for  I’ll2  in  P2,  an  explicit 
expression  for  Yg  is  found. 


) 


S'ac  <9  p  1 + ^Vu>^ 
M 


(3*24) 


Here  n  is  the  electron  density,  c  is  the  speed  of 
light,  EQ  is  a  unit  vector  in  the  direction  of  E^,  and 
IQ(x)  is  the  square  of  the  Airy  function.  Note  in  ( ”3 
-24)  that  n  is  assumed  to  be  a  constant.  This  can  be 
done  because  its  variation  is  very  small  over  the 
region  in  which  enhanced  Langmuir  waves  exist.  That 
is,  cyclotron  damping  and  Airy  function  variations  tend 
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to  restore  equilibrium  Langmuir  levels  at  a  small 
enough  x  that  the  density  profile  may  be  ignored  in  Xg, 
and  n  may  be  evaluated  at  x  *  0.  This  is  also  the 

justification  for  another  aproximation  that  has  been 
made  implicitly  throughout  this  analysis:  that  — 
4.-  As  long  as  x  always  remains  small  compared  to  the 

density  scale  length  L,  this  approximation  will  be 
accurate.  In  the  actual  calculations  x/L  0.05. 


For  completeness,  ^CyC  from  Chapter  JL  is  inluded 


here : 


^Cyc  “  'TaT  fcg  ^  © 


a-Jj 


Making  all  the  relevant  substitutions  into  the 
kinetic  equation,  (3^2), 


Vtt® 


(3-25) 


In  (3-18)  is  was  shown  that  Ii 


=  4tT€>  ,  so  I  k/4TTft  is 
clearly  the  enhancement  of  the  Langmuir  spectrum  above 

equilibrium,  which  will  be  defined  as  -i-  . 


The  operator  on  the  left  of  (2^-25)  can  now  be 
simplified.  First,  all  calculations  will  assume  steady 
state,  so  ^4t  =  0.  The  rest  of  the  operator  can  be 


o 


L 


c 


»  yijuwn 
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transformed  into  a  simple  di/de  by  making  use  of  the 
invariance  of  10^  along  a  ray  path. 


dtA.  iuJu  ^  OJi  & 

lo  "°  =  H  *  Ux 


+v3*  (1' 


—  w  / 


Therefore, 

\j  _  W  kx  ^  © 

S*  "  "  U  te  Tx* . 


(1-27) 


Then  the  operator  on  i  becomes, 


-  _  A 

^X  "J©  (3-28) 


Noticing  from  F  iqure  3.3-  that  kx  =  kytan(b-0), 
I 

"  Ty  Cjos'-Cft-©). 


(3-29) 
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Also,  from  (3-1 ) , 


3-L 


or  X  <*L  L  . 


(3-30) 


With  these  changes  (3.-25)  becomes 

15  ~  u^ccrtA-e)  ~2k~  1  (^_31) 

The  explicit  integration  of  equation  (3_-31)  offers 
two  choices.  First,  since  the  equation  is  linear  and 
first  order,  the  formal  solution  is  well  known. 

Writing  (J5-31)  as 

+■  Vie)  i  C q)~Q  Co) 

the  solution  is,®  ^ 

iCo)-  e'^6)  +  [  Q(s')  e  d©'  ]  (3-32) 

where  A  (©^  ~  eX?  ^  ?(©')  d©'  1 

and  $  (©  )  is  the  boundary  condition.  While  this 
solution  is  fine  in  principle,  it  is  virtually 
unusable  in  practice  without  further  approximation 
because  of  the  complicated  integral  ove  rQ(  S'  ) .  In 


fact,  to  perform  the  integrals  over  P  and  Q  in  (3-32) 
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it  is  necessary  to  make  two  approximations.  The  first 
is  to  assume  a  uniform  pump  intensity.  This  eliminates 
the  Airy  function  as  an  obstacle  to  the  integration. 

The  second  is  to  require  0  small  enough  so  that 
cos(fc-O)  *  cos  A  and  sin©s«-Q.  These  allow  the  integral 
in  A(0)  to  be  done  exactly  and  that  over  Q  to  be  done 
approximately  by  a  saddle  point  method.  By  this 
procedure  one  arrives  at  an  approximate  analytic 
solution.  It  is  next  necessary  to  ask  how  good  the 
solution  is.  By  comparison  with  the  exact  solution 
found  'later,  the  uniform  pump  approximation  made  above 
does  not  affect  the  solution  significantly.  The  reason 
this  is  true  is  that  the  regions  in  which  the 
approximation  is  bad  are  the  same  regions  in  which  KCyC 
dominates  Kg.  Therciore,  the  solution  in  these  regions 
is  dominated  by  the  behavior  of  ^CyC  which  is 
independent  of  the  pump. 

The  approximation  of  small  ©  does  no+ fare  as 
well.  The  major  flaw  is  in  replacing  cos2(&-9)  by 
cos  a  near  the  boundary  angle  ©=©0.  Since  ©Q  can  be 
as  large  as  ten  to  fifteen  degrees,  this  results  in  a 
change  in  the  cos^  term  of  a  factor  of  two.  Unlike  he 

A 

case  with  the  uniform  pump  approximation,  this  change 
is  occurring  in  a  term  which  is  dominant  in  the 
equation.  This  can  result  in  a  differene  of  a  factor 
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of  two  or  three  in  intensity  from'The  exact  solution, 
depending  on  the  ray  path  chosen. 

This  breakdown  of  the  analytic  approximation 
forces  one  to  turn  to  numerical  methods.  Here  there 
are  again  two  choices.  The  first  is  to  simply  evaluate 
(V-32)  numerically.  This  is  rather  time-cons umifring , 
however,  because  of  the  integral  over  Q.  For  every 
point  used  in  the  evaluation  of  this  integral,  it  is 
necessary  to  numerically  perform  the  integral  in  A(©)  . 

By  far  the  simpler  method  is  to  integrate  (3-31) 
directly.  This  was  done  to  get  the  exact  solution 
mentioned  earlier  using  a  fourth  order  Runge-Kutta 
method.  The  integration  was  begun  at  a  fixed  x,  the 
first  zero  of  the  Airy  function,  where  the  intensity 
was  assumed  to  be  in  equilibrium.  The  method  then 
stepped  toward  decreasing  ©  until  the  intensity  toas  well 
below  its  peak  value  achieved  where  the  growth  rate  was 
equal  to  the  damping  rate  at  negative  0  .  Parameters 
used  in  the  integration  which  are  ft©-fcA,dependent  oif  the 
chosen  ray  path  are  listed  below: 


<0  = 

Ve  =  °* 

09  eV 

ve  = 

1. 26xl07 

cm/ sec 

^o  " 

1 . 76x1 07 

sec“^ 

Wce 

=  8.8xl06 

sec"^ 

L  = 

3xl06  cm 
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%,  -  i°'5 

m^  =  2.67x10“^^  gm  (O^g  assumed  to  be  the  main 
source  of  electrons  at  250  km) 

A=  68° 

P  =  4  (P  =  E02/Etahreshold). 

Figure  Z  S'  shows  a  typical  intensity  spectrum  along 
a  ray  path,  characterized  by  ky  =  0.0227  cm~^  and  <0^  = 
1.7597xl07  sec~^.  It  shows  growth  from  positive  to 
negative  ©  until  ©~  -5°  where  the  growth  rate  is  equal 
to  the  damping  rate.  For  ©<  -5°  the  spectrum  drops 
off  sh,arply  due  to  the  strong  ©  dependence  of  cyclotron 
damping.  If  cyclotron  damping  were  not  included  in  the 
model,  the  spectrum  would  grow  to  a  much  higher  level 
and  drop  off  much  more  slowly,  probably  necessitating 
the  inclusion  of  nonlinear  terms  in  the  kinetic 
equation  to  get  realistic  results. 

To  apply  these  spectra  to  a  physical  problem,  such 
as  airglow  calculation,  which  will  not  be  done  here,  it 
is  necessary  to  have  the  intensity  spectrum  at  a  given 
altitude  rather  than  for  a  given  ray  path.  It  is 
reasonable  to  assume  that  the  highest  intensities  will 
occur  for  altitudes  above  the  first  Airy  zero,  at  x 
460  m.  Then  the  procedure  for  calculating  a  constant 
altitude  spectrum  for  a  given  frequency  is  simple. 
For  fixed  x  and  one  chooses  a  ©  at  which  to  evaluate 


<*  (d«gr*«s) 


FIGURE  3.5  The  intensity  spectrum  of  a  given 

Langmuir  wave  along  its  ray  path  in 
the  ionosphere  model. 
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the  Langmuir  intensity.  Inverting  (3-5)  allows  ky  to 
be  found,  so  the  relevant  ray  path  has  been 
determined.  Then  using  uJL  and  ky  (^-31)  is  integrated 
from  ©Q  to  ©  to  give  the  desired  intensity.  Equation  (3 
-31)  must  be  integrated  once  for  each  point  in  the 
constant  altitude  spectrum. 

These  constant  altitude  spectra  are  qualitatively 
very  similar  to  the  ray  path  spectrum  in  Figure 
Figure  3.|p  shows  a  typical  spectrum  with  =  1.7597x10^ 
sec'^.  This  sped^um,  being  a  synthesis  of  the 
intensities  of  many  rays  which  have  all  grown  by 
similar  amounts,  is  somewhat  flatter  than  the  typical 
ray  path  spectrum.  This  is  true  in  general  for 
constant  altitude  spectra. 


FIGURE  3.6  The  intensity  spectrum  at  a  given  altitude  in  the  ionosphere 
model. 


CHAPTER  4 


THE  DENSE  PLASMA  FOCUS  SCATTERING  EXPERIMENT 


The  motivation  for  the  theoretical  work  to  follow  in 
Chapters  5-9  has  been  the  scattering  data  obtained  from  the 
dense  plasma  focus  machine  operated  by  N.  J.  Peacock,  et 
al.^'°  "^However,  the  use  of  convection  to  saturate  the  decay 
instability  linearly  should  have  much  wider  application.  In 
fact,  as  will  be  seen  in  Chapter  9,  the  scattering 
experiment  uses  CO2  pump  intensities  which  can  at  best  be 
called  marginally  in  the  range  of  validity  of  the  two- 
dimensional  linear  calculations  of  Chapter  7.'  These  pump 
intensities  require  the  inclusion  of  both  convective  and 
nonlinear  terms  in  the  wave  kinetic  equation.  Only  a  crude 
beginning  has  been  made  on  this  much  more  difficult  problem, 
which  is  discussed  in  Chapter  8. 

Even  though  the  analytical  work  of  Chapter  7  is  not 
strictly  applicable  to  the  scattering  experiment,  it  is 
useful  to  make  the  application  anyway,  to  illustrate  the 
procedures  used  to  calculate  scattering  cross  section  from 
the  Langmuir  intensity  spectra.  When  applying  the 
theoretical  calculations  to  an  actual  experiment,  it  is 
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necessary  to  also  consider  other  possible  sources  of 
Langmuir  turbulence.  If  the  theory  of  Chapter  7  is  to 
correctly  predict  measured  cross  sections,  these  other 
sources  should  be  agwoffabjLo ■ 

One  possible  source  is  resonant  absorption  of  the  pump 
wave.  1  In  this  process  an  electromagnetic  pump  incident 
obliquely  on  an  inhomogeneous  plasma  slab  can  drive  Langmuir 
waves  at  the  point  in  the  plasma  where  the  dielectric 
function  is  zero.  The  cylindrical  geometry  of  the  focus 
device  assures  that  the  CO2  pump  will  be  obliquely  incident 
at  some  point,  so  resonantly  driven  waves  could  be 
importnat.  However,  it  can  be  shown  that  this  is  not  the 
case.  Resonance  absorption  is  most  effective  for  an 
incident  angle  given  by,*'*" 

Uol)^  ViAv<f  ^  0.‘1>  (4-1) 

where  kQ  is  the  free  space  wavenumber  of  the  pump  wave,  and 

L  is  the  plasma  density  scale  length.  For  the  parameters  of 

the  scattering  experiment  one  finds  4°.  However,  the 

scattering  geomery  is  not  right  for  Langmuir  waves  resulting 

from  a  pump  incident  at  this  angle,  and  hence  these  waves 

will  not  be  measured.  The  geometry  is  correct  for  a  pump 

wave  incident  at  =  90°,  but  for  this  case  resonance 

Y+ 

absorption  will  be  insignificant,  so  resonance  absorpt-iofi 


can  be  ruled  out  as  an  important  factor  in  the  experiment. 


Harder  to  deal  with  is  the  question  of  the  oscillating 

•b  ■%!» 

two  stream  instability  (OTS).  This  is  a  four-wave 

interaction  between  the  pump,  two  counter streaming  Langmuir 
waves,  and  a  nonresonant  acoustic  mode.  In  a  homogeneous, 
equal  temperature  plasma  OTS  has  comparable  threshold  and 
growth  rate  to  the  electron-ion  decay  instability.  There  is 
no  reasonable  way  to  neglect  this  instability.  The  best 
that  can  be  done  is  to  make  the  application  to  experimental 
data  using  only  the  decay  instability,  and  if  agreement  is 
obtained,  assume  that  OTS  can  be  neglected.  In  the  analysis 
of  Chapter  9,  any  contribution  by  OTS  is  neglected. 

The.  remainder  of  this  chapter  is  denoted  to  a  brief 
discussion  of  the  dense  plasma  focus  device  and  the 
scattering  experiment.  For  more  detailed  information  see 
References  Yl.lS  .  The  focus  device  is  a  cylindrical 
deuterium  plasma  through  which  an  axial  current  is  driven  to 
"pinch"  the  plasma  in  the  radial  direction.  This  creates  a 
high  density  at  r  =  0  which  falls  off  approximately 
parabolically  in  the  radial  direction.  The  formation  of  the 
pinch  is  relatively  well  understood  and  has  been 

extensively  diagnosed.”®^'  The  focus  plasma  is  especially 
well  suited  for  laser  interactions  studies,  because  of  its 
high  kinetic  energy  density.  The  ratio  of  the  imposed  laser 
energy  density  to  the  kinetic  energy  density  of  the  focus  is 
small,  so  the  laser  is  unlikely  to  modify  significantly  such 
plasma  properties  at  the  temperature  and  density  profiles. 


A  CC>2  laser  is  used  as  the  pump,  since  its  frequency  is 

well-matched  to  the  peak  density  at  maximum  compression  of 

the  pinch.  Observations  show  that  during  the  pinch  phase  of 

the  experiment,  when  the  peak  plasma  frequency  exceeds  the 

laser  frequency,  the  laser  energy  is  almost  totally  absorbed 

Oo  t*c‘» 

by  the  plasma.  This  is  aonoiotewt  with  the  appearance  of 
the  decay  and  other  instabilities  for  this  situation. 

The  geometry  for  the  scattering  experiment  is  shown  in 
Figure  4.1.  A  ruby  laser  is  used  as  a  probe  to  scatter  from 
enhanced  intensity  levels  of  Langmuir  waves.  The  CO2  pump 
and  the  ruby  laser  beams  are  coaxial  and  arranged  so  that 
the  Langmuir  waves  orthogonal  to  the  density  gradient  and 
the  axial  current  will  be  most  strongly  pumped.  After  the 
ruby  light  is  scattered  an  azimuthal  mask  selects  those  wave 
vectors  which  are  parallel  to  the  electric  field  of  the  C02 
laser,  and  the  scattering  geometry,  i.e.,  the  location  of 
the  detector,  determines  the  wavenumber  of  the  probed 
Langmuir  waves . 


The  results  of  the  scattering  experiment  are  as 
follows.  During  the  pinch  phase,  when  the  plasma  is  still 
underdense,  no  enhanced  scattering  is  observed.  This  is 
consistent  with  the  theory  of  Chapter  7,  since  the  decay, 
instability  has  not  yet  appeared,  and  enhanced  Langmuir 
intensity  levels  ot/uld  not  be  expected.  During  the  next 
phase,  the  plasma  has  peak  plasma  frequency  larger  than  the 
CCU  frequency,  and  enhanced  scattering  is  observed,  up  to  a 
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direction  vectors 


FIGURE  4.1  Schematic  diagram  of  the  dense  plasma 
focus  scattering  experiment. 
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factor  of  thirty  times  the  expected  thermal  level.  This 
occurs  for  a  density  scale  length  of  L  =  0.2fl±0.05  cmAxs 
also  qualitatively  predicted  by  the  theory  of  Chapter  7. 

The  experimental  points  for  this  phase  of  the  pinch  are 
depicted  in  Figure  In  the  last  phase  of  the  pinch  the 

plasma  is  still  overdense,  but  the  density  scale  length  has 
decreased  to  about  0.025  cm.  This  is  peak  compression,  and 
no  enhanced  scattering  is  observed.  This  is  also  consistent 
with  Chapter  7,  as  a  scale  length  as  small  as  L  ft.  0.025  cm 
will  cause  rapid  convective  saturation,  so  Langmuir  levels 
do  not  build  high  enough  for  enhanced  scattering  to  occur. 

In  conclusion,  the  results  of  the  scattering  experiment 
are  qualitatively  in  agreement  with  theory.  They  are  not 
expected  to  be  in  quantitative  agreement,  because  the  C02 
intensity  levels  are  in  a  nonlinear  regime. 


CHAPTER  £ 

LANGMUIR  RAY  PATHS  IN  THE  INHOMOGENEOUS  PLASMA 

This  chapter  deals  with  the  calculation  of  the 
Langmuir  wave  ray  paths  which  are  needed  for  the 
integration  of  the  kinetic  equation  in  Chapters  and 
In  these  cases  the  magnetic  field  is  unimportant 
and  is,  therefore  ignored  )— e .  The  ray  paths  in  the 
ionosphere  case,  for  which  the  magnetic  field  plays  a 
major  role,  are  dealt  with  in  Chapter  3*  Also  ignored 
here  is  the  effect  of  WKB  breakdown  near  the  ray's 
turning  point.  WKB  effects  are  considered  in  Chapter 

1- 

In  Chapter  ^  the  form  of  the  ray  paths  required  is 

1 

s impl*  x.(Ji )  •  This  is  derived  trivially  by  substituting 
the  density  profile  into  the  Langmuir  wave  disperison 
relation.  It  is  also  very  easy  to  derive  this  same 
equation  in  parametric  form,  with  time  as  the 
parameter.  This  form  is  of  more  use  in  the  one 
dimensional  calculation  of  Chapter 

The  two  equations  needed  here  are  the  dispersion 


relation, 


1 


I. 


to •=  Ujf  Cx)  +  3  fc' 


and  the  density  profile, 


=  UJ0V(1-  *-) 


(S'- 1) 


(5^2) 


Where 


^  C*^  =  plasma  frequency 

=  electron  thermal  velocity 
L-  =  density  scale  length 

(O0  =  parameter  corresponding  here  to  the 
frequency  of  the  pump  wave. 

The  model  here  is  a  semi-infinite  plane  stratified 
plasma.  The  point  x  =  0  corresponds  to  the  reflection 
point  of  the  pump  wave. 

It  is  important  to  realize  bwte  that  the  ray  paths 
are  one-dimensional  in  the  sense  that  k_  f  Jc(y,z)  and  y 
=  z  =  constant.  In  the  one-dimensional  calculations  of 

.  u 

Chapter  (£  it  is  permissible  to  deal  only  with  and 
x.  The  two  dimensions  of  Chapter  require  the 
consideration  of  a  nonvanishing  ky  also,  where  y  is  the 
direction  of  the  pump  electric  field.  Along  a  ray  path 
ky  is  a  constant  as  is  any  k_  component  perpendicular  to 


4 


the  density  gradient.  The  Langmuir  frequency  is 

also  conserved  along  a  ray  path. 

Substituting  (S- 2)  into  (S'-!)  trivially  gives 

x(jc) , 

l]  .  WT-3) 


To  find  x(t)  and  kx(t)  it  is  necessary  to 
calculate  the  group  velocity,  v_  =  from  (S'-! )  , 


IV-  u 
u).  — 


(5--4) 


Hence  , 

3^  ■= 


3vex 

U3,. 

'2v)« 


cs'-s) 


1+  tsi 

The  second  of  equations  (£"-5)  is  unimportant  as  it 
simply  states  that  the  wave  moves  uniformly  in  time  in 
the  y  direction.  Inverting  (•■£’-3)  to  find  kx(x)  and 
substituting  into  the  first  of  (.£'-5)  produces  a 
differential  equation  for  x: 

’A. 

(4T-6) 


(S*-7) 


Equation  {S- 7)  can  be  integrated  along  with  the 
boundary  condition  that  t  =  0  at  the  turning  point  of  a 
given  ray  (kx  =  0)  to  give, 


~(+\  -  !^£L  ^  J-L  .  3VlC  ,  iti?  feT-8) 

L  *  «/L'  uc  +  +  “X5J—  ■*'»  "  13J- 

Examples  of  these  ray  paths  in  x-y  space  are  shown  in 
Figure  ■  I  . 

To  find  kx(t)  substitute  (^-8)  into  {S- 6), 


Kx(-f-)  ' 


3LuJl 


-h 


(^9) 


In  this  equation  t  <  0  refers  to  wavevectors  with 
x  component  parallel  to  the  density  gradient  and  t  >  0 
to  those  with  x  component  antiparallel . 

By  setting  t  =  0  in  equation  (fs-8  )  xT  is  found, 
where  xT  represents  the  turning  point  of  the  Langmuir 
ray.  This  quantity  is  of  interest  because  it  is  also 
the  closest  approach  of  the  ray  to  the  reflection  point 
of  the  pump  wave  , 

-  ^  ^ 

+  '  0doV 


L 


(S-10) 


riK 


Since  the  form  of  the  pump's  intensity  is  really 
an  Airy  function  rather  than  the  uniform  approximation 
used  in  Chapter  it  is  necessary  that  xT  not  be  too 
large.  Langmuir  waves  which  have  values  of  which 

are  too  small  will  reflect  before  reaching  the  region 
where  the  Airy  function  is  large.  This  is  also  true 
for  waves  with  large  kj_,  but  in  this  analysis  kj_  is 
fixed  by  scattering  considerations  (Chapter  f£) ,  and  is 
therefore  unimportant  to  this  discussion.  The  first 
peak  of  the  Airy  function  occurs  at  x/L  ( c/u^L) f 
and  Langmuir  waves  with  xT/L  much  larger  than  this  will 
grow  more  slowly,  because  they  sample  regions  of  the 
Airy  function  where  the  pump  is  less  intense.  This  is 
marginally  the  case  for  the  kj_  probed  in  the  dense 
plasma  focus  scattering  experiment  discussed  in 
Chapter  ^£. 

Two  other  easily  calculable  quantities  are  te  and 
kxe,  the  time  and  x  component  of  k  at  which  the  ray 
leaves  the  plasma.  This  occurs  for  x/L  =  1, 


■f  -  o  |  _  y'-  )^ 

c  '  2  ^  W.1  \  3M.V  / 


(•^-11) 


The  slab  geometry  used  in  the  above  calculations 
is  really  an  approximation  to  the  actual  cylindrical 


1 


geometry  in  the  dense  plasma  focus  device,  dim’—  gfcan 
Chapt-gr  _2»  It  is  also  possible  to  derive  the  Langmuir 
ray  paths  in  the  cylindrical  geometry,  assuming  a 
density  which  is  linear  in  the  radial  direction. 


(£■-12) 


Now  rQ  becomes  the  point  at  which  the  plasma  frequency 
is  equal  to  the  pump  frequency.  It  cannot  be  called 
the  reflection  point  of  the  pump  wave  except  for  rays 
which  are  normally  incident  on  the  plasma. 

The  equations  of  motion  are  still  found  from 
(■£14),  and  in  cylindrical  coordinates  become, 


dr 

r  J?  =  Tv  fc?  • 


(£-1 3 ) 


Here  ky  is  a  conserved  quantity  along  a  ray  path  along 
with  tdL.  The  z  direction  is  again  unimportant  as  in 
the  slab  case,  so  only  r(<^))  will  be  derived. 

Equations  (£-13)  can  be  combined  to  yield  a 
differential  equation  forrin  terms  of  <^) , 

%  -- 


(£-14 ) 


From  the  dispersion  relation. 


(S--15) 


(5"-14)  and  (^-15)  are  easily  solved  along  with  the 
boundary  condition  that  <M»  when  kr  =  (&t\ give, 

f  =  Ao  ]  #  w-16) 

H. ,  u, 't  r  ngk  -  $)*■ 

I 

It  is  clear  simply  from  the  boundary  condition 
that  for  a  given  Langmuir  wave  minimum  r  occurs  at  the 
turning  point  where  kr  *  0, 


3Mev 


^\x 


(SM.7) 


Figure  £2.  shows  several  Langmuir  ray  paths  in  the 
cylindrical  geometry. 


CHAPTER  h 


SOLUTION  OF  THE  KINETIC  EQUATION  IN  ONE  DIMENSION 

The  integration  of  the  kinetic  equation  in  one 
dimension  is  the  natural  first  step  toward  finding 
solutions  both  in  higher  dimensional  and  nonlinear 
cases.  In  the  model  considered  here  only  wavevectors 
parallel  or  antiparallel  to  the  density  gradient  are 
allowed.  Clearly,  the  electric  field  vector  of  the 
pump  wave  must  also  be  oriented  along  the  density 
gradient.  This  allows  only  an  electrostatic  pump  in 
any  realistic  model.  The  .following  additional 
assumptions  are  made  in  the  model: 

a)  linear  density  gradient, 

L-  J<*V,+Y  A- ?>*"»*  W“e»'Y- 

»>  -  Tt, 

c)  uniform  pump  intensity  (no  variation  with  x) , 

d)  only  collisional  damping  considered, 

e)  spontaneous  and  "beat"  emission  allowed. 

The  only  major  approximation  made  here  is  (c),  since 


the  real  form  of  the  pump  intensity  should  be  an  Airy 
function,  as  is  incorporated  in  the  solution  of  the 
ionosphere  case  in  Chapter  3.  Assumption  (c)  is  made 
to  make  the  problem  tractable  analytically,  and  it  is 
hoped  that  the  uniform  intensity  represents  in  some 
sense  an  average  to  the  Airy  function.  Assumption  (d) 
is  reasonable  as  long  as  the  solution  to  be  derived  is 
not  considered  valid  in  regions  where  kx/kDe  1  for 
which  Landau  damping  becomes  significant. 

The  kinetic  equation  for  the  model  described  above 
is  formally  identical  to  that  solved  in  Chapter  3t_, 

(u  *  ^  2S*  (4>-2) 

Here,  as  in  Chapter  3,  represents  the  field 
correlation  function,  ^  the  net  damping,  and  S* the 
soruces.  vgx  is  the  group  velocity  of  the  Langmuir 
waves  in  the  x  direction.  In  exactly  the  same  fashion 
as  in  Chapter  3r  S^may  be  reduced  to , 

^  »  a!**  i  ^*5  ,  <fc-3> 

^  represents  the  total  damping  rate  and  Yg  the 
parametric  growth  rate.  The  first  term  of  equation 
(|»~3)  is  Bremmstrahlung  and  the  second  "beat"  emission. 


The  integration  of  equation  (fe-2)  is  to  be  .dbne  in 


steady  state  along  the  ray  path  of  a  Langmuir  wave. 
Thus/CO^  is  a  constant  and  *  0  in  (^-2).  it  is 

convenient  to  use  time  as  a  parameter  even  though  the 
solution  is  steady  state.  As  used  here  t  simply  refers 
to  a  point  on  the  ray  path  rather  than  an  actual 
time.  x(t)  and  kx(t)  are  derived  in  Chapter  as 
equations  CS'-S)  and  (5^-9).  These  transform  (t-2)  to, 

"Jf  t  -  2  Yfc  t  Q.  ajd-u5,_  Xj  VtT  ©  tt-4) 

l 

3  is  now  the  intensity  normalized  to  the  equilibrium 
intensity.  The  damping  and  growth  rates  are. 


L 


((,-  5) 


only  collisional  damping,  and 

(t-6) 

2  i 

P  *  Eq  /Ethreshold  a  measure  °f  the  pump  intensity 
above  the  threshold  intensity.  } )  is  an 
approximation  to  the  mismatch  function  which  saturates 
the  instability  as  the  Langmuir  wave  convects  out  of 
the  growth  region.  Formally, 


SV  ^  ui*  -**■>»-  __  caft-tOu 

l£IC»  =  a^tfcl  O'-71 


where  •*-  =  ^m^/m~ .  The  complete  mismatch  function®^6 
and  f(^)  are  plotted  against  each  other  in  Figure  L.  1  » 
In  terms  of  t,  1  may  be  written, 

*  ujJ-  It)  ~  l-H  j  r  ” 


(  -4)  now  becomes 

^  +  »*(  HP  m  «' P y^)  1  *  3*(l*A  **.-»> 

*of>  i+I  c‘ ?  5H> 

The  validity  of  this  equation  is  subject  to  the  same 
constraints  on  P  as  were  mentioned  in  connection  with 
the  magnetic  field  case  in  Chapter 

Formally,  the  solution  (4,-9)  is, 

JI(+)=  ew[jw*  C  p/a+  <^10» 

+  l)e-A(4"'J  4 

The  integration  is  j^egun  at  some  tQ  <  0  for  which  4-  is 
in  equilibrium,  of  *(t0)  *  1, 

f\M 5  C  At'  ) 

*  O 


Lui^CuJo-ujJ 
<*-  Ve  u30v 


(t“8) 


(W-11) 


The  rest  of  this  chapter  is  devoted  to  the  evaluation 
of  the  right  side  of  Eq.  (k-10). 


Because  of  the  presence  of  the  absolute  value  of  t 
in  Equations  {(^-10)  and  &-11),  it  is  necessary  deal 

with  the  two  cases  t  <  jD  and  t  >  0.  Let  A_(t),  3t_(t) 

designate  A(t  <  0)  and  t  <  0 ) .  In  the  same  manner 

&• 

define  A+(t)  and  for  A(t  >  0)  and  t  ?  0). 

The  evaluation  of  (|„-11)  can  be  done  exactly,  so 
this  equation  will  be  dealt  with  first. 

Case  i )  t  <  0 : 


=  Jt'  -  a.vcCit'  it.! 


2) 


The  first  integral  is  solved  with  the  substitution 

u=  e 

/».(+'>*  avtC+,-t) [  r. (e‘p/:“t'')  0,-13) 

where  li(x)'^(0  du/fnu  is  the  tabulated  logarithm 
integral  function. 

Case  i i }  t  >  0  : 


A.W •  I  *  *** 

-  3-Vt^ 

The  same  substitution  as  in  case  (i)  solves  the 


4) 


J 


integrals , 


a* (+.-+)  +fc(e-P7at”]li 


Hr  is) 


Hence , 

A,  (h  --  A .  (+)  -  »  P  K  1 ;  (e  * r/3+') 


The  evaluation  of  (^-10)  must  also  be  done  i* 

£  the  two  cases  t  ^  0  and  t  >  0.  t  <  0  is  the 
s impler . 

Case  i)  t  <■  0;  Designate  the  integral  in  ((,-10) 
by  B_ ( t ) , 


D.C+^  *  ®^VC  j-f.  V  “V^t-  t'  ^  +  I  J  ^  dtHjo- 17. 

1  o 


Clearly  B_  is  too  complicated  to  evaluate  exactly,  so 

saddle  point  methods  will  be  used.  The  normal 

procedure  would  be  to  expand  A_  in  a  Taylor  series  to 

second  order  in  t’ .  t’  =  tm  would  then  be  found  to 
-A_(f  ) 

maximize  e  .  Then,  assuming  the  other  factor  in 

the  integral  to  be  relatively  uniform  over  the  range 
-A_( t) 

where  e  is  significant,  that  factor  would  be 

evaluated  at  t‘  =  t  and  removed  from  the  integral. 


The  remaining  integral  would  then  be  that  of  a  simple 
Gaussian . 


This  procedure  is  inconvenient  in  the  present 

-A_ ( t ) 

case,  as  he  maximization  of  e  necessitates  the 

solution  of  a  transcendental  equation.  The  alternative 

procedure  used  here  is  to  assume  that  the  first  factor 

in  the  integrand  is  a  strongly  peaked  function  in  t' 

-A  (t) 

and  that  e  is  relatively  uniform  near  that 

factor's  maximum.  To  this  end  equation  ((,-17)  is 
written , 


j? 

~  ^0-o\  +'  e 


_  A.C+') 

I )  e 


(t-19) 


<(t')  is  to  be  expanded  to  second  order  in  a  Taylor 
series  about  a  point  t'  =  tm  for  which  jc*-(tm)  =  0. 
Differentiating  (1,-19)  and  setting  •t^(t')  =  0  to  find 

tm  leads  to  tm  =  x^.  Clearly  in  this  case,  t  <.  0,  +{3 

W' 

must  be  thrown  out  to  leave  tm  =  -p.  -ff(t')  can  be 


The  second  derivative  of  •4(t')  is  also  needed.  When 


this  is  taken  and  evaluated  at  t'  =  - ^  , 

--  1  e-  ^  -  i  ] 


(t-20) 


V' 

Clearly,  -fe"(-p)C  0  so  that  t'  = 
r  as  needed. 

B_ ( t )  is  now , 


gives  a  maximum  for 


(la-21) 


Evaluating  A_(t')  at  t'  =  and  removing  it  from 
the  integral, 


avceu(^e  A-(-?) 


Uo- 22) 


The  normal  procedure  at  this  point  for  a  saddle 
point  integration  is  to  assume  that  the  remaining 
integration  is  over  the  entire  Gaussian  which  comprises 
the  integrand.  It  is  somewhat  more  accurate  to 
introduce  error  functions.  When  this  is  done  ((^  —  2  2 ) 


^  \4  s 


X  ter^r  [  J-irt-p)  (++  tt-23) 

a  .* 

"here  e<4(jO>  =  ^  \o  e_U>Ju. 

ft- 

Now  J^.(t)  may  be  formally  written, 

!_(.+'>=  efl_W  [ltB.W]  (b-2«> 


The  evaluation  of  (4,  —1 0 )  for  the  case  t  >  0  is 
very  s.imilar  to  the  preceding  analysis.  Only  the 
highlights  of  this  derivation  are  presented  here. 
Case  ii)  t  >  0 : 


'B  +(V)  -  0-\)c  fa  (j- 


^  j>  -P£ 


3+' 


+  1 


)] 


-fl.W 


k' 


The  first  integral  in  (^-25)  is  identical  to  that  done 
previously  as  (jo-18)  with  t  =  0.  The  second  is  done  in 
an  analogous  manner  by  expanding  the  function  g(t') 
about  its  maximum  at  t'  =  +$ ,  where. 


A  summary  of  the  full  solution  concludes  this 


chapter . 


Summary 
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CHAPTER 


SOLUTION  OF  THE  KINETIC  EQUATION  IN  TWO  DIMENSIONS 


To  model  the  dense  plasma  focus  experiment  in  any 
realistic  way,  it  is  essential  that  two  dimensions  be 
considered.  This  chapter  introduces  a  nonvanishing  ky 
to  the  solution  of  the  kinetic  equation.  It  also 
differs  in  several  other  respects  from  the  one 
dimensional  calculation  of  Chapter^.  First  of  all, 
the  kinetic  equation  will  be  solved  with  ky  as  the  ray 
path  parameter  rather  than  t.  This  is  simple  a  matter 
of  choice,  although  kx  would  seem  to  be  the  more 
natural  variable  in  which  t ft  express  the  Langmuir 
intensities.  Secondly,  Landau  damping  is  included 
here.  Although  it  is  not  significant  except  for 
relatively  large  4?kx,  its  presence  presents  no 
additional  complication,  so  it  has  been  added. 

Thirdly,  saddle  point  methods  are  not  used  to  evaluate 
the  integral  over  the  source  term.  Instead,  an 
approximate  form  of  the  source  term  is  used  which 
allows  the  integral  to  be  done  exactly.  Finally,  the 
kinetic  equation  will  be  nond imens ional ized  for 
s impl icity . 


There  are  also  several  parallels  to  the  one 

dimensional  solution.  The  kinetic  equation  is  again 

integrated  along  the  Laigmuir  wave  ray  paths.  In  this 

context  both  and  ky  are  preserved  along  a  ray 

path.  The  pump  wave's  intensity  is  again  assumed  to  be 

uniform  along  the  direction  of  the  density  gradient. 

This  simplifies  the  solution  of  the  equation,  but 

caution  must  be  used  in  applying  the  solution,  as 

discussed  in  Chapter  The  pump  wave  has  its  electric 

V 

field  polarized  along  ky  and  its  Jc  vector  is  assumed  to 
be  zero  once  in  the  region  of  interest.  Summarizing 
the  main  points  of  the  model: 

a)  linear  density  gradient, 


s  W0  (l  u)  (H-l) 

L  -  scale  ^  u30  - 

b)  Te  =  Tt, 

c)  uniform  pump  intensity, 

d)  pump  polarized  along  "by, 

e)  collisional  and  Landau  damping  included, 

f)  spontaneous  and  "beat"  emission  included,  with 
"beat"  emission  assumed  dominant. 

The  wave  kinetic  equation  in  steady  state  becomes, 
as  in  Chapter  ,  but  in  vector  form. 


(V2) 


+  TL1 * 


Because  there  are  now  two  dimensions  in  the  problem, 
more  care  must  be  exercised  than  before  in  dealing  with 
the  vector  nature  of  the  equation.  In  0-2)  the  terms 

and  ^  ma Y  be 

JI  O'f  4  KY 

dropped.  The  first  is  set  equal  to  zero,  because  no 

variation  in  1^  is  expected  in  the  y  direction.  The 

plasma  is  homogeneous  in  this  direction,  and  therefore 
f  ! 

all  points  at  a  given  x  will  be  indistinguishable.  The 
second*  term  is  zero  because  has  no  variation  with 
y.  Homogeneity  in  the  y  direction  guarantees  this 
also. 


As  in  Chapter  fc,  it  is  again  necessary  to  treat 
incoming  and  outgoing  Langmuir  waves  separately.  This 
is  accomplished  by  splitting  (1-2)  into  two  equations 
for  I^-  and  I^*.  1^”  refers  to  incoming  waves,  or 

those  with  kx  parallel  to  the  density  gradient.  Ijc+ 
refers  to  outgoing  waves,  which  have  kx  antiparallel  to 
the  density  gradient.  With  these  changes  ( H  — 2 )  becomes 


( 


'V 


±  3.^  I-  r  i  2S* 


(1-3) 


In  this  equation  it  is  understood  that  only  the 
magnitude  of  VgX  and  iiO^/^x  are  to  be  used,  regardless 


of  sign.  S^is  the  same  source  term  as  found  in 

Chapter  and  now  the  net  damping,  is 

'i Landau  +  "  «  g  '  where  Vc  is  collisional  damping 

and  Va  the  parametric  growth  rate,  v  is  found  from 
y  y  x 

equation  (^*-4)  to  be  ^}ve3/tO^{kxf .  VulL/^x  is  easily 
calculated  from  (T-l), 

a  tA.  r=  -  ifV 

/ 


U 


-  U3/ 


As  before. 


a-k- *hre[aKb*  °-4) 


Substituting  these  quantities  and  normalizing  I£  to 

i 

4ir® 

(1-3)  becomes 


the  equilibrium  intensity,  J 1  = 


(s:  yi  +  Suot  1 


Nond imens ional iza t ion  is  carried  out  using  the 
following  substitutions: 

V„  .  \L 


UJv. 

Vc 

^0 

\  ^  ~  u)0  > 

<£o 

\Je 

1£  A-r 

A 

UfeL 


0-6) 


Yg  may  again  be  written. 


o-7> 

where  f(^)  is  the  mismatch  function  for  equal 
temperatures,  and  P  =  E^/Ethreshold  as  in  chaPterU 

T  =  0-8) 

The  factor  'T\y2/»V2  arises  from  a  factor  (_}£.•  Eq)  2  in  the 
formal'  expression  for  Yg ,  where  Eq  is  the  pump  electric 
field.  In  nondimens ional  form, 

ii-9> 

Equation  (T-9)  makes  use  of  the  approximation 

«-<o0v  •  Also  note  that  along  a 

Langmuir  ray  path  *-s  invariant,  since  it  is 

essentially  o)0-<^.  This  quantity  will  be  denoted  by  C; 

c  s  'X-i>\2- 

Equation  (*7-5)  is  now,  in  compact  form. 


where  "y  and  S,  of  course,  denote  the  nondimens ional 
forms  of  these  quantities. 


To  integrate  along  a  ray  path  it  is  only  necesary 


to  notice  that  since  C*X“3l\2  =*%  -3  (4\x2+1\y2 )  is  a 
constant  for  a  given  path,  the  operator 
(Wl\x)|^  becomes 


nx 


+ 


'  k'Xx 

UlarcU+ 

1  -l^TcU  +  -^jc 

Hence , 


A 

Yx  ^Vc. 


c 


O-ii) 


n-i2) 


-  1  I 
'X  I  c 


0-13) 


Equation  (1-10)  becomes. 


U* 


a  I  +  a-Y 


0-14) 


This  pair  of  equations  for  ^  +  and  can  now  be 
formally  integrated.  The J  “  equation  will  be  dealt 
with  first.  It  will  be  integrated  from  some  initial 

/T\x'/Ax1'  for  whichU~^i)  =  1  to  i\y.  Since  ~j~  has 

die  a£^vA.«*»pr\o*i 

been  normalized,  this  impl  ies  /\that  theplasma is  in 


equilibrium  at  7\x  Then, 

i'U)  -e  A'U)  [  I  -  Q  f  e-  *C‘  W^]n. 

fi'U)  5  |  Q  Y  U)  Jv,  0 


n-/6) 


The  integral  over  S  is  very  complicated,  but  can 
be  done  exactly  if  the  following  approximation  to  S  is 


used : 


^  ~  *■  i-^o  ^  ~  ) -^ C  ~  i~u j  y 
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n-17) 


This  assumes  that  the  dominant  contribution  to  the 
integral  over  S  in  (T-15)  comes  from  "beat"  emission. 
The  approximation  will  be  good  in  regions  where  ¥g» 
Yd,  and  very  bad  where  (D  >V  g*  Hence  one  would  expect 
that  the  calculated  intensities  would  be  most  accurate 
at  their  largest  values  and  most  inaccurate  when  near 
equilibrium.  This  is  acceptable  because  the  higher 
intensities  are  generally  of  more  interest  than  the 
lower  intensities,  especially  experimentally. 
Substituting  the  approximate  S  in  (K)-15), 


k] 


Now  notice  that  the  integrand  in  (1-17)  has  become  a 
perfect  differential, 


J'U) - e*(^[ I  -  (i, Q'jA  e - ^  n -1 8 1 


Performing  the  integral. 


(1-19) 


In  the  bracketed  term  the  1  will  be  negligible  compared 
to  1/ti-uJ).  It  is  left  in  the  bracket  only  to  ensure 
that  I" mxL)  =  1. 

When  integrating  the  equation  for  Ji +  the  boundary 
condition  needed  is  thatj|+{if\x  =  0)  =  ~  *  0). 

Hence  ^"(0)  is  recorded  here  for  future  reference: 

ru  *  ( >-*  e  A"(c0  -  rbj 


ft '(.o’)  -  p  'i  (/n()  1 


(1-20  ) 


n  -2i ) 


Formally,  the  integral  for  is  written, 


^  JVi  ] 

I\*Uk)  = 


(1-22 ) 


(1-23) 


Use  has  again  been  made  of  the  approximation  to  S 
discussed  in  connection  with  the  solution  for 
0-ntx),.  In  exactly  the  same  manner  as  0-20)  was 
obtained,  the  solution  forJ  +  fyx)  can  be  found. 


*+U)=  [J-U+  -  ~ 


(*1-24  ) 


This  completes  the  formal  solution.  In  practice, 
however,  it  is  necessary  to  have  explicit  expressions 
for  A+.('t\x)  and  A- ) .  The  integrand  ^  of  A*  is, 

*  Ux^  (f  e“  +  v  5*^-  cVj^Yt-2  5) 


The  first  term  in  this  equation  is,  of  course,  the 
nondimensional  form  of  the  Landau  damping.  Notice  that 
when  integrating  ^£,ancjau  and  over 'Hx  the  integrals 
are  formally  identical.  This  is  the  reason  that  the 
inclusion  of  Landau  damping  into  the  model  was  not  a 
complication.  The  solution  to  these  two  integrals  is 
dealt  with  in  Appendix  ^  in  some  detail.  It  is 
sufficient  here  to  simply  write  down  the  resulting 
expressions  for  A*^^  in  terms  of  Wilson's  function, 
defined  and  analyzed  in  Appendix 
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1-  ^  e  k).  L/hJ-JfZf  Jj  (1-27) 


A  "(o')  -- A’(^i) 


n-28) 


Summarizing  the  formal  solution, 

rUxi- 0+  -t^o  <i-i9) 

^Ux^[l-(o)  +  li]e'A*U)-,-ru, 

I'Col  --  Cl+^)eftC^-  fto 


(>20) 


-<  f 


An  example  of  the  solution  along  a  ray  path  is 
shown  in  Figure  1L- 

This  chapter  has  dealt  only  with  the  solution  to 
the  wave  kinetic  equation  along  a  ray  path.  It  is  of 
course  possible  to  generate  the  Langmuir  intensity  in 
all  of  kx-x  space  in  a  discrete  way  by  simply  varying 
the  parameters  C  andq^y.  It  is  necessary  to  do  this  to 
make  any  real  application  of  the  result  to  a  physical 


situation. 
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CHAPTER  8 


THE  NONLINEAR  EQUATION  IN  ONE  DIMENSION 


To  completely  model  the  data  from  the  density  plasma 

<?.V 

focus  scattering  experiment  exhibited  in  Figure  >££3 a 
nonlinear  theory  is  necessary.  In  that  graph  the  point  with 
largest  CO2  intensity  clearly  represents  a  saturation  of 
the  Lancfmuir  spectrum  which  must  be  due  to  a  nonlinear 
mechanism.  Rough  calculations  of  the  pump  intensity  which 
would  be  expected  to  produce  nonlinear  saturation  rather 
than  convective  saturation  bear  this  out.  Later  in  this 
chapter  it  will  be  shown  that  this  point  can  be  dealt  with 
in  a  marginal  sense  with  the  use  of  a  homogeneous ,  nonlinear 
saturation  theory. 

9  A 

It  is  less  clear  from  Figure  ,  but  will  be  shown  in 
Chapter  9,  tha*-  the  three  experimental  points  at 
intermediate  pump  intensity  also  require  a  nonlinear 
theory.  These  points  are  positioned  at  pump  intensites 
where  both  convective  and  nonlinear  terms  are  important  in 
the  kinetic  equation.  To  deal  with  these  points  in  detail 
would  require  a  solution  of  the  wave  kinetic  equation  in  two 
dimensions,  including  the  appropriate  nonlinear  term. 
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CHAPTER  9; 


THE  NONLINEAR  EQUATION  \j  ONE  DIMENSION 


?o  complete  lyvtaodiei  the  dense  Afesma  focus 


catte  exper ima(^t>Sexhibited  ij^Figi 


:\ 


L.\ 


nonlinear  Otoeor^is  necessary.  In  that  gT^iph  point 


with  largest 


intensity -N/Learly  represenyf  a 
saturationXof  th^Langmdyr  spactrum  whicl^nust' 


to  a  no^Ainear  mecha^/m.  Rough\calcycat ions  of 
pump Xntens ity  whicfl  woVd  be  exp^^sed  to  produce 
no/linear  saturation  rath\  that conv^jtive  saturationN 
bear  this  ouiy  Of  course,  if^Vdeal  with  t^is  point  in 


detail  woufl^l  require  a  solution  of  the  wave  kinetic 


equation 

task  of  formulating  the  problem  in  one  dimension.  Even 
so,  the  wave  kinetic  equation  becomes  a  nonlinear 
integro-dif ferential  equation,  the  solution  of  which  is 
decidedly  nontrivial.  However,  it  is  possible,  through 
the  use  of  saddle  point  integration  techniques,  to 
reduce  the  equation  to  a  partial  differential 


n  two 


This  section  addresses  the  more  modest 


equation . 


This  reduction  essentially  introduces  the 


derivative  approximation,  which  masks  an/  fine 

structure  that  may  be  present  in  the  Langmuir  spectrum. 
But  the  more  important  quantity  for  the  present 
purpose,  the  total  energy  in  the  spectrum,  is  still 
expected  to  be  accurate. 

As  will  be  shown  later,  the  resulting  set  of  two 
nonlinear  coupled  partial  differential  equations  still 
presents  great  difficulties,  largely  because  of 
uncertainty  in  the  boundary  conditions.  The  boundary 
conditions  are  well-posed  for  application  to  an 
analytic  solution.  However,  in  the  absence  of  a 

i 

suitable  analytic  solution,  an  inefficient  iterative 
numerical  approach  to  the  solution  is  the  best 
available  method.  It  is  very  possible  that  this  method 
can  be  improved,  but  any  such  improvement  is  beyond  the 
scope  of  this  work. 

The  dominant  nonlinearity  in  the  equal  temperature 
plasma  for  pump  powers  which  do  not  greatly  exceed 
threshold  is  nonlinear  Landau  damping.  The 

saturation  process  is  physically  very  simple.  The  pump 
wave  produces  a  daughter  wave  at  lower  frequency  via  a 
three-wave  decay.  This  daughter  wave  than  may  grow  to 
sufficient  intensity  to  act  as  a  pump  itself  and 
produce  another  daughter  wave  at  a  still  lower 


f  requency . 


This  cascade  to  lower  frequencies  will 


3 


occur  until  the  dissipation  from  the  normal  damping  of 
all  the  daughter  waves  matches  the  energy  input  of  the 
original  pump.  Essentially  then,  nonlinear  Landau 
damping  saturates  the  instability  by  increasing  the 
number  of  waves  for  which  dissipation  can  occur.  It  is 
clear  now  why  the  intensity  of  the  pump  cannot  be  too 
large.  No  daughter  wave  can  have  frequency  below  the 
plasma  frequency,  so  if  the  increased  dissipation 
caused  by  a  cascade  from  tOQ  to  oOp  is  insufficient  to 
saturate  the  instability,  other  nonlinear  saturation 
mechanisms  must  be  considered. 

Nonlinear  Landau  damping  enters  into  the  wave 
kinetic  equation  as  an  integral  over  the  entire 
spectrum  of  Langmuir  intensities.  It  is  easy  to  see 
qualitatively  why  this  occurs.  At  any  point  in  the 
inhomogeneous  plasma  a  spectrum  of  Langmuir  wave 
intensities  will  exist.  Any  given  wave,  characterized 
by  k_  and  U3^(x,  |_ki),  will  tend  to  be  destabilized  by  all 
those  waves  with  larger  and  stabilized  by  all  those 
with  smaller  hence  the  net  effect  can  be  described 

by  an  integral  over  1^,  where  the  integrand  also 
includes  a  weighting  factor  to  pick  out  the  most 
strongly  coupled  waves. 

The  one-dimensional  steady  state  wave  kinetic 
equation  including  the  nonlinear  Landau  damping  term  is 


4 


written. 


k~  ^'■r0I^Uu5i,^ro -avc 

-^it.£a,r)U']it  a'1) 


In  this  equation  f(lc)  represents  the  coupling  to  the 
constant  amplitude  pump  wave,  and  £(k_,k_')  the  coupling 
between  waves  in  the  Langmuir  spectrum.  f  is  then  the 
weighting  factor  spoken  of  earlier, 


1  ~  3Lol4c|t| 


(  %  -2) 


Two  points  should  be  noted  about  equation 
(\-l).  first,  vector  notation  has  been  retained  in 
the  operator  on  the  left  side.  This  does  not  indicate 
the  presence  of  more  than  one  dimension,  but  only  the 
fact  that  k_  can  be  oriented  either  parallel  or 
antiparallel  to  the  density  gradient.  Secondly,  the 
source  term  in  {%  -1)  has  tieon  dropped.  This  was  done 
simply  as  a  matter  of  convenience  to  make  the  problem 
mathematically  simpler.  The  justification  for  dropping 
this  term  is  that  when  dealing  with  nonlinear  steady 
state  Langmuir  intensity  levels,  one  would  expect  the 
contribution  of  the  source  term  to  be  negligible. 


5 


Notice  also  that  the  only  linear  damping  mechanism 
retained  in  (  %  -1)  is  collisional  damping.  This  is  the 
only  real  dissipation  in  the  problem,  since  nonlinear 
Landau  damping  only  moves  energy  around  in  k_  space, 
rather  than  dissipating  it  directly. 

The  factors  v^  and  Ha  x_  are  easily  found  from 
the  Langmuir  wave  dispersion  relation,  ^L2  = 

40p  (x)+3ve  k  ,  and  the  expression  for  the  density 
prof  ile ,  (  x)  =  ( 1-x/L)  .  liere,  L  is  again  the 

density  scale  length  and  u)Q  the  pump  wave  frequency. 


yr  - 


4u)t_  ouj-  A 
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Equation  (  \-l)  now  becomes, 


'  Wt.  r.  ‘  au\_L* 


-  avc 


-  uAlt'S'  (!,£')<! c']  It 


(  l  -3) 


(  t  -4) 


where 


til, 


fc*h rVc  *  9 


As  in  past  chapters,  it  is  convenient  to  split  1^ 
into  two  functions,  I^+  and  I^-.  again  deals  with 

waves  which  have  k_  parallel  to  the  density  gradient  and 
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Ik+  those  with  oppositely  directed  k_' s  .  Of  course,  it 
is  clear  that  Ik+  =  I-k“*  where  the  subscript  k‘s  now 
refer  to  absolute  values. 

The  splitting  of  Ik  into  two  functions  allows  the 
elimination  of  the  vector  notation  in  ( ^  -4)  at  the 
expense  of  going  to  two  coupled  equations. 


(-  1^SVV  ^ 


UV 

5* 


- 


fj  II  -- 

-  sr^?(p,  pi  Artis 


In  (H  -5)  all  k's  are  now  assumed  to  be  positive. 

The  upper  limit  in  the  integrations  over  I.  . *  can  be 

\ 

allowed  to  go  to  infinity  rather  than  some  finite 

i 

value,  because  the  integrand  becomes  negligble  for  k  > 

A 


2  = 


kQ,  where  kQ(x)  is  defined  by  the  equation cO^ 

U>  2(x)  +  3v  2k  2(x) 
p  e  o 

Because  of  the  form  of  f(k,k')  nonlinear 


interactions  between  Ik  and  I^-  can  be  ignored. 


The 


same  is  true  for  1^“.  This  can  be  done  because  f  is 
exponentially  small  unless  k_  and  _k’  are  antiparallel, 
which  will  be  seen  more  clearly  later  irhrn  C  w 
awplieitly  when  f  is  explicitly  written  out.  Dropping 


the  costreaming  terms,  ( %  -5)  becomes. 


+  1 
3u)J-  V*- 


)  X*  - 

-»XzZ  ?<U']  x* 


(*  -6) 


It  is  now  possible  to  express  ^  and"Y,  defined  in 
(  \  -2)  ,  in  a  more  explicit  form.  It  is  clear  that  in 
the  expression  for  1 ,  IkJ  =  k.  Because  only 
counterstreaming  nonlinear  interactions  are  of 
interest,  in  ^  ^  |jt-k‘  I  =  k+k  ‘  .  Then,  using  the 
Langmuir  wave  dispersion  relation  forU>L,  (0L‘, 

r  _  uJq-lOc  _  ~  VO  +  3  ^  g)q  /  jc 

1  ~  \  *-  ou#v  / 

T-  _  2  (£H^)  3^  ,  V  (tf-7) 

1  otu5o  Lt'  3  V^UJ0  ^  ' 


From  the  expression  for  it  can  now  be  seen  why 
the  costreaming  interactions  were  ignored.  In  that 
case  |k-k‘|  =  k-k’,  %/o  ^  =  (3v  /4wui){  k+k  ‘  )  .  Since  f 

_  A,  ^ 

maximizes  where  ^  =  1,  a  strong  costreaming  interaction 
would  need  k+k’  =  4c»u)0/3ve  or  k/kD  +  k'/kD  =  4*»*/  3 , 
where  k„  =  60  /v„  is  the  Debye  wavenumber.  Hence  the 
costreaming  interaction  can  be  effective  only  for  very 


i 
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small  wavenumbers,  since  k,k‘  >  0.  For  the 
counterstreaming  interaction,  the  same  argument  gives 
strong  coupling  for  waves  which  satisfy  k/kD  -  k’/kD  = 
4«*/3.  This  equation  specifies  only  a  difference 
between  wavenumbers  rather  than  an  upper  limit  on  their 
magnitude.  So  the  counterstreaming  interaction  can  be 
effective  throughout  the  entire  k  range  of  the  Langmuir 
spectrum,  and  is  therefore  far  more  important  than  the 
costreaming  interaction. 

At  this  point  it  is  convenient  to  non- 
dimensionalize  the  equations  as  was  done  in  Chapter 
1.  As  before,  define. 


L) 


_  UJc 


T+  UJp 

t  \>e 


(1-3) 


Equations  (1  -6}  and  (i  -7)  become  } 


1^-9) 


1  "  fc  U-V) 


( ?  -io) 


where  ^  =_  ve/u)o0  and  the  Langmuir  wave  dispersion 
relation  has  become 

Equations  -9)  are  a  set  of  coupled  nonlinear 


integro-dif ferentia 1  equations  for  which  the  solution, 
or  even  a  method  of  solution,  is  not  readily 
apparent.  It  is  possible  to  transform  the  integral 
terms  by  means  of  saddle  point  techniques.  This  method 
is  essentially  the  same  as  the  derivative  approximation 
employed  in  References 

To  transform  the  integrals  it  is  necessary  to 

•—  +  A 

assume  that  I1  is  slowly  varying  lwth  -f\  over  the  region 

where  the  exponential  factor  in  f  is  significant.  As 

discussed  in  Reference  43:,  this  assumption  is  only 

marginally  valid  in  the  case  of  a  homogeneous  plasma, 

< 

but  does  give  the  correct  energy  values.  Designating 
the  integrals  to  be  transformed  by  NT  for  nonlinear 
term. 


ATT 


(1  -11) 


Recognize  first  that  the  coupling  factor  can  be  written 
as  a  derivative  with  respect  to  •f^,  which  can  then  be 
removed  from  the  integral. 


MT  -  ^ 


=  -¥^,rx*U  <5~  121 


Now  notice  that  the  exponential  in  the  integrand  has  a 
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sharp  peak  at  /j\'  =  Evaluating  I*  at  that  point  and 

removing  it  from  the  integral. 


JOT 


-  -  ¥  f« 


l 


(  'i  -13) 


What  remains  is  not  quite  a  simple  Gaussian  integral, 
since  it  still  depends  on  Letting  u  = 

wr  =  -  1*"  e-,uV,b^J«  . 

By  extending  the  lower  limit  of  this  integral  to  -  *? 
the  maximum  possible  error  made  is  a  factor  of  two. 

Then  the  integral  is  a  simple  Gaussian  integration. 
Hence, 

ait  -  -  y-  w  ^  .  ( ? -i4) 

With  this  substitution,  the  coupled  equations 
(  %  -9 )  become , 

The  transformation  from  an  integral  to  a  partial 
derivative  in  the  nonlinear  term  is  a  considerable 
simplification.  Whereas  previously  the  equations  were 
nonlocal,  depending  on  integrals  over  all  /M,  they  have 
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now  become  local,  with  only  derivatives  at  a  point 
entering . 

One  more  step  can  be  made  by  investigating  the 
form  of  the  equations  along  a  ray  path.  Making  use  of 
the  fact  that  oJ  is  constant  long  a  ray  path,  the 
dispersion  relation  y)z  =  constant  =  l-X+3t\  gives, 

A_  |  —  A.  I  —  —  A.  i 

VX  1/^  X  lu)  .  (  %  -16 ) 


Equations  (t  -15)  become. 


*jrf 


-  -  ^  -£(.1)  + 


1  _ 


u  -i7) 


Care  must  be  taken  to  recognize  that  the  two 
derivatives  with  respect  to  are  different.  On  the 
left  the  derivative  is  taken  along  a  ray  path  with  cO 
constant,  and  on  the  right  it  is  taken  at  a  given 
density  with  X  constant. 

It  is  convenient  at  this  time  to  point  out  the 
difficulties  that  remain  in  finding  solutions  to 
equations  (1  -15).  Since  they  are  still  coupled 
nonlinear  partial  differential  equations  Qn  analytical 
solution,  though  desirable,  seems  rather  unlikely.  Any 
numerical  integration  scheme  will  run  into  immediate 
problems  in  dealing  with  boundary  conditions.  The  true 
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boundary  condition  is  that  1“  is  in  equilibrium  at 
large  where  damping  overwhelms  growth.  An  artificial 
boundary  condition  is  created  by  the  split  into  two 
equations  for  7  +  and  I-.  This  condition  is  that  7+ 
('5(^=0)  =  I  ”  {%  /'l\=0 )  .  The  condition  on  I-  is  difficult 
to  apply  because  of  the  absence  of  a  source  term  in 
this  model.  Normally  with  a  source  term  present  cyn 
integration  can  be  started  at  large  /fy  well  away  from 
any  growth  and  the  source  term  will  hold  up  I-  to 
equilibrium  levels.  If  this  were  tried  with  the 
present  model  I  would  damp  to  nearly  zero  before  the 
growth  region  was  reached.  This  is  clearly 
nonphysical.  So  any  numerical  integration  must  be 
started  near  where  the  growth  rate  equals  the  damping 
rate  in  order  to  keep  I-  near  the  equilibrium  level. 

The  boundary  condition  on  I+  is  nearly  impossible 
to  apply  numerically  in  any  efficient  manner.  because 
of  the  coupled  nature  of  the  equations,  it  would  be 
much  more  convenient  to  have  a  boundary  condition  on  I+ 


of  the  same  nature  as  that  on  I~.  That  is,  one  would 
to  knowl-t^mi 

^equilibrium  an^  1  = 

Iequilibrium+^^o''A^  •  Tha  ^  is  necessary  because  7* 
will  only  aproach  equilibrium  asymptotically  as  ->y 
increases,  and  the  difference  from  equilibrium  is  very 
important  in  the  integration.  .-vt  present  the  best 
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method  to  numerically  integrate  equations  ( 'i  -15)  is  to 
guess  the  function  &,  do  the  integration  and  test  to 
see  if  the  condition  I+(/t\-0)  =  I~(/»\=0)  is  satisfied. 
Since  in  general  this  condition  will  not  be 
satisfied,  A  will  need  to  be  adjusted  and  the 
integration  redone.  Clearly  this  iterative  method  is 
very  inefficient  and  a  better  method  may  be  possible. 

It  may  be  argued  that  for  large  pump  intensities, 
nonlinear  saturation  occurs  rapidly,  and  therefore  the 
convective  derivatives  on  the  left  of  equations  ( %  -15) 
can  be. ignored.  The  rest  of  this  section  is  devoted  to 
calculating  the  pump  intensities  for  which  this  is 
true . 

Assuming  I+  =  l“,  which  is  reasonable  under 
strongly  nonlinear  conditions,  equations  ('l  -15)  can  be 
written  as  one  equation: 

r  x ,  (t  -is) 

The  magnitude  of  U,  which  is  simply  the  coefficient  of 
the  nonlinear  terms  in  (i  -15),  is  unimportant  in  this 
calculation  as  long  as  the  nonlinearity  is  assumed  to 
be  fully  active.  That  is,  the  details  of  o  are 
unnecess sar y ,  except  that  it  is 
dependent  lower  limit. 


larger  than  some  P- 
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If  it  is  now  assumed  that  the  solution  is  such 
that  the  convective  terms  in  ($  -IB)  may  be  ignored, 
what  remains  is  essentially  the  nonlinear  equation  in  a 
homogeneous  plasma. 

Assuming  B  is  independent  of  as  is  true  in  equations 
(  \  -15),  the  solution  of  (*2  -19)  may  be  written, 

1 »  a'2o) 

where  <^c  is  the  point  at  which  f(^)  =  0,  so  I(/»\c)  ~  0. 

For  this  homogeneous  solution  to  be  valid,  it  is 
necessary  that  the  convective  terms  be  small  enough  to 
not  significantly  alter  the  balance  of  the  terms  on  the 
right  of  equation  -18).  Since  -20)  shows  large 
gradients  in  it  is  likely  that  ^  is  the 

dominant  convective  term.  The  magnitude  of  this  term* 
i«£^ound  from  equation  {%  -19), 

I  ?  I  ~  -  I  ]  .  (  %  -2i) 

The  homogeneous  solution  will  not  be  s i gn i f icant 1/ 
changed,  therefore,  if  the  following  condition  is 
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satis  fied : 

a»>wl>p?(rt-i]l »  ^f4  L  a?  W)  - 1  ] 


1 » 


£. 

B>to 


(%  -22) 


Choosing  the  maximum  value  of  the  homogeneous  solution, 
Ipeak'  for  I'  (  -22 )  becomes. 


(  ^  -23) 


Equation  (  ^  -23)  represents  a  "best  possible  case"  for 
the  homogeneous  solution.  All  other  T* s  will  be 
smaller  than  Ipeak-  and  will  be  harder  pressed  to 
satisfy  (  H  -22).  Uy  using  IpeaV.,  however,  the 
calculation  f^nds  the  lowest  P  which  might  possibly 
satisfy  the  original  condition. 

Clearly  Ipeak  will  be  realized  where  =  0,  or 

where  Q.P f  )-l  =  0.  Therefore, 

T  L  -  CVsH  /  If  .  (?-24) 

where  %  is  the  point  at  which  PPfCj  )-l  =  0. 

For  sufficiently  large  P  the  range 
contains  all  the  significant  values  of  f,  so  the 
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integral  over  /j^'  can  be  approximated  by 


B  T 


( %  -25) 


Substituting  this  into  (?-24), 


(T  -26) 


can  be  approximated  by  investigating  f(^)  more 
closely.  From  (  \  -10), 

Vf. 

<^c  occurs  where  f(^)  =  0,  or  ^=0.  Therefore, 


=  ~Z 


=  -4  In 


(?  -27) 


For  any  other  T, 


'A 


^  4  (-  *3.^+  fuVvn  )  ^  .  (f  _28) 


Hence , 


'A 


( 3  -29) 


Now  ^  ^  is  determined  by  l^exp(-^  /  2)  =  1/2P  or 
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<\1  =  ( 2$n2P^  A  single  iteration  of  this  implicit 

equation  gives  acceptable  accuracy  for  typical  P's, 
so  may  be  written, 


(  ¥  -30) 


where  =  3  has  been  arbitrarily  substituted  under 

•He 

fchie  square  root  as  a  first  approximation.  Full 
iterations  using  typical  P's  show  this  to  be  a 
reasonable  choice.  Substituting  -30)  into  (  1-29) 
and  th^n  into  -26)  gives, 

-=  ]z  _ 

Ipd  B  L  3  J  L  -31) 

For  large  P  the  bracketed  factor  is  essentially  unity, 
so , 

3-^1  ~  ,  (?  -32) 


Then  the  condition  for  validity  of  the  homogeneous 
solution,  inequality  ( ^  -23),  becomes 


%oL  V? 

3B 


» 


3. 

Bus 


P  » 


u_ 


3  lo0 

^  otyLu)uL 


(  'l  -33) 
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Substituting  numbers  appropriate  to  the  dense 
plasma  focus  device,  -33)  requires  P  >>  13.  Since 
this  represents  a  best  possible  case  for  the 
homogeneous  solution,  it  is  probable  that  this  solution 
cannot  be  applied  to  the  nan  1-i-fvea r  point  in  the 
scattering  experiment  mentioned  earlier.  ilowever,  in  a 
medium  such  as  the  ionsophere  model  of  Chapter  for 

which  -33)  gives  P  >>  1.5,  the  homogeneous  solution 
should  be  applicable  in  man/  cases. 
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CHAPTER  9 


NUMERICAL  RESULTS  AND  APPLICATION 


All  numerical  examples  in  this  section  make  use  of 
parameters  appropriate  to  the  dense  plasma  focus  experiment 
described  in  Chapter  4.  These  parameters  are  listed  below: 
ot  =  =  0.0165  (deuterium  plasma) 

<0  (electron  temperature)  =  300  eV 

C  i 

ky  (wavenumber  selected  by  scattering  geometry) 

=  1 . 26x1 04  cm'1 

kc  (Debye  wavenumber)  =  2.44x10^  cm'1 
L  (density  scale  length)  =  0.15-0.25  cm 
t0Q  (pump  frequency)  =  1.77xl0i'  sec  1 
nQ  (reflection  density)  =  fy.SxlO1®  cm"1 
\)  (collision  frequency)  =  2.19xl01(^  sec-1 
Ivac  (vacuum  CO2  intensity)  =  5xl0^-2 .  lxlO1'11  W  cm-11. 
These  numbers  correspond  to  the  parameters  measured  during 
the  pinch  phase  of  the  focus  device,  at  a  time  when  the 
decay  instability  should  be  active.  This  is  also  the  time 
at  which  enhanced  scattering  is  observed. 

Equations  (7-19),  (7-20),  and  (7-24)  represent  the 

solution  of  the  wave  kinetic  equation  for  the  intensity 


a 


9-2 


spectrum  along  a  ray  path.  Two  examples  of  this  spectrum 
are  gi*sn  in  Figure  9.1  for  differing  scale  lengths.  The 
Langmuir  waves  represented  there  move  from  negative  kx  to 
positive  kx<  They  are  started  in  equilibrium  at  the  point 
kxx  where  the  damping  rate  is  twice  the  growth  rate.  The 
ray  grows  until  it  reaches  a  maximum  at  positive  kx  where 
the  damping  rate  is  equal  to  the  growth  rate.  From  this 
point  the  intensity  drops  slowly  due  to  collisional  damping 
until  kx/k^  0.2  where  linear  Lang mu is  damping  becomes 
significant.  This  drops  the  intensity  quickly  back  to  the 
equilibrium  level. 

The  ray  path  intensity  spectrum  is  the  elementary  unit 

i 

from  which  all  subsequent  linear  results  in  this  chapter  are 
derived.  For  example,  Figures  9.2a  and  9.2b  are  contour 

Jt 

maps  of  the  Langmuir  intensity  £  as  a  function  of  kx  and 
x.  These  maps  are  simply  a  synthesis  of  many  ray  path 
spectra.  This  is  possible  because  the  choice  of  a  point 
(kx,x)  uniquely  determines  the  Langmuir  frequency  for 
given  k  .  Hence,  only  one  Langmuir  wave  can  pass  through 
the  point  (kx,x)  eem  its  intensity,  calculated  along  a  ray 
path,  determines  the  intensity  there. 

To  apply  the  theory  of  Chapter  7  to  the  dense  plasma 
focus  experiment  some  assumptions  must  be  made.  The  theory 
uses  a  rectangular  slab  geometry  and  a  linear  density 
gradient.  Neither  of  these  conditions  is  realized  exactly 
in  the  focus  device.  However,  if  one  assumes  that  the 
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angular  width  of  the  region  of  Langmuir  waves  being  measured 
is  small,  the  slab  geometry  will  be  a  good  approximation  to 
the  actual  cylindrical  geometry.  Note  that  the  important 
quantity  is  the  width  of  the  measured  region,  which  is  not 
necessarily  the  same  as  the  total  region  of  enhanced 
Langmuir  waves.  The  measured  region  is  in  general  smaller, 
because  the  scattering  epiceriment  is  designed  to  exclude 
some  waves. 

A  linear  density  gradient  will  be  a  good  approximation 
to  the  actual  gradient  if  the  width  in  the  radial  direction 
is  small  compared  to  the  actual  scale  length.  Simply 
stated,  this  just  means  that  any  smooth  density  profile, 

i 

such  as  parabolic  or  exponential,  can  be  locally 
approximated  by  a  straight  line. 

Another  of  the  difficulties  in  applying  the  theory  is 
that  the  pump  intensity  in  the  focus  plasma  is  not  the 
uniform  intensity  used  in  the  theory.  In  fact  it  is  not 
clear  exactly  what  the  pump  intensity  spatial  variation  is 
in  the  cylindrical  geometry.  The  assumption  is  made  here 
that  the  intensity  will  vary  as  the  square  of  the  Airy 
function  (Figure  "^-3.  ),  which  would  be  appropriate  for  a 
slab  geometry.  What  is  needed  next  is  to  choose  a  uniform 
intensity  level  in  some  fashion  so  that  the  intensities 
calculated  are  as  close  as  possible  to  the  intensities  which 
would  be  found  from  using  the  Airy  function  pump.  There  is 
no  obvious  way  to  do  this.  The  procedure  adopted  here  is 
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the  following.  Geometric  optics  determines  the  maximum 

intensity  in  the  plasma  at  the  peak  of  the  Airy  lobe  nearest 

the  reflection  point  of  the  pump  wave.  A  crude  average  over 

the  Airy  oscillations  will  give  an  average  intensity  of  half 

of  fetee  maximum  intensity.  This  leaves  only  the  variation  in 

TVe. 

the  Airy  envelope  to  account  for.  Dfcirs  envelope  varies  as 
and  a  strict  spatial  average  over  the  growth  region 
of  the  Langmuir  waves  would  result  in  another  reduction  of 
one-third.  However,  in  order  to  roughly  account  for  the 
fact  that  the  Langmuir  wave  spends  more  time  near  its 
turning  point  where  the  Airy  envelope  is  larger,  this  has 
been  arbitrarily  changed  to  a  reduction  of  one-fourth.  The 

I 

net  result  is  that  the  uniform  intensity  chosen  is  three- 
eighths  of  the  maximum  intensity  predicted  by  geometric 
optics.  In  terms  of  the  focus  parameters, 


P  =  axlO'10  Ivac  (W  cm"2) 


(9-1) 


where  P  is  the  ratio  of  pump  intensity  in  the  plasma  to  the 
local  threshold  intensity. 

It  is  convenient  at  this  point  to  discuss  one  last 
difficulty  in  applying  the  theory  of  Chapter  7  to  the 
scattering  observations.  Three  ranges  in  P  exist.  The 
first,  1  <  P  <  P^,  includes  intensities  which  are  linearly 


saturated  by  convection.  This  is  the  range  for  which  the 
calculations  of  Chapter  7  apply.  The  second  range, 
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P1  <  p  <  P2'  inc^uc^es  intensities  for  which  both  convective 
and  nonlinear  effects  are  important.  There  is  no  well- 

defined  theory  for  this  range.  For  P  >  ?2«  the  calculation 

* 

at  the  end  of  Chapter  Applies ,  and  only  the  nonlinearity 
need  be  considered.  The  difficulty  in  applying  the 
convective  theory  is  that  the  experimental  point  with  lowest 
CO 2  intensity  has  P  £5  p^,  so  it  can  only  marginally  be 
described  by  that  theory.  At  the  other  end  of  the 
experimental  scale,  the  point  with  highest  C02  intensity  has 
P  ~  P2,  so  the  one-dimensional  homogeneous  nonlinear  theory 
only  marginally  applies.  The  three  intermediate  poi.  ts  are 
roughly  in  the  center  of  the  undescribed  region  and  can 
probably  best  be  described  by  an  interpolation  between  the 
other  two  regions. 

The  calculation  of  the  scattering  cross  section  from 
the  known  intensities  uses  the  following  equation: 


In  this  equation  previously  undefined  quantities  are  the 
electrton  radius,  rg;  the  scattering  volume  Vg ?  and  the 
solid  angle  subtended  by  the  scattering  optics,  «»• 
Numerically  r =  7.94x10”'^  cm"  and  =  6.83x10  ^  sr. 

The  scattering  volume  can  be  further  broken  down  into  i  Ag , 
where  (2  =  0.075  cm  is  the  axial  length  of  the  scattering 
volume,  determined  by  the  CO0  spot  sice,  and  As  is  the 


=  5°  is  the  range  of  scattering  angles  accepted  by  the 
s 

experiment,  rQ  =  0.023  cm  the  radial  distance  at  which  the 
scattering  area  is  located,  and  £r  the  radial  width  of  the 
scattering  area.  £r  will  be  determined  later  from  the 
Langmuir  intensites. 

Substituting  all  of  these  quantities  into  Equation  (9- 
2)  gives, 

^  '  5\JloX/o'°  A.  (9-4) 

In  this  expression  ^r  has  been  replaced  by  S*  as  a  reminder 
that  slab  geometry  is  being  assumed. 

There  remain  two  aquation;  to  be  answered.  What  ^ 
should  be  chosen  and  how  is  %x  determined?  The  choice  of  u 
in  (9-4)  is  clear.  Since  the  scattering  experiment  is 
designed  to  measure  Langmuir  waves  having  k  =  k^,  &(k  =  v 
-  &  kx  =  0)  should  be  substituted  in  (9-4).  A  glance  at 
Figures  9.2a  and  9.2b  will  show,  however,  that  A(kx  =  0)  is 
not  a  uniquely  determined  value.  .i  is  also  a  function  of 
the  spatial  coordinate  x.  Figure  9.3  is  a  plot  of  log^Q>& 
versus  x  at  kx  = 


0. 


It  is  just  a  cut  through  the  contour 
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map  of  Figure  9.2a  along  the  axis  kx  =  0.  Clearly  the  most 
reasonable  choice  for  in  Equation  (9-4)  is  the  maximum 
in  Figure  9.3.  It  is  also  reasonable  to  define  the  x 
coordinate  of  this  maximum  as  the  center  of  the  scattering 
area  of  Equation  (9-3).  The  radial  width  of  the  scattering 
area  is  also  determined  by  Figure  9.3.  It  is  defined  as  the 
distance  between  the  points  which  are  at  one-half  the 
maximum  intensity.  Analyzing  graphs  like  Figure  9.3  for 
various  pump  powers  and  density  scale  lengths  and  applying 
Equation  (9-4)  generates  Table  9.1. 

Clearly,  not  all  of  the  P  values  listed  in  Table  9.1 
can  be  considered  linear.  In  fact,  as  will  be  seen  shortly, 
nonlinear  terms  become  significant  for  Langmuir  intensity 
levels  of  the  order  105-106.  In  Figure  9.4  the  results  of 
the  linear  theory  are  plotted  against  the  experimental 
points.  There  the  linear  theory  is  extended  beyond  the 
range  P  ^,4  where  it  should  be  valid.  Agreement  with  the 
experiment  at  P  CL  10  for  L  **  0.15  cm  should  be  considered 
fortuitous,  since  Table  9.1  shows  clearly  nonlinear  Langmuir 
levels  for  this  P  value. 

The  demonstration  at  the  end  of  Chapter  8  shows  that 
for  P  >>  13,  inhomogeneity  becomes  unimportant  and  only 
nonlinear  effects  need  be  considered.  Hence  the  one- 
dimensionalj homogeneous^ nonlinear  solution  of  Goldman  and 
DuBoisR  may  be  used  to  calculate  In  e^ence,  this 

means  that  at  each  x,  the  plasma  is  assumed  to  be 
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L  =  .15  cm 


TABLE  9.1 


Im.v(k  -°) 

max  x 


<3x/L 


5 

4.59 

X 

104 

.0030 

1.07 

X 

io12 

10 

3.55 

X 

io7 

.0020 

5.50 

X 

io14 

15 

2.95 

X 

10 10 

.0017 

3.88 

X 

1017 

20 

2.51 

X 

io13 

.0016 

3.11 

X 

1020 

25 

2.43 

X 

10 16 

.0014 

2.63 

X 

1023 

L  ■  .20  cm 

5 

2.62 

X 

10  5 

.0025 

6.76 

X 

10 12 

8 

5.01 

X 

io7 

.0020 

1.03 

X 

10 15 

11 

1.07 

X 

io10 

.0017 

1.88 

X 

1017 

15 

1.46 

X 

10 13 

.0015 

2.26 

X 

10  20 

20 

1.27 

X 

1017 

.0013 

1.70 

X 

1024 

L  *  .25  cm 

2 

2.95 

X 

10  3 

.0036 

1.37 

X 

10 11 

4 

1.78 

X 

10  5 

.0026 

5.97 

X 

IO12 

5 

1.49 

X 

106 

.0023 

4.42 

X 

10 13 

6 

1.29 

X 

10  7 

.0021 

3.49 

X 

10 14 

3 

1.10 

X 

io9 

.0017 

2.41 

X 

10 16 
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homogeneous  with  density  given  by  Equation  (7-1).  Then  the 
Goldman-DuBois  theory  is  used  to  calculate  Jfc«(ky)  at  that 
x.  The  scattering  experiment  determines  the  kyScatt  to  be 
chosen  from  thift  spectrum.  Then  finding  &-(kyscatt)  for 
various  x  generates  a  graph  analogous  to  Figure  9.3  for  the 
nonlinear  solution.  From  this  graph  $-max  ar»d  £x  can  be 
found  exactly  as  in  the  linear  case. 

The  one-dimensional,  homogeneous,  nonlinear  solution 
may  be  written, 

i  "X)  “  0()  ~  I  ■*  V .  (9-5) 

i 

Here,  as  in  Chapter  8,  V  *  V col /&}>»  fly  "  ky  ve4)0'  X1 
X/L'  ^Landau  =  ^  e~3/2  (l/^3)  e’1/2^ ,  and  d  = 

(0i2/432tt2)  (kD3/no)  (tt)p/ycoll) ,  where  ot2  =  me/mi.  The 
quantity  /j^c  is  the  point  at  which  f  =  0  and  clearly  is  also 
dependent  on  The  coupling  function  f  is  written 

•> e-TVa.  <j  _ 

}  e  1  *  -  3.** y  .  (9-6) 

From  this  equation  it  is  easily  seen  that. 


Inserting  the  dense  plasma  focus  parameters  and 
integrating j Equation  (9-5)  becomes, 


4(.osa;X') - i.ss’iW*  $6)  Jk, 

-(ff-.w)-'^e'%x]  .  (9'8) 

Ip  this  equation  Myscatt  0.052  has  been  substituted. 

S’ 

Equation  (9-8)  is  graphed  in  Figure  9.£  for  P  ■  15. 

This  figure  is  analogous  to  Figure  9.3  in  the  linear  case. 
Note  first  the  maximum  nonlinear  intensity  of  about  106. 
Obviously  this  sets  an  upper  limit  on  the  validity  of  the 
linear  model.  Any  calculated  linear  level  nearing  or 
exceeding  this  value  cannot  be  believed.  Secondly,  notice 
that  in  this  nonlinear  case  Sx/L  is  much  larger  than  in  the 
linear  case.  In  the  linear  the  drop  in  intensity  toward 
larger  x  is  caused  by  the  increasing  mismatch  between  the 
pump  and  the  Langmuir  wave.  That  is,  the  frequency  matching 
condition  UJQ  =  becomes  increasingly  difficult  to 

satisfy  as  x  increases.  This  mismatch  factor  causes  the 
intensity  to  decrease  quickly  with  x.  In  the  nonlinear  case 
one  finds  that  the  character  of  the  nonlinearity  makes  this 
mismatch  effect  unimportant.  Instead  the  decrease  in 
intensity  with  increasing  x  is  caused  by  the  increase  in  the 
integrated  damping  rate,  as  can  be  seen  from  Equation  (9- 
8).  This  effect  is  much  slower  than  that  which  is  active  in 
the  linear  case,  resulting  in  large  Sx. 

The  right  side  of  Figure  9.4  shows  the  results  of  the 
nonlinear  calculation  plotted  against  the  one  experimental 
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point  which  might  marginally  be  in  this  nonlinear  range. 
Although  this  point  has  P  ft,  17^ which  is  not  much  larger  than 
13*  it  seems  to  be  reasonably  well-described,  at  least  for 
the  smaller  scale  length  of  0.15  cm. 

From  the  preceding  discussion  it  should  be  clear  that 
this  particular  scattering  experiment  is  rather  ill-suited 
as  a  test  of  either  the  linear  or  nonlinear  theory.  What  is 
needed  to  describe  the  experiment  is  really  an 
inhomogeneous,  nonlinear  theory  in  two  dimensions.  Some  of 
the  difficulties  this  presents  in  one  dimension  are 
discussed  in  Chapter  8.  To  thoroughly  test  either  of  the 
theories  developed  here,  data  points  at  lower  and  higher  P 
are  needed. 

To  conclude  this  section,  consider  the  problem  of  WKB 
breakdown.  Since  the  wave  kinetic  equation  is  a  WKB 
equation,  its  solutions  need  not  be  valid  near  the 
reflection  point  of  a  Langmuir  wave,  where  kjj'S-O.  This 
becomes  important  when  one  recalls  that  the  intensities  used 
for  the  theoretical  curves  in  Figure  9.4  were  characterized 
by  kx  «  0,  exactly  in  the  center  of  the  region  of  WKB 
breakdown.  This  region  is  shown  in  Figure  9.1  along  with 
the  intensity  spectrum  along  a  ray  path.  Clearly,  there  can 
be  no  rigorous  justification  for  assuming  WKB  intensities 
are  viiid  in  a  region  where  WKB  is  not  valid.  However,  one 
would  expect  physically  a  smooth  joining  between  the  two 
regions  in  which  WKB  is  valid.  One  would  hope,  th$n,  that 
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since  the  solutions  to  the  kinetic  equation  calculateld 
earlier  in  this  chapter  provide  that  smooth  joining,  the  WKB 
intensities  are  "close"  to  the  real  intensities.  In 
addition,  the  breakdown  region  does  not  contain  a  major 
portion  of  the  Langmuir  wave's  growth.  For  example,  in 
Figure  9.1  the  spectrum  labeled  L  =  0.25  cm  has  less  than 
two  percent  of  the  total  growth  in  this  region.  The  other 
spectrum  has  less  than  eight  percent.  Hence,  most  of  the 
growth  of  the  Langmuir  waves  occurs  in  regions  where  WKB  is 
valid. 

To  calculate  where  WKB  is  valid,  one  begins  with  the 
well-known  condition. 


t* 


Hx 

\K 


(9-9) 


and  the  Langmuir  wave  dispersion  relation, 

^C~  *  l  ~  'll)  '•*  +  fc-y  )  .  (9-io) 

.  2 
Solving  for  kx  # 

£x~  -  ”^Y  .  (9-11) 

Now,  ^kxA  x  is  easily  found  to  be 

uVr  j_ 

U  (pv^-L  fc*  - 


(9-12) 
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APPENDIX  A 


DERIVATION  OF  THE  WAVE  KINETIC  EQUATION 


The  following  derivation  of  the  WKB  wave  kinetic 
equation  is  taken  in  substantially  unaltered  form  from  the 

lectures  notes  of  Prof.  M.  V.  Goldman. 

\ 

The  starting  point  is  the  wave  equation  for  the 
fluctuating  part  of  the  electric  field  which  comes  directly 
from  Maxwell’s  equations, 


\v  ^  O-'  > 

V  k(Vx£)  +  = 


(A-l) 


For  longitudinal  waves  this  can  be  integrated  once  in 
time  to  give, 

Jktf-Cx,,*,)  £G0  -  -^>60  (A-2) 

A/ 

Here  jQ  represents  spontaneous  emission  and  the  polarization 

current  has  been  absorbed  into  Also  the  notation  = 

o 

( r ^ ,  t^)  has  been  introduced.  Note  that  Equatfh  (A-2)  is 
simply  Faraday's  law  for  longitudinal  fields.  Multiplying 
Equation  (A-2)  by£_(x2)  and  ensemble  averaging, 


1  (xmO+  A*3  I  =  Mtt  W0Cxt)X^  } 


(A-3) 


where 

XCx,,xJ  =  <  £(.0£W^  i  U)0Cx,,iu)  =•  -  ^joCx,)  £(xj>; 

and  the  brackets  denote  the  ensemble  average.  Next,  add 
Equation  (A-3)  to  itself  with  variables  x-^  and  X2 
interchanged  to  obtain  ( 

( vt, +  sO  rU,*0- 1  -  Uk3  r  (.x5 ,  xj 

+  w6(.xm%j3  +  1 *,  w  *-] 1  (A" 


where  [x1*-^x2]  indicates  the  preceding  term  with  arguments 
x^  and  x2  interchanged. 

Introduce  now  sum  (or  "centroid")  and  difference  (or 
"relative")  coordinates,  defined  by. 


t  --  X,-X^ 


-  n_  ^  --O 

u.  >  1  a  /  . 


(A- 5a) 


( A-5b ) 


These  coordinates  allow  a  natural  definition  of  multiple 
time  and  space  scales.  In  these  new  coordinates.  Equation 
(A-4)  becomes, 
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k  ^  -  L- U*,  r(x.-Xt, 

+  w,C*iI)]  +  L  x,  — '*]  .  (A'6) 

In  a  homogeneous,  stationary  plasma,  the  correlation 
functions  do  not  depend  at  all  on  the  centroid  coordiantes, 
but  in  an  inhomogeneous  plasma  they  do.  This  can  be  dealt 
with  by  assuming  that  the  variation  with  the  centroid 
coordinates  of  all  the  functions  is  slow  compared  to  the 
variation  with  the  relative  coordinates  of  all  the 
f ucntions .  Then  a  WKEs  approximation  can  be  made  in  the 
slow,  centroid  spatial  coordi^hte,  and  a  multiple  time  scale 
approximation  as  well.  First  note  that  the  centroid 
coordinates  of  the  correlation  functions  in  the  integral  v*ay 
be  expressed  as. 


»  x  + 


(A- 7 a ) 


*.  -X3  (A- 7b) 

O- 

Now  an  expansion  of  the  integrand  in  Equation  (A-6)  can  be 
made,  and  the  integral  becomes, 

X  [Hx.-x^X)  -  It  I  (v^I )  ] .  (A-8) 

Only  terms  up  to  first  order  in  space-time  derivatives  are 
to  be  retained  in  this  expansion.  Lquation  (A-6)  has  now 


■=-  I- 


become  local  in  its  dependence  on  the  centroid  coordinates. 


X. 


Fourier  transforming  (A-6)  in  the  difference  variables 
x,  and  integrating  by  parts  to  replace  the  factors  (*3“xj/2 
and^c1-x3y2  in  (A-8)  by  derivatives  with  respect  to  K  •£.  (Jc,oJ 
the  transform  of  (A-8)  becomes, 


*i'r(r')x(l")  -  c 


Wir)  ix(r*)  j,  wj?  brcn 

*1  "Te7'  x'  JE'  ~w 


i 


Mr) 

axj 


( A— 9 ) 


The  common  X  dependence  of  T*  and  I  has  here  been  suppressed. 

The  transform  of  the  interchange  term  [x1«-*  x2l  in 
Equation  (A-6)  is  identical  to  the  right  side  of  (A-9),  but 
with  -K  replacing  K.  From  reality  conditions  it  follows 
thatT"(-K)  =  <J~tK)*  and  I(-K)  I(K)*.  In  addition,  from  the 

symmetry  of  I(x^,x2)  under  interchange,  it  follows  that 
I ( K, X)  is  real.  Thus,  the  Fourier  transform  of  (A-6) 


becomes , 

x-g>  -  -  p  Ee  rCx)  i(r)  4  ( 4-2^)  ^ 

_  ^  v  2  E.e  W0(r)  .  (a— io) 


Introducing  the  longitudinal  dielectric  function, 


A-5 


( 


4"Sr'  (A-iD 

then  Equation  (A-10)  becomes,  returning  to  conventional 
notation, 

JfU(Ee£ -l)]^  "  U(S« fc-l)l  T^ 

w0l  <*-“> 

where  I  =  I  (k_,u),  j*,  T) ,  £.  =  £  LU ,u),_R,  T ) ,  and  WQ  =  ki0(  k^.uJ,  R_.  T)  . 

After  some  manipulation  of  the  partial  derivatives,  (A- 
12)  can  be  rewritten  as, 

^f  [  2  fco ^ 

+  ^*[l  +-  OIco  Im.  £  ~  h r£e  W0 .  (A~13) 

Effects  of  order  (KL)-^  and  have  been  included  1 

in  (A- 13 ) ,  where  L  and  T  are  typical  scale  lengths  and  time 
intervals  associated  with  the  centroid  variation  of  I  and  T”, 
and  k  and  ui  are  a  typical  inverse  length  and  time  associated 
with  the  relative  coordiantes.  Dissipation  (dCIm£)  and 
spontaneous  emission  (-CReVJj)  are  also  included,  and  are 
often  of  the  same  order  as  (kL)“^,  (In  fact,  Im  Z 

sets  the  scales  of  L,T  in  a  homogeneous  plasma  boundary 

6’T- 

value  as  initial  value  problem.) 


In  order  to  proceed  with  the  reduction  of  (A-13)  to  an 


**  > 
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energy  balance  equation  for  normal  modes,  it  is  necessary  to 
return  to  Equation  (A-14)  and  work  to  "zero-order"  in  the 
small  parameters.  To  zero-order  in  (kL)_1,  (uJT)“*,  and 

WQ,  Equation  (A-4)  becomes, 

o  .  (A-14) 

Now  interchange  x^  and  X2,  and  subtract  the  equation  from 
itself  [rather  than  adding  as  in  the  previous  development  of 
(A-4)].  The  result  can  be  written, 

a  ■jf.  I  (x,l)  +  * rUx1'r(x,-xJ)X)l(x,-)fcj 

-  Virf  (v-x,}  X)  X  tx,  -  x, )  -  0  (  a-15  ) 

Fourier  transforming  this  in  x  =  (r,t), 

"  3'i  co  ¥-e  ~0  (A-16 ) 

The  solution  to  (A-16)  can  be  expressed  as, 

£(t,co)]x,  ( a-  1 7 ) 

The  delta  function  is  appropriate,  since  I  must  be  zero 
unless  Re  21  =  0,  and  since  the  10  or  integrals  of  I  must  be 
non-zero.  The  dependence  on  centroid  coordinates  has  been 
suppressed  in  (A-17).  1^  in  (A-17)  cannot  be  determined 
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1 


from  (A-16),  because  it  is  a  homogeneous  equation.  However, 
1^  can  be  determined  from  the  first  order  energy  balance 
equation  (A-13).  Note  in  (A-17)  that  Re  (k_,uXji,T)  »  0  at 
one  or  more  real  frequencies  of  the  form  U3  =  U)R()c,_R, T) .  In 
the  present  case  only  stationary  plasmas  are  being 
considered,  so. 


a 

(A-18) 


Now  rewrite  (A-17), 


in  the  vicinity  of  Cl)=o)r, 


as , 


J 


( A- 1 9 ) 


where 

I,  /tt  (  • 

This  notation  is  consistent  with  the  definition  of  the 
spectral  mode  function  in  the  homogeneous  case.  Therefore, 
T)  can  be  interpreted  as  the  spectral  mode  function 
for  mode  U CMore  generally,  (A-19)  should  include  both 
positive  and  negative  frequencies  and  a  sum  over  all 
branches  of  normal  mode  solutions,  t*JR,  to  Re  £  =  0.] 

Inserting  (A-19)  into  (A-13)  and  taking  the  integral 


C 


q 


q 


i 


4 


Q 


over  c*J  yields , 


+  Jl  ■  (lW)[ ^(wKej.)]^)  +  3iofe  I<h  t(w*)  I  (n*) 

-  \kI*  HW,  (a-20» 


where 

Wotu^>s  ^  tt  Wt(t,l0)1 


and  the  total  derivatives  d/dR,  and  d/dk  are. 


A-= 

ikH 


V  A. 

^  T& 

\  ^  •ft  X 

+  Tt  * 


It  is  also  reasonable  to  define  the  energy  density  and 
the  damping  rate  as  in  the  homogeneous  case, 

_  V  X  /  .  o  -\1  iClOfc) 


U(.u^£> T)  =  I 


^R.  ^TT 
-  itO  Ne  lu)^ 


L*«L 


.  0 .  j*  g-C^ 

(Ues/^ui) 


(A-21) 


(A-22) 


U;t 


Then  (A-20)  takes  the  form, 

■yr  UtuJfc)  +  A-[vjUtco»)]  + 
*3*  U(u>t)  -  £<2  W0(u3^  . 


( A-23 ) 
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The  first  term  is  the  time  rate  of  change  of  the  energy 
density  associated  with  •  The  damping  and 

spontaneous  emission  terms  are  as  in  the  Kirchoff's  law  for 
the  inhomogeneous  steady  state  case.  The  second  and  third 
terms  on  the  left  describe  the  flow  of  energy  in  _R-k_  phase 
space.  The  group  velocity  _Vg  and  the  vector  a_  are  defined 
by, 


a.(±,l)  -r  [  4  vL,  =  -  , 


(A-24a) 


( A-24b) 


The  second  equality  in  (A-24a)  follows  from  taking  the  total 
derivative  d/djt  of  RejC&l^Jc ,  Rj  . )  ]  =  0,  and  the  second 
equality  in  (A-24b)  follows  from  the  derivative  d/d_R.  It  is 
important  to  note  that  Equations  (A-23)  and  (A-24a,b) 
involve  independent  Eulerian  coordiantes,  k_  and  .  Using 
Equations  (A-24a,b),  because  of  this  independence,  the  order 
of  differentiation  may  be  change^  and  the  following  identity 
proven : 

-o . 

This  enables  (A-23)  to  bo  rewritten  as, 

C  7r  +  ^  )  U(u>*)  +  ^  U (“k) 

—  ^.6  . 


Ui 


o 


( A-24 ) 
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The  energy  density,  U(u^),  should  be  thought  of  as 
defined  in  a  six-dimensioned  _R-k_  phase  space.  Along  an 
arbitrary  path  in  this  space, *0R  is  not  constant  (although 
Re&juJj^k.,  R.)  ,£,  R]  _is_  constant  and  equal  to  zero).  However, 
along  the  "characteristic"  or  "ray"  paths  in  this  space,  *0R 
is  constant.  The  same  idea  is  employed  in  integrations  of 
the  collisionless  Boltzmann  equation,  where  the  particle 

e 

etftrgy  is  conserved  along  a  characteristic.  One  defines  the 
ray  paths  by  introducing  the  Lagrangian  coordiantes  jl(T), 
Jc(T),  which  obey  the  equations, 

*  Ti.  (A‘26a) 


Tr  m"  TL  , 


(A- 26b) 


Using  Equations  (A-26a,b)  and  the  assumption  of  a 
stationary  plasma,  it  immediately  follows  that  U^ERJT)  ,MT)  J 
*  constant,  since, 


Jr**' 


'  VT  '  Tfc 


*T  *  *  0  • 


( A-27) 


Along  a  given  ray  path,  associated  with  a  particular  (A- 

25)  reduces  to. 


jjj.  U  +  aSU  =  Ee  w0 . 


( A-3LB) 


j 
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The  ray  path  equations  (A-26a,b)  are  Hamilton's 
equations,  when  is  interpreted  as  a  Hamiltonian,  and  1Uc 
as  a  "momentum."  The  quantum  mechanical  boson  occupation 
number,  N,  for  the  normal  mode  is  related  to  the  energy 

density  U(O^)  along  a  ray  path  by, 

U  -Art  •  (A_29) 

In  the  absence  of  damping  and  spontaneous  emission,  N  is 
conserved  along  a  ray  path.  Damping  and  spontaneous 
emission  provide  a  sink  and  source  for  N,  as  (A-28)  shows. 
Hamilton  equations  such  as  (A-26a,b)  are  commonly  invoked  in 
quantum  mechanical  and  semi-classical  discussions  of  wave- 
particle  duality;  it  can  be  seen  here  that  they  apply  to  all 
the  weakly  damped  modes  in  plasmas  and  other  dispersive 
media  which  are  slowly  varying. 
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MATHEMATICAL  APPENDIX 
THE  INTEGRAL  OF  \q  AND  ^laNDau 


The  integral  required  in  the  derivation  of 
equation  O-  jy  from  equation  O-SXf)  is  of  the  form. 


(B-D 


This  is  true  both  for  the  Landau  damping  contribution 
and  the  parametric  growth  contribution.  However,  in 
the  growth  rate  the  effect  of  pump  swelling  near  the 
reflection  point  in  the  inhomogeneous  plasma  has  been 
ignored.  The  pump  is  assumed  to  be  spatially  uniform. 

To  perform  the  integral,  consider  the 
substitution. 


3<x>x  . 


(B-2) 


Also,  then 


C  /  LzW\^  -  A(J  “*»)/«>  ol  J_ 

^  OJ-J  e  (l-wJ)’- 


a."1  i  i  )- w  * 

1  _  nK*-  3^  1  Q>  ^  d 


(B-4) 


The  remaining  integral  can  now  be  done  by  parts. 

U.n  a£U*eA**Mw] 

O^aVA 


The  remaining  integral  can  now  be  done  by  parts 
and  in  this  way  an  infinite  series  is  generated.  The 
final  .result  is, 


-  .  _  ±  .  ,'a.^-ACi -wVa.v  <  _J _  y 

-**•  “  €  £0&~+bW\  *vW/ 


(B-5) 


Returning  to  the  x 


V  O^t'  >  0-^oW. 


-  x  _  -  *—  p  -  A/0xx+xu)  <  _L-  (_  jL  S* 

,K  '  cx'ta'"+xv  ~  (t-xm-iV.!  '  a 

MA  *  O 


Some  further  investigation  can  be  done  into  the  nature 
of  the  series  appearing  in  equation  (B-6),  which  will 
be  designated  Wilson's  function,  or  U)j(y). 


An  alternate  form  is 


ra-8) 


Uj ’»(%/) 


l 


i-ir  * 


Several  properties  of  lOg(y)  are  listed  below: 

1)  60^(y)  is  absolutely  convergent  and  continuous 
for  finite  y; 

2)  tt)[{y)  is  uniformly  convergent  on  any  closed 
interval; 


3) 


<*  eY 


y  >0 


4 )  l*^(y)  >  0  for  all  finite  y; 
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Property  (1)  can  be  shown  with  the  ratio  test  for 
infinite  series.  The  Weierstrass  M-test  proves 
uniform  convergence.  Term  by  term  comparison  of  the 
sum  in  property  (3)  with  the  Maclaurin  series  for  e^ 
proves  (3).  To  prove  property  (4),  the  differential 
equation  whi^h  ^*(y)  satisfies  must  be  derived.  First 
multiply  ^(y)  by  y 


Y'^-60i(y)  ~  %, 


HA'O 


c-ir 

Cq  «a+i)  ! ! 


The  derivative  of  both  sides  of  this  equation  must  now 


be  taken.  The  derivative  on  the  right  hand  side  can  be 
taken  term  by  term,  because  the  dif ferentated  series  is 
uniformly  convergent.  Hence, 

,>u-  ‘4. 


1  Y  J  (a^+i)!T 


3.  Li  V"  ^  W'«Cyi+  LU'/Cy)]  r  Y~  j|,  Iq^-iV1! 


Collecting  terms  gives  the  differential  equation. 


2y  03;'(y)+-  CUy)03;(y)  =  1 


(fc-9) 


It  is  now  easy  to  show  thatU)^(y)  is  greater  than 
zero  for  y  2  0.  Letting  y  =  0,  (B-9)  gives  Utf<0)  -  J  , 
For  y  >  0, 


60  i 


;'CV)=  rYL  l  -  Ci-Y)  w.cy)] 


(B-10 ) 


Assume  now  that  6d^,(y)  =  0  for  some  y  =  yQ.  Then,  at 
that  point. 


w.'(Y>)=  rv„>° 


(B-ll) 


Therefore,  the  slope  at  any  finite  yQ  for  which  U)'^(y0) 

=  0  is  positive  and  tO^(y)  can  never  pass  through  zero. 

Property  (5)  concerns  the  asymptotic  nature  of 
Wi(y).  The  analysis  leading  to  the  spectra  calculated 
in  Chapter  5.  requ/ies  the  evaluation  ofU)'^(y)  for 
largejj.  y  (y  ifc.100).  The  alternating  character  of  the 
series  form  (8-7)  makes  this  evaluation  difficult.  For 
the  computer  and  compiler  used  in  this  thesis  round-off 
errors  began  affecting  the  accuracy  of  £0^  ( y)  near  y  = 
50.  This  made  the  development  of  an  asymptotic 
expression  necessary.  To  derive  this,  consider  the 
series  c_  "v**  conjunction  with  (0-9). 

Substituting , 


~  c.  -t-  c 


f  '77=-.  -  ! 


Si  T 

Equating  coefficients  of  equal  powers  of  y  gives, 

~  I  )  =1  j  r  ^ 


0LU--I<?  ,  <kCsl0Sr  i  " 

cx.w^  r  ( 3 **- 3) ! 1  (  wi  -s u, 3 j  •• 


Hence,  the  sum  becomes: 


(3^-QH 

M*«l  N /’ 


^  —  Y  ~ ,  \;  v*  ■*  1 


(B-12) 


^  S  is  used  here  rather  than  tO^(y)  because  the  series 
clearly  does  not  converge.  However,  it  is  useful  for 
computational  purposes  if  only  a  few  terms  are  used. 

In  particular,  for  y  =  50,  accuracy  of  within  1  part  in 
10®  is  obtained  by  summing  the  first  four  terms.  For 
the  purposes  of  the  calculation  in  Chapter  Q_,  it  is 
sufficient  to  sum  only  the  first  two  terms.  Hence, 

LO'iCy^  +  yv-  -  ^  (  14  Y^  1  V  >>  *  ®-ll) 

60i(y)  is  listed  below  for  0  <  y  <  200. 


TABLE  B . 1 


y 

<*>i  (y) 

y 

^(y) 

0.00 

1.000 

15.00 

.0726 

.10 

.967 

20.00 

.0530 

.20 

.936 

25.00 

.0418 

.  30 

.906 

30.00 

.0346 

.40 

.  877 

35.00 

.0295 

.50 

.  849 

40.00 

.0257 

.60 

.  822 

45.00 

.0228 

.70 

.796 

50.00 

.0204 

.  80 

.772 

60.00 

.0169 

.90 

.748 

70.00 

.0145 

1.00 

.725 

80.00 

.0127 

1.50 

.623 

90.00 

.0112 

2.00 

.538 

100.00 

.0101 

2.50 

.  468 

110.00 

.00917 

3.00 

.410 

120.00 

.00840 

3.50 

.361 

130.00 

.00775 

4.00 

.  320 

140.00 

.00719 

4.50 

.'286 

150.00 
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5.00 

.256 

160.00 

.00629 

6.00 

.210 

170.00 

.00592 

7.00 

.  176 

180.00 

.00559 

8.00 

.  151 

190.00 
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9.00 
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200.00 

.00503 
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We  study  the  effects  of  impurity  radiation  on  the 
evolution  of  a  reversed-field  pinch  plasma  by  means  of 
a  one-dimensional  MHD  simulation  code  that  includes  both 
plasma  transport  and  impurity  effects,  and  follows  the 
plasma  through  a  series  of  equilibrium  states.  The 
equations  are  split  into  two  sets,  one  that  contains 
plasma  transport  and  another  that  contains  atomic  physics 
effects.  Two  codes  were  developed  and  linked  together 
to  solve  the  full  problem. 

Results  are  presented  for  the  ZT-S,  ZT-40,  and  RFX 
experiments  with  a  fixed  set  of  parameters,  typical  or 
envisioned,  and  various  concentrations  of  impurities. 
Radiation  barriers  are  encountered,  and  limits  are  found 
on  the  acceptable  level  of  low  Z  impurities  that  may  be 
present  in  these  devices.  It  is  shown  that  the  tempera¬ 
tures  currently  observed  in  the  ZT-S  exepriment  are 
radiation  limited.  Next,  a  criterion  for  radiation 
barrier  burn- thro ugh  is  derived  in  terms  of  appropriate 
nondimens ional  parameters  and  calibrated  by  comparison 
to  the  numerical  simulations  for  the  case  of  oxygen. 

In  addition,  the  subject  of  thermal  instability  in 
the  reversed-field  pinch  is  explored.  Namely,  a  current 
carrying  plasma  can  become  thermally  unstable  due  to 


current  diffusion  into  regions  of  low  resistivity,  which 
through  ohmic  heating,  leads  to  a  lower  resistivity 
feeding  an  instability.  This  instability  is  studied  for 
the  case  of  a  reversed-f ield  pinch  in  a  nearly  force-free 
equilibrium,  after  the  formation  phase,  as  the  plasma 
attempts  to  ohmically  heat  to  a  significant  beta.  Two 
cases,  stationary  electron  temperature  (where  impurity 
radiation  balances  ohmic  heating) ,  and  nonstationary 
electron  temperature  are  considered.  It  is  found  that 
fine-scale  current  perturbations  remaining  from  the 
formation  phase  can  be  greatly  enhanced  by  the  presence 
of  impurity  cooling.  The  theory  of  these  phenomena  is 
developed  analytically  and  compared  to  numerical 
simulation. 
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CHAPTER  1 
INTRODUCTION 

The  reversed-f ield  pinch  (RFP)  is  a  promising  approach 

to  controlled  fusion  that  has  received  considerable  attention 

in  recent  years.  It  is  an  axisymmetric  toroidal  device  that 

has  demonstrated  theoretically  and  experimentally  MHD  stable 

( i  2) 

plasma  confinement  at  the  relatively  high  beta  of  30-40%.  ' 

It  has  roughly  equal  pcloidal  and  toroidal  magnetic  fields 
which  provide  the  shear  that  permits  MHD  stable  operations  at 
current  densities  substantially  above  the  Kruskal-Shafranov 
limit.  Hence,  in  comparison  to  the  tokamak  the  RFP  has  a 
large  toroidal  current  and  the  potential  to  reach  fusion 
temperatures  with  ohmic  heating  alone.  Therefore  the  RFP  is 
attractive  as  a  possible  fusion  reactor. 

Unfortunately,  recent  RFP  experiments  such  as  ZT-S  ^ 
HBTX-1,(4)  and  ETA-BETA(5)  have  not  been  able  to  fully 
realize  this  potential.  These  experiments  are  relatively 
small  (~7cm  minor  radius),  use  field  programming  to  set  up 
the  reversed  toroidal  field  and  operate  at  relatively  high 
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densities  (1  x  lo"'"5  cm”^).  Their  main  difficulty  is  a  very 
low  electron  temperature  (30  ev  in  ZT-S) ,  seemingly  due  to 
energy  loss  caused  by  radiation  from  low  Z  plasma  impurities, 
principally  oxygen. 

The  high  particle  density  in  these  experiments  offsets 
the  advantage  of  high  current  density  by  lowering  the  Ohmic 
heating  rate  per  particle  and  by  increasing  the  radiation  loss 
rate,  which  for  a  fixed  impurity  concentration  is  proportional 


to  the  square  of  the  electron  density.  In  addition,  measure¬ 
ments  of  oxygen  impurities  in  ZT-S  show  a  concentration  of 
.3%  -  1%  relative  to  deuterium  (2  *  10^  3)  .  ^  This 

is  a  higher  density  of  oxygen  than  is  observed  in  tokamaks 
and  in  conjunction  with  the  high  electron  density  may  ex¬ 
plain  why  RFP  experiments  encounter  a  low  temperature 
radiation  barrier  and  tokamaks  do  not. 

At  the  low  temperatures  currently  observed  in  these 
devices,  the  transport  of  particles  and  magnetic  fields  in 
the  post-implosion  phase,  where  magnetic  forces  and  pressure 
gradients  are  in  magnetohydrostatic  equilibrium,  can  be  ex¬ 
plained  by  classical  coefficients.  The  discharge  terminates 
because  the  initially  stable  magnetic  field  profiles  diffuse 
to  unstable  ones  on  the  classical  diffusion  time. ^  Whether 
the  transport  remains  classical  at  temperatures  of  a  few 
hundred  electron  volts  is  unknown.  Hence,  it  is  imperative 
that  future  RFP  experiments,  such  as  ZT-40  and  RFX,  overcome 
low  temperature  radiation  barriers  so  that  the  potential  of 
this  concept  can  be  fully  explored,  and  anomalous  transport 
processes,  if  any,  identified. 

It  is  the  purpose  of  this  paper  to  study  theoretically 
some  of  the  effects  of  impurities  in  the  RFP  with  numerical 
and  analytical  methods.  We  have  developed  a  computer  code 
based  on  the  equations  of  MHD,  which  includes  both  transport 
and  radiation  effects  in  the  post- implosion  phase,  to 
simulate  existing  RFP  experiments  and  to  predict  results  for 
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future  ones.  This  code  enables  us  to  normalize  analytical 
treatments  of  radiation  barrier  burn-through  and  thermal 
instability. 

Section  2  presents  the  physics  model  used  in  the 
numerical  computations;  section  3  presents  results  for 
typical  operating  parameters  of  ZT-S,  ZT-40,  and  RFX  with 
various  concentrations  of  impurities.  Section  4  developes 
a  general  criterion,  in  terms  of  nondimensional  parameters, 
for  whether  a  RFP  will  burn  through  a  radiation  barrier. 

This  criterion  is  normalized  by  comparison  with  numerical 
results  for  the  case  of  oxygen.  Section  5  discusses  the 
subject  of  thermal  instabilities  in  the  RFP.  We  find  an 
instability  due  to  the  coupling  of  current  diffusion  and 
Ohmic  heating.  This  instability  was  first  derived  by 
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Kadomtsev,  who  calls  it  the  "Superheating  Instability." 

He  assumed  a  uniform  magnetic  field,  small  current  and  a 
stationary  zeroth  order  temperature  that  is  the  same  for 
electrons  and  ions.  We  remove  these  restrictions  and  develop 
the  theory  of  this  instability  in  the  post- implosion  phase 
of  the  RFP ,  in  cylindrical  geometry,  for  both  stationary  and 
evolving  zeroth  order  electron  and  ion  temperatures. 

The  importance  of  impurities  in  creating  fine-scale 
current  density  and  temperature  gradients  in  RFP's  is 
demonstrated. 


CHAPTER  2 


EQUATIONS 

Our  basic  approach  to  investigating  the  combined  effects 
of  impurity  radiation  and  classical  resistive  diffusion  on  the 
evolution  of  plasma  and  magnetic  field  profiles  in  the  RFP  is 
to  split  the  problem  into  two  parts.  The  resistive  diffusion 
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is  governed  by  the  two  fluid  MHD  equations  given  by  Braginskii. 
Our  computations  of  impurity  radiation  rests  on  a  multifliud 
MHD  model  which  provides  heat  sink  terms  in  the  electron  tempera¬ 
ture  equation  but  is  otherwise  ideal.  Electrons,  deuterium 
ions,  and  each  charge  state  of  an  impurity  species  are  modelled 
as  separate  fluids.  These  two  sets  of  equations  taken  together 
define  our  complete  physical  model. 

Both  sets  of  equations  are  transformed  to  a  Lagrangian 
coordinate  system  based  on  a  normalized  poioicai  flux  co¬ 
ordinate.  The  dependent  variables  are  changed  to  quantities 
that  remain  invariant  during  adiabatic  motion  of  the  plasma. 

This  representation  of  the  equations  is  useful  for  both 
numerical  and  analytical  work. 

2.1.  Transport  Model  Equations 

Starting  with  the  full  two  fluid  MHD  equations  in 
Ref  (9) ,  we  assume  that  the  plasma  evolves  in  time  through 
a  series  of  equilibrium  states.  This  is  equivalent  to  order¬ 
ing  the  resistivity,  velocity,  and  the  time  derivative  of  any 
quantity  as  a  small  number  z  and  then  neglecting  terms  of  order 
e2.  Thus  the  inertia  and  all  terms  arising  from  the  plasma 
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viscosity  are  neglected.  This  yields  a  set  of  equations 
valid  on  the  resistive  diffusion  time  scale  and  is  equivalent 
to  ordering  the  velocity  small  in  comparison  to  the  Alfv6n 
speed.  Cylindrical  geometry  and  symmetry  is  assumed  so  that 
all  quantities  vary  only  in  the  radial  direction.  With  these 
approximations  the  equations  become: 
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where  p  «  n(T  +  T.),  R  ■  R  +  £_  is  the  total  force  between 
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electrons  and  ions  due  to  friction  Ry  and  temperature  gradi¬ 
ent  Rt,  q@  and  q^  are  the  electron  and  ion  heat  fluxes 
respectively,  is  the  electron-ion  equilibration  term,  and 
j  is  the  current. 
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For  the  resistivity  n,  the  thermal  conductivity  x, 
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and  the  thermoelectric  coefficient  ,  the  classical  values 
in  the  strong  field  limit  are  assumed, 
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where  u  .  -  eB/MC.  The  electron  and  ion  collision  times, 

C  i 

t  and  t.,  are, 
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and  x  is  the  Coulomb  logarithm. 

In  our  model  we  assume  that  the  plasma  extends  to 
the  vacuum  chamber  wall  at  radius  a,  and  that  there  may  be 
a  conducting  wall  at  a  larger  radius  b.  The  region  between 
these  two  radii  is  a  magnetic  flux  reservoir. 

The  boundary  conditions  at  the  plasma  edge  on  Eqs. 

(1)  -  (6)  are  the  electric  fields  Ez  and  E -  calculated  from 
values  given  at  the  conducting  wall  and  specified  "pedestal" 
values  for  n,  Tg.  and  .  The  electric  field  is  not  only  the 
natural  guantity  to  use  as  a  boundary  condition  when  magnetic 
flux  is  a  variable,  but  also  the  quantity  controlled  by 
external  circuits.  Magnetic  flux  variables  occur  in  the 
Lagrangian  representation  of  these  equations. 

The  origin  is  an  artificial  boundary  due  to  the  use 
of  cylindrical  coordinates.  Here  we  require  there  be  no 
flux  of  any  quantity. 
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2.2.  Radiation  Model  Equations 

An  ideal  MKD  model,  which  includes  all  radiation 
effects  and  treats  every  charge  state  of  a  given  impurity 
species  as  a  separate  fluid,  is  now  presented.  There  is 
adiabatic  expansion  and  contraction  of  the  plasma  but  no 
transport  The  equations  describing  this  model  are  given 
for  one  impurity  species  of  charge  2.  The  extension  to  more 
than  one  impurity  species  is  obvious. 
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Oj  *  coefficient  for  recombination  from  state 
j  to  j-1  (a1  «  0) , 

Sj  ■  coefficient  for  ionization  from  state  j  -  1  to 
j  {6Z+i  “  0) • 

Aj  is  the  energy  loss  rate  per  electron  per  impurity  ion  of 
charge  j+1  due  to  excitation  and  recombination  radiation 
and  bremmstralung.  It  does  not  currently  include  the  energy 
loss  from  electrons  due  to  the  ionization  potential  of  the 
impurity.  This  energy  is  generally  small  compared  to  the 
energy  lost  by  radiation  during  the  ionization  process, 
but  it  will  be  included  in  future  work.  All  ion  species 
have  been  assumed  to  have  the  same  temperature. 

The  boundary  condition  imposed  on  this  set  of  equa¬ 
tions  is  that  the  electric  field,  and  thus  the  radial 
velocity,  vanish  at  the  vacuum  chamber  wall.  Consequently, 
there  is  no  flux  of  any  quantity  at  r  *  a. 

2.2.1.  Atomic  Physics 

For  the  range  of  operating  densities  (n  <  2*l0^5cm-3) 
and  time  scales  (t>10us)  relevant  to  RFP  experiments,  the  time- 
dependent  coronal  atomic  physics  model  is  valid. dl»12,13)  jn 
this  model,  ionization  and  excitation  occur  by  the  collision 
of  an  electron  with  an  atom  or  ion  in  its  ground  state; 
recombination  is  to  the  ground  state  by  means  of  radiative 
and  dielectric  recombination;  de-excitation  is  due  to  spon¬ 
taneous  emission  and  occurs  on  a  time  scale  short  compared 


to  all  other  processes.  This  model  ignores  collisional 
recombination,  collisional  de-excitation,  photo-ionization, 
and  photo-excitation. 
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It  is  assumed  that  all  radiation  is  lost  from  the 
plasma.  This  is  true  even  if  the  plasma  is  not  optically 
thin  (though  RFP's  are  generally  optically  thin),  provided 
that  the  collisional  de-excitation  time  is  sufficiently 
long.<13> 

The  ionization  and  recombination  coefficients  and 
radiation  loss  rates  are  obtained,  for  an  arbitrary  element, 
from  an  atomic  physics  code  developed  by  Dr.  Russell  Hulse. 

This  code  utilizes  generalized  formulae  given  in  Ref.  (14). 

For  each  ionic  species  of  the  element  under  consideration, 
it  calculates  energy  levels,  oscillator  strengths,  and 
transition  energies.  The  generalized  formulae  for  the  rates 
of  electron  collisional  ionization,  radiative  recombination, 
and  dielectronic  recombination  are  evaluated  for  each  species 
using  these  oscillator  strengths  and  energies  together  with 
the  given  plasma  density  and  electron  temperature.  Similarly, 
radiation  rates  are  computed  for  each  ionic  species,  including 
excitation  of  in  *  0  and  An  ^  0  line  transitions,  radiation 
associated  with  the  recombination  processes,  and  bremmstralung. 
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2.3.  Poloidal  Flux  Coordinate  System 

The  two  sets  of  equations  (1)  -  (6)  and  (7)  -  (13) 
must  be  solved  numerically,  but  are  not  in  a  convenient  form 
for  numerical  solution  because  the  velocity  in  these  equa¬ 
tions  is  determined  indirectly  by  the  magnetohydrostatic 
equilibrium  constraint.  By  transforming  to  a  Lagrangian 
coordinate  system  and  by  changing  the  dependent  variables 
to  adiabatic  invariant  quantities,  this  velocity  can  be 
eliminated  and  the  equations  so  obtained  can  be  directly 
advanced  in  time. 

Our  Lagrangian  coordinate  system  is  defined  by: 

x(r,t)  «=  £rx(r',t)  dr',  |l  +  vx  *  0  (14a, b) 
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X(r,t)  is  the  Lagrangian  coordinate  defined  as  the  poloidal 
flux  at  a  given  radius  divided  by  the  total  poloidal  flux 
$pT  in  the  system  at  any  given  time.  V  is  the  velocity 
followed  in  the  Lagrangian  frame.  It  contains  a  term  F/B^ 
that  is  a  consequence  of  poloidal  flux  destruction  at  the 
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origin,  and  another  term  g—  ■■  ,  that  is  due  to  normalizing 

Bg  by  $pT  in  the  definition  of  x*  Physically,  this  latter 
term  relabels  the  dependent  variables  so  that  the  domain  of 
the  independent  variable  X  remains  0<X<1. 

For  this  transformation  to  be  valid,  V(r  =  0,t) 
must  equal  zero.  This  requires  that  n,  Te,  and  be 
parabolic  near  the  origin,  a  result  that  follows  from  the 
diffusive  nature  of  the  equations. 


2.4.  Transoort  Model  Eauations  in  Laoranaian  Form 


Equations  (1)  -  (6)  are  transformed  in  nondiraensional 
form  to  the  Lagrangian  coordinate  system  defined  by  Eas.  (14). 
Let  us  define  a  reference  poloidal  flux  $o,  temperature  Tq,  and 
length  a  (vacuum  wall  radius)  and  construct  a  reference  resis¬ 
tivity  r  ,  time  T  .  and  density  n  from  the  relations 
o  o  o 
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We  choose  Y(x,t)  =  r'  /a  as  the  radial  coordinate.  Then 

2r$$ 

from  Eqs .  (14)  V  =  4$  =  2  (where  $  *  *  „,/*  )  is  the 

a  ®  e 

nondimensional  volume  per  normalized  poloidal  flux.  This 

is  used  to  construct  new  dependent  variables.  In  place  of 

the  Eulerian  variables  B  .n,T  ,  and  T.  we  define: 
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P  is  the  toroidal  flux  per  normalized  poloidal  flux  or  the 
pitch  of  a  field  line,  an  important  quantity  in  considering 
the  MHD  stability  of  the  RFP*  N  is  the  number  density 

per  normalized  poloidal  flux;  eg  and  ei  are  a  measure  of  the 
electron  and  ion  entropy  per  particle  respectively.  Using 
these  variables,  one  can  recast  equations  (1)  -  (6)  into  a 
pitch  equation 
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and  a  density  equation 
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and  the  magnetohydrostatic  equilibrium  equation  takes  the  form 
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The  net  rate  of  change  of  the  normalized  poloidal  flux  <p  is 

0 

determined  by  $  -  e  -  f,  where  e  and  f  are  the  nondimensional 
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z  electric  fields  at  the  plasma  edge  and  at  the  origin  respectively 


f  =  Un„/Y’) 

x  =  0 

In  the  electron-ion  equilibration  term, 
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is  the  square  of  the  plasma  radius  divided  by  the  reference 
ion  gvroradius. 

Unlike  Eqs.  (1)  -  (6)  ,  Eqs.  (16)  -  (20)  can  be 
directly  advanced  in  time.  First  P,N,  eg,  6^  and  *  are 
advanced;  then  equation  (20)  can  be  solved  for  the  new 
equilibrium  y(X,t).  In  addition,  equations  (16)  -  (20) 
display  the  physics  more  clearly  than  did  their  Eulerian 
counterparts.  For  instance,  the  pitch  P  depends  only  on  the 
parallel  electric  field  n«jB,  and  the  current  j  has  been 
resolved  into  its  parallel  (j„  .  3/3r  z/rB^  .3/3x  p/y)  and 
perpendicular  (jA  -  N(9g  •*-  e^)}  components  rather  than 

along  the  6  and  2  directions,  which  have  no  physical  significance 


2.4.1.  Boundary  Conditions 

The  boundary  condition  on  Eqs.  (16)  -  (19)  at  x  «  0 
is  that  the  flux  of  P,N,6e  and  6^  vanish,  which  is  automatically 
satisfied  by  t£e  definition  of  f. 

The  pedestal  values  of  density  and  temperature,  specified 
at  the  wall  for  Eqs.  (1)  -  (6),  become  for  Eqs.  (16)  -  (20), 
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The  Z  electric  field  is  specified  at  the  plasma  edge  ez(x=1), 
and  along  with  f  determines  <j> ,  which  enters  as  a  convective  term 
in  Scs.  (16-19).  The  boundary  condition  on  the  pitch  equa¬ 


tion  (16)  at  x=l  is  the  Doloidal  electric  field  e 


6* 


Given  the 


poloidal  electric  field  at  the  conducting  wall  Va,  e  at  the 
plasma  edge  can  be  expressed  solely  in  terms  of  plasma  quanti¬ 
ties.  This  yields  a  time  dependent  boundary  condition  for  the 
pitch  equation  at  x*l 
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The  boundary  condition  on  the  magnetohydrostatic  equi¬ 


librium  equation  (20)  at  x-0  and  at  x»l  is 
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2n. 

where  N.  -  — Y',  and  S#  ■  N@6e,  *  m .  e  ^  +  9^.  [  N.  are  a 
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measure  of  the  electron  and  ion  entropies  respectively.  fi^, 
Bj#  and  Aj  are  the  nondimensional  form  of  a^,  S., ,  and  A  ^ 
defined  previously. 

Note  that  in  the  Lagrangian  representation  all  of  the 
radiation  model  equations  have  become  ordinary  differential 
equations.  A  convective  velocity,  common  to  all  the  plasma 
particle  species  and  the  magnetic  fields,  caused  by  radia¬ 
tion  energy  loss,  has  been  explicitly  eliminated! 


2.6.  Summary  of  the  Physics  Model 

The  multi-fluid  MHD  equations,  where  each  charge 
state  of  an  impurity  is  treated  as  a  separate  fluid  and  the 
plasma  evolves  through  a  series  of  equilibria,  has  been  split 
into  two  independent  and  self-consistent  sets.  This  decompo¬ 
sition  was  motivated  by  noticing  that  the  velocity,  determined 
by  all  dissipative  processes,  separates  into  two  components, 
one  which  arises  from  plasma  resistivity  and  another  from 
atomic  processes.  The  original  set  of  equations  is  approxi¬ 
mated  by  numerically  solving  the  two  simpler  sets  in  succession. 

In  the  transport  model  equations  the  impurity  ions 
have  been  neglected;  therefore,  the  number  of  ions  is  not 
the  same  in  the  two  models.  In  successively  solving  these 
two  sets  of  equations  the  electron  and  ion  entropy  and  the 
electron  density  are  kept  constant  to  insure  that  the  same 


equilibrium  is  passed  between  the  two  models.  When  the 
transport  model  equations  are  advanced  in  time,  the  impurity 
density  is  held  fixed  in  physical  space.  Impurity  diffusion 
can  be  important  and  will  be  treated  in  future  work. 

Standard  numerical  techniques  are  used  to  solve  both 
sets  of  equations,  the  details  of  which  will  be  presented 
elsewhere. 


CHAPTER  3 


RESULTS  FOR  POINT  CASES 

Results  of  the  numerical  solution  of  our  physics 
model  for  various  concentrations  of  impurities  are  pre¬ 
sented  for  ZT-S,  ZT-40,  and  RFX  with  a  fixed  set  of 
parameters,  typical  or  envisioned,  for  each  experiment. 

The  effect  of  oxygen,  and  also  aluminum  for  2T-40,  on 
the  electron  and  ion  temperatures  and  the  magnetic  energy 
is  studied. 

The  parameters  chosen  to  simulate  these  experiments 

are  given  in  Table  1.  In  Figure  1  the  normalized  pitch 
rBz 

P  *  — =—  and  the  parallel  current  density  j„  versus  r/a  are 
aBe 

shown  at  the  initial  time.  The  pitch  is  the  same  for  all 
three  cases.  The  parallel  current  density,  given  by  the 
dashed  line  for  ZT-S  and  ZT-40  and  by  the  dash-dot  line 
for  RFX ,  has  a  60%  peak  off  axis  corresponding  to  a  current 
sheath  in  the  early  post-implosion  phase.  The  hydrogen 
density  is  specified  by  a  parabolic  distribution  which 
decreases  from  a  maximum  on  axis  to  a  value  at  the  vacuum 
chamber  wall  of  5%  of  the  on  axis  density  (see  Table  1),  The 
initial  electron  and  ion  temperature  is  assumed  to  be  uniform 
at  10  eV  for  all  cases;  the  electric  fields  at  the  conducting 
wall  are  set  to  zero;  the  pedestal  values  of  density  and 
temperature  at  the  vacuum  chamber  wall  are  given  by  their 
initial  value  or  the  value  at  the  point  next  to  the  wall, 
whichever  is  less. 
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3.1.  Results  for  2T-S 

In  Fig.  2  is  shown  the  Bz  and  BQ  fields  for  the  2T-S 
simulation  at  the  initial  time  and  at  35us  (the  lifetime  of 
a  typical  ZT-S  discharge)  for  0%  and  .4%  oxygen. 

For  the  impurity  free  case  the  total  Z  current  (-B.(a)) 

U 

in  the  plasma  at  35ys  is  greater  (by  about  5%)  than  the  initial, 
even  though  the  energy  contained  in  the  poloidal  field  has  de¬ 
creased.  This  is  because  the  diamagnetic  current  created  by 
ohmic  heating  has  a  substantial  component  along  the  Z  direc¬ 
tion  in  the  central  and  outer  regions  of  the  plasma.  The 
numerical  simulations  show  this  to  be  a  characteristic  feature 
of  diffuse  RFP  profiles. 

The  degradation  of  the  magnetic  field  profiles  from 
enhanced  ohmic  heating  due  to  low  electron  temperatures  caused  by 
radiation  from  oxygen  impurities  can  also  be  seen  in  Fig.  2.  At 
35us  one  third  more  magnetic  energy  has  gone  into  ohmic  heating 
in  the  .4%  oxygen  case  than  in  the  zero  impurity  case. 

In  Fig.  3(a),  (b) ,  and  (c)  results  of  ZT-S  simulations  are 
given  for  0%,  .2%  and  .4%  oxygen  impurity,  distributed  as  a 
constant  fraction  of  the  hydrogen  density  (1  *  10^  cm~^  on 
axis).  In  Fig.  3(a)  the  average  electron  temperature  T  , 
defined  as 


->■ 


T 

e 


T  r  dr 
e 


(where  n^  *  /*  2ir  n  r  dr  is  the  line  density)  ,  is  plotted  as 
a  function  of  time  for  these  three  cases.  On  the  right-hand- 


MAGNETIC  FIELDS  (GAUSS)  B 


24 


Figure  2 


ZT-S  magnetic  field  profiles.  Solid  curves:  B .  and  Bg  at  the  initial 

time;  dashed  curves:  B  and  B.  at  35ys  with  no  impurity  present; 

2  y 

chain  dash  curves:  B  and  BQ  at  35ys  with  an  oxygen  impurity  concen- 

z  °  15-3 

tration  of  .4%  of  the  deuterium  density  (1x10  cm  on  axis). 


FIGURE  3 


(a)  The  average  electron  temperature  Tg  and  S£  in  ZT-S  as  a  function  of 
time  with  oxygen  impurity  concentrations  of  0%,  .2%,  and  .4%  that  of 

deuterium  (1x10  cm  3  on  axis) .  (b)  The  average  ion  temperature  T  and 

i 

as  a  function  of  time,  (c)  The  electron  temperature  as  a  function 
of  radius  at  35us  for  0%  and  .4%  oxygen  impurity.  The  electron  tempera¬ 
ture  at  the  initial  time  is  a  uniform  10  eV.  (d)  The  magnetic  energy  W 

and  internal  energy  W  ,  and  the  total  energy  radiated  W  as  a  function  of 

X  R 

time  for  0%,  .2%,  and  .4%  oxygen  impurity. 


side  of  Fig.  3(a)  is  labeled  the  nondimensional  quantity  £  , 

£•» 

defined  as 


£_  =  rr-VTrr  /*  2tt  n  T 
S  W  TO)  J  o  e 


r  dr 


a  B9 

where  W^(0)  *  /Q  — (r,0)  r  dr  is  the  poloidal  magnetic  energy 

at  the  initial  time.  ££  is  a  measure  of  the  electron  poloidal 

beta  (also  a  nondimensional  temperature)  referenced  to  the 

initial  poloidal  magnetic  energy.  This  energy  is  roughly  the 

amount  of  magnetic  energy  available  to  ohmic  heat  the  plasma. 

Analogous  quantities  T^  and  Bj,  defined  with  respect  to  the 

ion  temperature  T^,  are  given  as  a  function  of  time  in  Fig.  3(b). 

In  Fig.  3(d)  the  internal  energy  Wj  *  3irn(Te  +  T^)  r  dr,  the 

Si  2  2 

magnetic  energy  *  /Q  (Bz  +  3  )/4r  dr,  and  the  energy  radiated 

t  3  2+ 1 

until  the  current  time  W_  *  f  /  2i  n  7  n.A.  r  dr  are  plotted 

R  o  o  JJ 

as  a  function  of  time  for  all  three  cases. 

From  Fig.  3(a)  one  sees  that  for  the  impurity  free 

case  T£  rises  steadily  in  time  but  at  a  decreasing  rate  due 
-3/2 

to  the  ?e  dependence  of  the  resistivity.  For  .2%  oxygen 

impurity  f  also  increases  steadily  but  at  a  rate  that  is  sub¬ 
stantially  less  than  the  zero  impurity  case  after  the  first 
5-lOus.  The  4%  oxygen  impurity  case  shows  a  radiation  limited 
electron  temperature  for  ZT-S.  Here  the  average  electron  tempera¬ 
ture  rises  rapidly  from  10  eV  to  24  eV  in  the  first  lOus  and 
then  remains  flat  for  the  next  50ys.  What  we  see  is  that  after  the 
first  few  microseconds  the  plasma  encounters  the  oxygen  radia¬ 
tion  barrier  which  is  sharply  peaked  at  about  25  eV  (See  Fig.  12). 
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In  Fig.  3(c)  the  electron  temperature  as  a  function  of 
radius  is  shown  at  35us  for  the  zero  impurity  and  for  the  .4% 
oxygen  impurity  case.  It  is  seen  that  the  electron  temperature 
remains  between  20  eV  and  30  eV  nearly  everywhere  for  the  latter 
case.  There  is  a  temperature  peak  off  axis  due  to  the  combined 
effect  of  the  off  axis  current  peak  and  the  falling  density. 

Fig.  3(c)  shows  for  the  .4%  oxygen  case  that  although 
the  internal  plasma  energy  is  constant  after  10us,  the  magnetic 
energy  continues  to  decrease  rapidly,  appearing  as  radiation  energy 
loss  (the  flux  of  energy  at  the  plasma  edge  is  small) .  At  25„s 
nearly  60%  of  the  magnetic  energy  that  has  been  converted  into 
plasma  energy  has  been  lost  to  radiation.  For  the  .2%  oxygen 
case  this  number  is  reduced  to  35%. 

From  Fig.  3(b)  one  sees  that  the  average  ion  temperature 
is  more  nearly  equilibrated  with  the  average  electron  temperature 
for  a  higher  concentration  of  impurity  since  the  resistivity  and 
thus  the  electron-ion  equilibration  rate  is  increased.  The 
density  profile  for  all  cases  remains  relatively  unchanged  from 
its  initial  value,  although  the  electron  density  increases  some¬ 
what  due  to  impurity  ionization. 

All  of  this  demonstrates  that  for  a  .4%  oxygen  concentra¬ 
tion  at  1  x  10^  cm~^  density  the  temperatures  in  the  ZT-S  experi¬ 
ment  are  very  radiation  limited.  Since  this  amount  of  impurity 
is  at  the  low  range  of  the  measured  amount  of  oxygen  in  this 
device  ^  (.3%-  1%  oxygen  at  2  x  10^  cm~^  density),  it  is  seen 

that  ZT-S  has  not  been  able  to  operate  in  a  regime  where  impurity 
radiation  is  not  the  principal  physics  effect. 
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The  major  uncertainty  in  the  results  leading  to  the 
above  conclusion  is  the  manner  in  which  the  oxygen  impurity 
is  spatially  distributed.  For  instance,  if  all  of  the  oxygen 
were  concentrated  very  near  the  edge,  the  effect  on  the  plasma 
could  be  slight.  However,  this  is  not  expected  since  it 
is  well  known  that  for  classical  transport  the  impurity  ions 
always  diffuse  preferentially  toward  the  hydrogen  maximum. 

To  see  what  happens  for  a  different  spatial  distribu¬ 
tion  of  impurity,  we  show  in  Fig.  4  the  average  electron 
temperature  as  a  function  of  time  for  oxygen  distributed 
uniformly  in  space  at  a  concentration  of  0%,  .2%,  and  .4%  that 
of  the  line  density.  Fig.  4  shows  the  same  qualitative 

behavior  for  T  as  did  Fig.  3(a).  At  35us  there  has  been  30% 
e 

less  energy  radiated  by  the  .4%  uniform  oxygen  density  case. 
This  is  not  significant  enough  to  modify  our  above  conclusion. 

3.2.1.  Results  for  ZT-40 

ZT-40  simulations  were  performed  for  the  operating 
parameters  listed  in  Table  1  for  both  oxygen  and  aluminum 
as  an  impurity  since  this  device  has  an  aluminum  oxide 
ceramic  vacuum  vessel.  In  Fig.  5  results  are  shown  for 

0%,  .4%,  .8%,  and  1.6%  oxygen  impurity  distributed  as  a 

,  1 4  -3 

constant  fraction  of  the  hydrogen  density  (5  *  10“  cm 

on  axis).  The  first  three  cases  are  run  to  1.5  ms  and  the 

last  to  150 us. 

In  Figs.  5(a)  and  5(b)  the  average  electron  and  ion 
temperatures  Tg  and  T.  are  given  as  a  function  of  time  for 
these  four  cases.  For  the  1.6%  oxygen  case  T  undergoes  a 
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Figure  4 

Tne  average  electron  temperature  Tg  in  ZT-S  as  a 
oxygen  concentrations  of  0%r  .2 %r  and  .4%  of  the 
uniformly  in  space. 


function  of  time  for 
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FIGURE  5 

(a)  Average  electron  temperature  T  and  3  in  ZT-40  as  a  function  of  time 

6  L 

with  oxygen  impurity  concentrations  of  0%,  .4%,  .8%»  and  1.6%  that  of 
deuterium  (5xl014  cm”3  on  axis) .  (b)  The  average  ion  temperature  ?i  and 

3X  as  a  function  of  time  for  the  above  mentioned  impurity  concentrations, 
(c)  The  electron  temperature  as  a  function  of  radius  at  150  ys  for  0%  and 
1.6%  oxygen  impurity.  The  electron  temperature  at  the  initial  time  is  a 
uniform  lOeV.  (d)  The  magnetic  energy  V?M  and  internal  energy  and  the 
total  energy  radiated  W  as  a  function  of  time  for  0%,  .8%,  and  1.6% 
oxygen  impurity. 
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sharp  change  in  slope  at  about  30  eV.  The  temperature  in 
the  inner  7  cm  of  the  discharge  becomes  radiation  limited, 
but  a  middle  region  of  the  discharge  where  the  current 
density  is  maximum  does  burn  through  the  radiation  barrier. 

Only  this  middle  region  contributes  to  the  increase  in  ?  . 

Thus  one  sees  in  Fig. 5  (a)  a  distinct  difference  between  a 
case  where  a  significant  portion  of  the  plasma  is  radiation 
limited  and  one  where  the  radiation  barrier  is  overcome  at 
all  spatial  points. 

Because  of  the  low  value  of  S  (less  than  2.5%)  the 
electron  thermal  conductivity  is  not  effective  in  transport¬ 
ing  energy  from  the  hot  middle  region  to  the  cold  inner 
region.  In  fact,  the  principal  classical  transport  process 
is  magnetic  field  diffusion  (see  section  5) . 

The  current  in  the  radiation  limited  region  diffuses 
into  the  hot,  lower  resistivity  middle  region  of  the  discharge, 
further  exacerbating  the  situation  in  the  cold  region.  This 
leads  to  very  large  electron  temperature  gradients  as  is 
illustrated  in  Fig.  5(c),  where  the  electron  temperature  is 
plotted  as  a  function  of  radius  at  150us  for  the  zero  impurity 
and  1.6%  oxygen  impurity  case.  This  is  markedly  different 
from  ZT-S  (see  Fig.  3(c))  where  the  electron  temperature  profile 
was  radiatively  depressed  by  approximately  the  same  amount 
throughout  the  middle  and  inner  regions,  so  that  the 
size  of  the  temperature  gradient  was  not  substantially 
different  from  the  impurity  free  case.  This  qualitative 
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difference  between  these  radiation- United  cases  (note 

that  these  two  cases  follow  the  expected  density  squared 

dependence  of  the  radiation  loss  rate  for  a  fixed  impurity 

concentration)  is  due  to  the  large  difference  in  beta  for 

these  devices  (S  -  2%  for  ZT-40;  6  -  25%  for  ZT-S).  This 

•> 

follows  from  the  fact  that  6  -  n/a*"  for  a  fixed  current 
density. 

In  Fig.5(d)the  internal,  magnetic,  and  radiated 
energy  is  given  as  a  function  of  time.  Unlike  in  ZT-S, 
the  radiated  energy  is  only  a  small  fraction  of  the  magnetic 
energy.  This  is  again  a  consequence  of  the  low  value  of 
beta  in  ZT-40.  Thus  ZT-40  should  be  able  to  radiate  a 
substantial  portion  of  its  ohmic  heating  power  for  a  long 
time,  slowly  surmounting  a  radiation  barrier,  without 
depleting  a  large  amount  of  its  magnetic  energy  reservoir. 

3.2.2.  Oxygen  Plus  Aluminum 

( 14) 

The  radiation  cooling  curve  for  aluminum  is  much 
the  same  as  that  for  oxygen  (Fig.  12)  except  that  the  peak  is 
shifted  to  about  100  eV  and  broadened.  Thus  it  is  to  be 
expected  that  a  given  amount  of  aluminum  will  present  a 
much  more  difficult  radiation  barrier  to  burn  through  than 
the  same  amount  of  oxygen  since  the  ohmic  heating  power  at 
the  peak  has  decreased  by  a  factor  of  8. 


jtenfc. 
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To  study  the  effect  of  aluminum  as  well  as  oxygen  on 
ZT-40, the  .4%  oxygen  case  shown  in  Fig.  5  was  repeated  with  .2% 
and  .4%  aluminum  added  to  it.  These  results  are  shown  in 
Figure  6. 

In  Figs.  6(a)  and  6(b)  Tg  and  T^  are  given  as  a  function 
of  time  for  four  cases:  zero  impurity,  .4%  o  ,  .4%  o  plus 

.2%  Al,  and  .4%  0  plus  .4%  Al.  We  see  that  radiation  from 
aluminum  is  severe  after  T  rises  above  75  eV  and  completely 
dominates  the  energy  loss  from  oxygen.  The  .2%  Al  case  burns 
throuc  i  the  aluminum  radiation  barrier  everywhere.  In  the 
inner  portion  of  the  plasma  this  burn  through  is  slow,  as 
it  takes  nearly  a  millisecond  for  the  temperature  in  the 
central  region  to  rise  above  100  eV.  For  the  .4%  Al  case 
the  temperature  in  the  inner  6  cm  of  the  plasma  is  radiation 
limited  at  a  temperature  of  about  60  eV  while  temperatures 
in  the  middle  portion  of  the  plasma  continue  to  rise.  The 
current  in  this  inner  region  diffuses  away.  Thus  we  see  on 
a  longer  timescale  the  same  qualitative  phenomena  as  occurred 
for  the  oxygen  radiation  barrier. 

Figure6fc)  shows  that  the  energy  radiated  by  aluminum 
can  be  a  significant  fraction  (greater  than  10%)  of  the 
magnetic  energy.  At  one  millisecond,  for  the  .4%  Al  case, 

10%  of  the  initial  magnetic  energy  has  been  lost  to  radia¬ 
tion  (.80%  of  this  due  to  aluminum),  which  is  greater  than  the 
internal  energy  contained  in  the  plasma  at  this  time. 
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3.3.  Results  for  RFX 

RFX  has  a  much  lower  current  density  than  ZT-40  and 

therefore  less  ohmic  heating  power.  However  it  also  has  a 

radius  three  times  as  large  and  is  expected  to  operate 

13  —  3 

at  a  low  density  (5  *  10  cm  on  axis)  and  on  a  long  time— 

( 18 ) 

scale.  From  Fig.  1  we  see  that  for  the  parameters 

chosen  here  it  has  a  beta  of  about  half  that  of  ZT-40  for 
the  same  temperature  and  one  order  of  magnitude  lower  density. 
Because  of  this  lower  density  the  fractional  concentration  of 
impurities  is  greater. 

In  Figs.  7(a)  and  7(b)  and  T.  are  given  as  a  function 
of  time  for  0%,  2%,  and  4%  oxygen  impurity  distributed  as  a 
constant  fraction  of  the  hydrogen  density.  The  impurity 
free  and  2%  oxygen  cases  are  run  to  5  ms  and  the  4%  oxygen  case 
to  1  ms.  In  the  2%  oxygen  case  at  1  ms  45%  of  the  ohmic 
heating  power  has  gone  into  radiation.  At  5  ms  the  amount 
of  ohmic  heating  power  lost  is  33%.  The  temperatures  for 
the  4%  oxygen  case  are  radiation  limited  in  the  inner  20  cm 
of  the  discharge.  Tg  shows  the  same  characteristic  behavior 
as  the  radiation  limited  case  of  ZT-40  in  Fig. 5(a)  .  At  1  ms 
75%  of  the  ohmic  heating  power  has  been  dissipated  as 
radiation.  However,  this  is  still  only  6%  of  the  initial 
magnetic  energy. 

In  absolute  terms  RFX  becomes  radiation  limited  for 
a  much  lower  amount  of  oxygen  than  does  ZT-40.  We  there¬ 
fore  conclude  that  for  this  experiment  to  be  successful  a 
plasma  that  is  cleaner  than  ZT-40  by  more  than  a  factor  of 
four  must  be  maintained. 
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With  respect  to  the  limits  on  impurities  found  for 
RFX  and  ZT-40  assuming  classical  transport,  one  point  must 
be  kept  in  mind.  For  a  low  beta  plasma  there  is  enough 
magnetic  energy  available  to  burn  through  low  Z  radiation 
barriers  with  higher  impurity  limits  than  those  given  here 
if  an  anomalous  mechanism  is  present  to  convert  the  magnetic 
energy  to  plasma  energy  fast  enough.  Since  the  depletion 
of  the  magnetic  field  is  small,  this  can  be  done  without 
necessarily  causing  the  plasma  to  go  MHD  unstable. 

3.4.  Stability  of  Point  Cases 

The  first  requirement  for  stability  of  the  point 
cases  is  that  the  reversed  toroidal  field  not  disappear. 

The  reversed  field  disappears  at  62us,  46us,  and  38i:s  for 
the  0%,  .2%,  and  .4%  oxygen  impurity  2T-S  simulations  shown 
in  Fig.  3,  otherwise,  it  remains  for  all  other  cases. 

It  is  always  seen  that  the  Suydam  criterion  is 
violated  in  the  outer  regions  of  the  plasma.  This  can 
have  important  consequences  for  two  reasons;  first,  it  can 
cause  enhanced  transport  in  the  vicinity  of  the  Bz  reversal 
point  leading  to  a  more  rapid  annihilation  of  the  reversed 
field;  second,  it  has  been  shown  that  violation  of  the 

Suydam  criterion  implies  the  existence  of  a  nonlocalized 

( 19 ) 

rapidly  growing  m  *  1  kink  mode.  To  illustrate  the  ex¬ 


tent  to  which  our  profiles  are  Suydam  unstable,  we  present  in 
Figs.  8(a),  Cb) ,  and  Figs.  9(a),  (b)  three  dimensional  graphs 


Figure  8 


(a)  The  nondimensional  pitch  P  ■  rE2/aBg  as  a  function  of  radius 
and  time  for  ZT-40  with  no  impurities.  The  Suydam  unstable  regior. 
intersects  the  pitch  reversal  point  at  about  1  ms.  (b)  The 
electron  temperature  as  a  function  of  radius  and  time. 
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of  the  pitch  and  electron  temperature  as  a  function  of  radius 
and  time  for  ZT-40  and  RFX  respectively,  for  the  impurity 
free  case.  In  each  of  these  graphs  the  Suydam  unstable 
region  is  sketched.  From  Fig.  8  we  see  that  the  ZT-40 
simulation  becomes  Suydam  unstable  after  100 us  and  that  this 
unstable  region  rapidly  grows  to  cover  the  outer  quarter  of 
the  discharge.  From  Fig.  9  the  RFX  simulation  becomes  un¬ 
stable  after  the  first  2ms  in  the  outer  10  cm  of  the  plasma. 

The  field  reversal  point  is  not  included  in  the  Suy<3am 
unstable  region  until  after  1ms  for  ZT-40  and  20ms  for 
RFX.  The  violation  of  the  Suydam  criterion  is  less  severe 
for  RFX  because  the  broader  current  profile  gives  rise  to 
a  smaller  temperature  gradient  near  the  plasma  edge  than  in 
ZT-40  (c.f.  Figs.  8(b)  and  9(b)). 

Impurities  are  seen  to  steepen  temperature  gradients 

and  in  particular  to  create  very  hollow  temperature  profiles 
«+•  -*• 

where  Vn  and  VT  are  in  opposite  directions.  This,  as  is  well 
known,  may  give  rise  to  the  universal  instability.  In 
addition,  it  will  be  shown  in  section  5  that  impurities  may  aid 
the  growth  of  fine-scale  gradients  in  the  current  and  temperature. 


CHAPTER  4 


SCALING  OF  RFP  DEVICES 

A  general  criterion  is  now  developed  in  terms  of 
nondimensional  parameters  for  whether  a  RFP  can  overcome 
a  specified  radiation  barrier  given  only  general  design 
parameters .  This  criterion  is  then  calibrated  by  com¬ 
parison  with  the  point  cases  for  ZT-S ,  ZT-40,  and  RFX 
discussed  in  section  3. 

To  make  a  consistent  and  uniform  comparison  of  the 
three  devices  the  results  of  our  point  cases  must  be 
expressed  in  terms  of  nondimensional  parameters.  This 
can  be  done  by  defining  a  nondimensional  representation 
of  the  temperature  as 


£T  "  SE  '  “I 


+  3, 


(3 


(where  3^  and  6,  are  the  electron  and  ion  oolcidal  beta 
defined  in  section  3  and  specified  by  a  second  axis  para! 
lei  to  Tg  and  T.  on  the  RHS  in  Figs.  3Ca,b),  5(a,h).  and 
7(a,b)),  and  a  nondimensional  time  x  by  the  decay  of  the 
poloidal  magnetic  energy  w  , 
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W  (t)  -  W_ (0) e 
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The  results  of  Figs.  3(a,b),  5(a,b),  and  7(a,b)  for 


i 

! 
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2T-S,  2T-40 ,  and  RFX  are  shown  in  Figs.  10(a),  10(b),  and 
10(c),  respectively,  in  terms  of  BT  versus  t.  From  Fig.  10 
we  see  that  in  the  impurity  free  case  Bm(t)  is  a  straight 
line  that  has  nearly  the  same  slope  for  all  three  devices  (note 
that  £„,  and  7  have  different  scales  in  Figs.  10(a,b,c))  and 
that  the  effect  of  impurity  radiation  is  to  change  the  slope 
of  this  line  toward  the  horizontal.  For  example,  in  Fig.  10(b) 
for  ZT-40  the  .4%  and  .8%  oxygen  cases  show  a  decrease  in  the 
slope  of  £t(t),  compared  to  the  impurity  free  case,  at  small 
values  of  t  where  the  radiation  barrier  is  being  surmounted. 

At  large  7  where  the  radiation  barrier  has  been  overcome  and 
energy  loss  from  radiation  is  small,  £(t)  is  a  straight  line 
with  almost  the  same  slope  for  all  three  cases.  For  these 
values  of  7  the  effect  on  the  magnetic  field  of  overcoming 
the  oxygen  radiation  barrier  can  be  seen  by  the  amount  that 
7  has  increased  over  the  impurity  free  case.  The  radiation 
limited  case  (1.6%0)  is  quite  distinct  from  the  rest.  Here 
6^,(7)  has  a  small  slope  that  does  not  increase  with  7  as  do  the 
two  cases  which  burn  through  the  radiation  barrier.  Notice 
that  a  value  of  7  has  been  reached  by  this  case  that  is  as 
large  as  that  attained  by  the  0%,  .4%,  and  .8%  0  simulations, 
even  though  it  has  been  run  only  a  tenth  as  far  in  physical  time. 

Results  similar  to  those  noted  above  are  seen  in  Fig.  10(c)  for 

i 

RFX,  Fig  10(a)  once  again  shows  the  severe  radiation  problems  , 

encountered  by  ZT-S.  Thus  it  is  seen  that  this  nondimensional 
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FIGURE  10 


(a)  The  nondimensional  temperature  ST  =  3+3-  is  given  as  a  function 
of  the  nondimensional  time  T  (see  Eqs.  (32a, 5))  for  the  ZT-S  cases 
(0%,  .2%,  and  .4%  oxygen)  shown  previously  in  Fig.  3.  The  curves 
are  labeled  by  I  ,  the  ratio  of  the  impurity  radiation  rate  tc  the 
ohmic  heating  ra?e  at  the  25  eV  peak  of  the  oxygen  cooling  curve 
(see  Eq.  (35b)).  (b)  3T  versus  x  is  given  for  the  ZT-40  cases 
(0%,  .4%,  .8%,  and  1.6%  oxygen)  shown  in  Fig.  5.  (c)  S  versus 
X  is  given  for  the  RFX  cases  (0%,  2%,  and  4%  oxygen)  shown  in  Fig.  7 
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representation  of  our  point  cases  provides  a  good  correlative 
description  of  these  results. 

Next,  a  radiation  barrier  burn  through  criterion  is 
derived.  Consider  the  zero-dimensional  temperature  equation 


3  a>r  2 

7nft=pj  -nnI  C(T)  ' 


where  C(T)  is  the  energy  loss  rate  per  electron  per  impurity 

ion,  and  nT  is  the  impurity  density.  By  means  of  the  resis- 

2  2 

tive  diffusion  time  tq  ■  ta  /c  n,  a  nondimensional  time 
T  =  t/~  can  be  defined  and  Ec.  (33)  becomes 


rn^nrTT 


(33a) 
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where  s  =  la  j  /c  n  is  the  magnetic  energy  per  particle 
(e  =  e~2k  and  =  "a2 j2/c2n j t_Q)  and  \  =  n  n_C(T)/nj2 
is  the  ratio  of  the  radiation  rate  to  the  ohmic  heating 
rate.  1 (T)  is  assumed  to  have  a  sharply  peaked  Lorentzian 
shape  (see  Fig.  12)  given  by 


I  (T)  « 


(T-T  ) 


where  lQ  is  the  peak  of  J (T)  at  temperature  Tq  and  AT  is  the 
half  width  of  the  peak  at  half  maximum.  With  this,  Eq.  (33a) 
can  be  integrated  to  some  temperature  T>To,  with  the  result 


+  71  - 1  ° 

C(V  (l-T  )*> 


(34) 


where  is  the  initial  temperature.  Notice  that  as  lQ 

approaches  unity  ~  becomes  infinite.  For  a  RFP  to  attain 

a  temperature  T  above  the  radiation  barrier  t  must  be  small, 

otherwise  significant  decay  of  the  magnetic  fields  will 

have  occurred.  This  irndies  that  both  T  and  (T-T,)/e 

L  o  1  o 

(a  measure  of  beta)  must  be  small. 

Assuming  e (Tq)  =  we  can  rewrite  Eq.  (34)  in  a 

form  more  suited  to  comparison  with  the  point  cases 


_  - 

1-e 
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To  compare  this  w’ith  the  numerical  simulations  we  take  5^ 
to  be 


£d  -  6t(t)  -  ST (0) 


(35a) 


2  , 

<n><nT >C (T) /n< j > 


(35b) 
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is  computed  for  oxygen  (C(T)  *  9  *  10  erg  cm  /sec)  , 
where  Tq  *  25ev,  using  the  zero  dimensional  quantities 
<n>,  <nj>,  and  <j>  defined  from  the  one  dimensional  profiles 
by  a  density  weighted  average,  i.e.. 


27inArdr 


since  it  is  quantities  measured  relative  to  the  plasma  density 
rather  than  physical  space  that  are  of  interest.  is  given 

in  Figs.  (10a, b,c).  It  is  seen  that  £  »  .45  corresponds  to 

the  radiation  limited  cases  of  ZT-S ,  ZT-40,  and  RFX.  a^  and 
a^  are  parameters  determined  by  fitting  Eq.  (34a)  to  the  results 
of  the  numerical  simulations  as  given  in  Figs.  (10a, b,c).  a^  is 
determined  from  the  impurity  free  cases  to  be  .318.  a.,  is 

found,  by  fitting  Eq.  (34a)  to  the  radiation  limited  cases, 
to  have  value  of  about  2n  (if  a.,  were  determined  by  fitting 
Eq.  (34a)  to  other  cases  it  would  be  found  to  have  a  value 
smaller  than  2~,  and  would  give  a  less  restrictive  limit  cr. 
the  parameters  necessary  for  a  RFP  to  burn  through  the 
oxygen  radiation  barrier) . 

Using  these  values  of  a^  and  a.,,  we  plot  in  Fig.  11 

curves  of  S_  versus  for  constant  r  (notice  the  sharo 
D  *  o 

dependence  of  £p  on  ^  ).  In  this  figure  squares,  circles, 
and  triangles  are  drawn  that  represent  ZT-S ,  ZT-40,  and 
RFX  respectively  at  values  of  t?D  and  that  correspond  to 
the  point  cases  at  a  temperature  of  40ev,  which  is  above 
the  25ev  peak  of  the  oxygen  radiation  barrier.  This  figure 
is  than  divided  into  four  regions:  region  1,  where  (I0>.45) 
the  oxygen  impurity  content  is  too  great  for  the  plasma  to 
overcome  the  radiation  barrier;  region  2,  where  the  energy 
lost  to  radiation  is  substantial  and  the  t  at  which  burn- 
through  occurs  may  be  large,  corresponding  to  a  significant 
degradation  of  the  magnetic  fields;  region  3,  where  the 
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FIGURE  11 

$D  =  B,p(l)  -  Bt  ( 0 )  (Eq.  (35a))  is  drawn  as  a  function  of  L  (Eq.  35b)) 
for  constant  values  of  x  (see  Eq.  (34a)).  The  ZT-S,  ZT-40?  and  RFX 
cases  shown  in  Figs.  10(a),  (b) ,  and  (c)  are  represented  by  squares, 
circles  and  triangles  respectively,  drawn  for  a  S  corresponding  to 
Tg  =  40  eV.  Full,  half,  and  quarter  shaded  symboSs  represent 
respectively  the  maximum,  half  and  quarter  maximum  oxygen  impurity 
cases  of  Figure  10.  Four  regions  of  parameter  space  are  delineated: 
region  I,  where  the  plasma  temperatures  are  radiation  limited; 
radion  II  where  there  is  substantial  radiation  loss;  region  III, 
where  the  device  size  is  too  small  for  burn  through  at  low  beta; 
region  IV,  which  is  safe  for  burning  through  the  oxygen  radiation 
barrier.  The  X  =  .05  curve  corresponds  to  a  10%  degradation  in  the 
magnetic  energy  available  for  chmic  heating. 
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device  size  is  too  small,  i.e.,  the  beta  corresponding  to 
40ev  already  implies  a  large  value  of  t;  and  region  4, 
where  the  radiation  barrier  can  be  safely  overcome.  We 
see  that  for  ZT-S  the  device  size  is  too  small  regardless 
of  the  impurity  concentration.  ZT-40  and  RFX  are  at  a 
low  enough  beta  at  40ev  that  they  can  potentially  lie  in 
the  safe  region  if  the  oxygen  impurity  density  is  low 
enough. 

Figure  11  may  be  used  to  predict  the  rough 
behavior  of  any  proposed  rfp  confronted  with  the  oxygen 
radiation  barrier  simply  by  constructing  SD  and  using 
the  design  parameters. 


CHAPTER  5 


THERMAL  INSTABILITY  IN  THE  RFP 

As  pointed  out  previously, an  ohmically  heated 
plasma  can  be  thermally  unstable.  Under  proper  conditions, 
the  current  will  diffuse  into  a  region  of  low  resistivity, 
increase  the  ohmic  heating  in  that  region,  further  lower  the 
resistivity,  and  thereby  feed  an  instability.  Here  this 
phenomena  is  studied  in  the  context  of  the  RFP. 

We  consider  a  low  beta  plasma  model  governed  by  the 
Lagrangian  MHD  equations.  We  construct  an  equilibrium  on 
the  ohmic  heating  time  scale  and  develop  the  theory  of  this 
instability  for  a  stationary  zeroth  order  electron  temperature. 
The  case  of  nonstationary  temperature  is  then  considered,  and 
the  theoretical  predictions  are  compared  to  results  of 
numerical  simulations,  wherein  the  full  set  of  equations  is 
solved. 


5.1.  Physical  Considerations 

To  determine  the  important  physical  effects  at  low 
beta,  we  construct  order  of  magnitude  estimates  of  the  terms 
in  Eqs.  ( 1 ) — ( 6 )  by  scaling  all  gradients  to  the  system  size 
and  by  setting  all  coefficients  constant.  The  following 
simple  relations  are  obtained  among  the  particle  diffusion 
rate  the  magnetic  field  diffusion  rate  the  ohmic 

heating  rate  YqH,  the  electron  thermal  conduction  rate  yetc> 
the  ion  thermal  conduction  rate  YTTC>  and  the  electron-ion 


C 


equilibration  rate  yei : 
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yetc  “  e  yoh' 

(36c, d) 

*ITC  ■  S2<1>,!  *OH  '  (36'> 

where  S  is  the  plasma  beta,  —  is  the  ion  to  electron  mass 

m 

ratio,  and  A  is  the  square  of  the  plasma  radius  divided  by 
the  ion  gyroradius.  It  is  seen  that  for  low  beta  the  ohmic 
heating  rate  dominates  all  other  plasma  processes. 

In  the  electron  temperature  equation  (18)  a  radia¬ 
tion  loss  term  is  included  that  has  the  functional  form 
CN  N  9^/Y 1  ,  where  C  and  ot  are  constants  and  N  is  the 

impurity  density.  Then  a  low  beta  steady-state  of  Eqs. 

(16) -(20)  on  the  ohmic  heating  time  scale  is  given  by 


cP  _  3N 
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(39) 


where  the  electron-ion  equilibration  term,  and  therefore 
the  ion  temperature  equation,  has  been  neglected 
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2  2  2  2  2 
2  ez<j>  ^6  8*n  ^  e 

(Ag  *  - 5 —  =  S  - 2 -  and  can  ^ar9e  or  small 

T  Me  Me 

o 

depending  on  6,  nQ,  and  a).  The  case  where  this  term  is 
2 

included  (AS  of  order  unity)  is  considered  later. 

The  character  of  this  low  beta  equilibrium  is  now 

investigated  by  examining  the  form  of  a  typical  radiation 

cooling  curve  such  as  the  one  shown  in  Fig.  12  for  oxygen, 

where  the  radiation  power  versus  electron  temperature  is 

plotted  logarithmically.  It  follows  from  Eq.  (32a) 

3P  3 

(yr  •  n„j„  =  0)  that  r)„j„  =  const.  Therefore,  either 
both  the  electron  temperature  and  current  density  are 
spatially  uniform  or  j „  ~  n-1.  In  Fig.  12  the  ohmic  heat¬ 
ing  rate  is  plotted  as  a  function  of  electron  temperature 

for  both  cases.  The  uniform  temperature  and  current  denis ty 
2  -3/2 

case  (nj  -  T0  )  is  shown  as  the  solid  line  intersecting 

points  A  and  3  of  the  cooling  curve,  which  represent 

equilibria  described  by  Eqs.  (37)  -  (39)  .  For  this  case, 

point  A  is  stable  and  point  B  is  unstable  with  respect  to 

small  perturbations  in  temperature  (an  equilibrium  is  stable 

if  the  slope  of  the  cooling  curve  is  greater  than  that  of 

the  heating  curve)  .  However,  if  j„  -  n,,"1  the  ohmic  heating 
2  3/2 

rate  (n«j«  -  Te  ^  is  rePresented  by  the  dashed  curve 

intersecting  point  A.  In  this  case  perturbations  in  tempera¬ 
ture  about  point  A  are  unstable. 


OXYGEN  COOLING-OHMIC  HEATING  RATE  (ERGS  cm  /sec) 
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Consequently,  if  a  low  beta  plasma  reaches  a  radia¬ 
tion  barrier,  as  illustrated  by  the  solid  line  intersecting 
point  A,  it  can  burn  through  this  barrier  at  isolated  spatial 
points  by  following  the  j„  -  ohmic  heating  curve.  The 
plasma  switches  from  the  j„  =  const,  to  j„  -  heating 
curve  via  current  diffusion  into  regions  of  lower  resistivity, 
and  thus  splits  up  into  high  and  low  temperature  regions. 

This  may  occur  with  little  change  in  the  plasma  density 
since  the  rate  of  particle  diffusion  is  a  factor  of  5  less 
than  the  rate  of  current  diffusion  (c.f.  Eq.  (36)). 
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5.2.  Derivation  of  the  Thermal  Instability 

The  theory  of  the  thermal  instability  previously 

discussed  in  physical  terms  is  now  developed  through  means 

of  a  linear  stability  analysis. 

We  begin  by  considering  Eas.  (16) -(20)  and  assume 

the  existence  of  a  stationary  equilibrium  described  by 

Eas.  (37)  —  (39) .  A  small  perturbation  in  the  parallel  current 
3  P 

£P!  ij„  ^  -rr-(rr)  ~  P'  ),  where  the  smallness  is  in  e,  and  in 
J.  o  A  x 

the  electron  temperature  is  assumed  that  has  a  scale 

length  j;  small  compared  to  one.  Therefore, 

p<  =  P^  +  eP' (X,T) ,  (40a) 

ee  =  +  ee;  (X,x) ,  (40b) 

?  , 

where  the  zeroth  order  cuar.tities  {—)  and  9  are  assumed 

*  Y  o 

o 

uniform,  in  space  and  stationary  in  time. 

The  perturbation  in  the  current  P^  causes,  through 
Eq .  (39),  perturbations  in  Y,  Y',  and  Y".  These  perturba¬ 
tions  are  now  estimated  and  it  is  shown  that: 


Y" 

=  Y"  + 
o 

eY"  , 

(41a) 

Y' 

=  Y'  + 

e-v  v  * 

-If 

(41b) 

o 

Y 

-f 

o 

H 

...  Y1  . 

(41c) 
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First  from  Eq.  (40a) 

P  =  PQ  +  eX  P1  ,  (42) 

since  P|  is  a  monotone  function  only  over  a  scale  X.  Eq.  (4ia) 
follows  directly  from  using  Eqs.  (40a)  and  (42)  in  Eq.  (39). 
To  show  Eq.  (41b)  we  write  Eq.  (39)  as, 


PP1 


2  2  ^ 

Y'(X)  =  (P  +  Y<j>  )  exp  -  I  —* - y 

Jo  P  +Y<j> 


dX. 


(43) 


Then  with  Eq.  (40a),  (42)  and  because  f  sP^P  dX  ~  O(Xt), 

1  o  ” 

Eq.  (41b)  follows.  Similarly,  Eq.  (41c)  can  be  shown  by 
integrating  Eq.  (43)  and  proceeding  as  before.  Since  N~nY 1 , 
and  because  n  is  stationary  for  low  beta  (see  Eq.  (36)), 


N  =  N  +  eXN. 
o  1 


(44) 


The  assumption  that  the  perturbed  current  is  due 
mainly  to  can  now  be  verified.  Using  Eqs. (40)  and  (41)  we  have 


+ 


t 


1  * 

which  shows  that  the  perturbed  current  6j„  -  e (— )  . 

o 

Next  the  density  and  time  are  scaled  by  nondimensional 

factors  N  and  t  respectively.  Since  a  reference  density  nQ  was 

defined  by  setting  the  reference  beta  equal  to  one  in  deriving 

Eqs.  (16)— (20) ,  the  low  beta  assumption  implies  N  =  6.  The  size 

of  t  and  X  is  now  related  to  N  and  equations  are  derived  that 

P1  ' 

describe  the  time  evolution  of  9.  and  (tt— )  . 

l  i 


Including  the  radiation  loss  term  in  Eq .  (18)  and 


scaling  it  by  t  and  N,  the  order  of  the  terms  is  found  to  be 

1  =  T,  N":  t  ,Nt  :  Nx :  NtA:  tN: tN:tN:CtN2. 

N 

By  setting  t  =  N  =  8,  the  equilibrium  equation  (38)  is 

retrieved.  Ohmic  heating  can  be  balanced  against  radiation 

loss  since  C  is  an  arbitrary  parameter.  All  other  terms  are 

2  2 

small  of  order  8  or  8  (AS  is  still  assumed  small).  Thus, 
the  nondimensional  time  scale  of  the  equilibrium  is  of  order 
Taking  the  derivative  with  respect  to  X  of  the  pitch 
equation  (16)  we  have. 


8t 


eP ' 
“l 


(  (- 


-  — )  P 

Y  *  '  r 


n„Y 


P'  ) 


(45) 


Since  (^— )  =  0,  the  leading  term  on  the  RKS  of  Ec.  (45)  is 

o 

order  e.  Scaling  the  independent  variables  to  t  and  X,  the 
terms  are  of  relative  order. 
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This  equation  can  be  balanced  by  setting  X  =  t  =  6‘,  giving 
the  scale  length  of  the  perturbation.  Using  Eqs.  (40),  (41) 
(42)  and  the  relation 


Q 


(46) 


in  Eq.  (45) ,  dropping  terms  of  order  8‘,  and  keeping  only 
terms  linear  in  e,  we  obtain  the  result 
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2  *  ft*  1  ft  1 

T?  (y~}  "  TT  Ici^o  (y“}  ’  l  ci  (y”>  ST]  '  (47) 

O  SX  o  o  o 

where  Cx  «  *02/*0'2- 

An  equation  is  now  derived  for  8^.  With  the  scale 

length  8  ~  S*5  for  perturbed  quantities,  terms  in  Eq.  (18) 

_  __  2 

that  were  of  order  t~B,  Nt-B  in  the  unperturbed  quantities 
become  of  order  £  -  B*5  and  -  6  in  an  equation  for  ei  and 

x  5r 

can  still  be  dropped.  With  this  in  mind  and  using  Eqs.  (38) , 
(40),  (41),  (42),  (44),  and  (46)  in  Eq.  (18),  and  keeping 
terms  linear  in  e  we  find  that 
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where  Eq.  (38)  can  be  written  as  C2^o^y"^'  “  C3eo'  definin9 

C2  and  C3.  ^ 

Assuming  (^)  ~  8£  ~  eikx+ait  an(j  us^ng  Eg>  (38),  the 

o 

growth  rate  w  is  found  from  Eqs.  (47)  and  (48)  to  be 


-(a^+aj)  ±  /(a^+a2)  -4(a1a2-b^b2) 


where,  a^  *  C^k^n0/  a2  * 
,  C.kJn  P„  , 


C2T|o 

O 


(o+3/2),  b1 


,  c.k  n  p  ,  PQ  • 

I  -i-y-S  (-2)  ,  b2  -  -  2c2n0  (^2)  . 

o  o  o 


o 


58 


There  are  two  possibilities  to  be  considered: 
a2  <  0  and  a2  >  0.  The  case  a2  <  0,  or  t><-  j,  corresponds  to 
the  unstable  equilibrium  shown  in  Fig.  12  as  point  B.  This 
is  the  zero-dimensional  case;  the  growth  rate  is  the  ohmic 
heating  rate. 

For  the  case  a2  >  0  there  is  an  instability  if 
b^b2  >  a^a2,  which  becomes  a  <  3/2.  This  is  the  equilibrium 
shown  in  Fig.  12  as  point  A,  where  an  instability  can  develop 
due  to  current  diffusion  into  regions  of  low  resistivity. 

By  examining  Eqs .  (47)  and  (48),  it  is  seen  that  bj^  and  b2 
represent  the  driving  terms  for  this  process.  The  growth 
rate  u>  is  found  to  be  a  monotone  increasing  function  of  k, 
vanishing  at  k  ■  0  and  reaching  a  limiting  value  for  large 
k  of 

w  «  a2  -  yqh  (3/2  -  a).  (50) 

Notice  that  Eq.  (50)  does  not  apply  for  k  >>  since 

stabilizing  terms,  such  as  thermal  conductivity,  from  Eq.  (18) 

must  then  be  included  in  Eq.  (48) . 

Results  of  numerical  simulations  that  verify  the 

predicted  a  <  3/2  thermal  instability  condition  are  presented. 

Typical  ZT-40  parameters  were  choosen  with  initially  uniform 

13  -3 

electron  and  ion  temperatures  (100  eV)  and  density  (2  «  10  cm  ). 
The  initial  conditions  contain  a  10%  perturbation  of  several 
wavelengths  in  an  otherwise  uniform  parallel  current.  An  ad-hoc 
electron  energy  loss  term  of  the  form  C(X)  (T#/TQ) 01  is 


included  in  the  computer  code,  where  TQ  -  100  eV  and  C(X)  is 
the  ohmic  heating  rate  of  the  unperturbed  current  at  100  eV, 
and  allows  us  to  simulate  the  stationary  zeroth  order  electron 
temperature  case. 

Figures  13 (a)  and  13 (b)  present  graphs  of  the  parallel 
current  and  the  electron  temperature  as  a  function  of  radius 
at  the  initial  time  and  at  50us  for  different  values  of  a. 

There  is  good  agreement  with  the  instability  condition 
a  <  3/2.  For  the  unstable  case  (a  «  0)  the  initial  current 
perturbation  decays  during  the  time  in  which  a  temperature 
perturbation  is  being  created,  but  then  both  grow.  In  a 
stable  case  (a  «  2)  the  current  perturbation  creates  a  tempera¬ 
ture  perturbation,  but  then  both  decay.  For  the  unstable 
a  «  1  case  the  current  perturbation  at  50us  is  only  slightly 
larger  than  its  initial  value,  therefore,  only  the  temperature 
pertrubation  is  shown. 

Let  us  now  consider  the  role  of  electron-ion  temperature 

equilibration  in  this  thermal  instability.  Assume  that  the  only 

loss  term  in  the  electron  temperature  equation  (18)  is  the 

2 

electron-ion  equilibration  term  (now  AB  is  considered  to  be 
of  order  unity). ,  that  the  zeroth  order  electron  temperature 
is  still  constant  (an  artificial  assumption) ,  and  that  no 
perturbations  in  the  ion  temperature  may  arise,  i.e.,  is 

infinite.  Then,  proceeding  as  before  we  find  that  the  growth 
rate  u  in  the  limit  of  large  k  is 
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FIGUBE  13 

(a)  Th*  parallel  currant  la  shown  at  the  initial  time  with  a  10V  2  cm 
wavelength  perturbation  from  4  cm  to  16  cm,  and  at  50  Us  for  a  •  0  and 
a  ■  2.  (b)  The  electron  temperature  is  shown  at  the  initial  time  (a 

uniform  100  eV)  and  at  50  us  for  a  -  0,  1,  and  2. 
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and  the  instability  threshold  becomes  6io  <  2/3  6o  (note  that 
for  6io  ■  0  this  reduces  to  Eg.  (50)  with  o  ■  -  1/2). 

For  the  case  where  both  the  electron-ion  equilibration 
term  and  an  arbitrary  loss  term  proportional  to  is  present, 
the  growth  rate  in  the  limit  of  large  k  is 

6  —  0 

<*>  -  Yoh  (3/2-0)  +  Yei  ((3/2+0)  ■  - -3 — ^  -  11.  (52) 


5.3.  Nonstationary  Electron  Temperature 

When  a  low  beta  plasma  burns  through  a  radiation 
barrier  there  is  no  stationary  6„  since  the  electron  tempera¬ 
ture  increases  rapidly  everywhere.  What  happens  to  our  thermal 
instability  when  this  is  the  case  is  now  considered. 

Suppose  that  initially  there  are  some  small,  short 
scale  length  perturbations  in  the  current  that  remain  from 
the  setting  up  phase,  and  that  the  radiation  loss  rate  is  a 
small  fraction  of  the  ohmic  heating  power.  Then  the  current 
distribution  will  give  rise  to  an  electron  temperature  profile 
that  can  be  written  as 

6e  “  9o(T)  +  e9i(x'T) '  (53) 

where  both  the  zeroth  order  temperature  and  the  perturbation 
are  increasing  in  time. 
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Including  the  electron-ion  equilibration  tern,  this 

^1  * 

case  is  described  by  Sqs.  (47)  and  (48)  for  (=— )  and 

xo  1 

along  with  an  equation  for  0  (t) , 


30  P  2 

TT-  C2  *o  -  Vo  -  c4  W^o*  '  (54> 

AN 

where  C.  ■  r  .  By  Fourier  analyzing  Eq.  (47)  in  space, 
*  xo 

we  can  write  the  solution  for  P^  as 


P£  *  j  0^  +  const,  exp  — —  ^ 
o  Y_ 


’Va*  T 

o  o 


(55) 


Taking  the  short  wavelength  limit  one  obtains  the  steady- 
state  solution, 


3  ®l 

pl*ipir 
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(56) 


This  shows  that  the  current  perturbation  PJ  is 

el 

driven  by  the  relative  temperature  perturbation  t—  ,  and  not 

®o 

6^  alone.  If  0^  and  0Q  are  growing  at  the  same  rate,  P£  is 
stationary  and  the  instability  does  not  exist  (if  Eq.  (56) 
is  used  in  Eq.  (48)  along  with  Eq.  (38)  the  result  for  u  in 
short  wavelength,  stationary  0O  case,  Eq.  (50),  is  obtained). 
Therefore,  the  role  of  the  radiation  loss  term  is  to  decrease 
the  growth  rate  of  0Q,  thereby  increasing  the  growth  of  the 
relative  perturbation  0j/0o,  and  through  Eq.  (56)  P£. 


By  combining  Egi.  (48)  and  (54) ,  an  equation  for 


the  relative  temperature  perturbation  £  s  6j/6o  can  be 
obtained 

=2*°  (!v  2 
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which  gives  a  growth  rate 
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The  actual  growth  of  £  is  then  given  by 


/;  wrfiT 

£  (  t  )  -  £  ( 0 )  e  °  5 


(59) 


Whereas  in  the  0Q  stationary  case  the  instability 
condition  was  a  <  3/2,  will  nearly  always  be  positive, 
independent  of  a,  since  the  radiation  loss  rate  is  much  less 
than  the  ohmic  heating  rate.  In  fact,  it  is  positive  when 
there  is  no  energy  loss  from  the  electron  temperature  equa¬ 
tion  (C3"C4>0).  Using  Eqs.  (54)  and  (58)  in  Eq.  (59)  £  can 
be  calculated  for  this  case,  with  the  result 


I 


m  p  i  j  j  ,  nsppppnppifpflP^^a 

'  £\*  '  .  '  "'  .  V,  ‘ 


64 

C(T)  -  £(0)  (1  +  5/2  yoh  t)1/5,  (60) 

where  yoh  is  the  ohmic  heating  rate  at  the  initial  temperature. 
This  shows  that  the  growth  of  £,  which  was  exponential  for 
stationary  6q,  has  been  greatly  reduced,  but  is  not  zero. 

Although  Eg.  (60)  indicates  that  current  perturbations 
in  a  low  beta  RFP ,  remaining  from  the  formation  phase,  have  a 
natural  tendency  to  grow  in  the  absence  of  any  electron  energy 
loss,  it  does  not  estimate  that  growth  rate  realistically 
because  the  electron-ion  equilibration  term  was  omitted.  As 
seen  from  Eg.  (58),  this  term  is  destabilizing  if  the  electron 
and  ion  temperatures  are  not  closely  equilibrated  (for  this 
term  to  be  net  stabilizing  6io/6Q  >  5) •  The  effect  of  this 
term  and  that  of  various  impurity  concentrations  on  the  growth 
of  initial  current  perturbations  in  the  RFP  are  studied 
numerically. 


5.3.1.  Numerical  Simulation 

This  section  presents  results  of  numerical  studies  of 
the  effect  of  impurities  on  the  growth  of  fine-scale  current 
and  temperature  gradients  in  the  RFP.  Plasma  parameters 
typical  of  ZT-40  are  chosen  (see  table  1)  with  a  uniform  plasma 
'  density.  There  is  an  initial  10%  perturbation  in  the  parallel 

-  current  from  a  radius  of  4  cm  to  17  cm.  The  unperturbed 

1  current  is  uniform  until  17  cm  after  which  it  drops  sharply 

*  1  to  zero  by  18.5  cm. 

T-s 


In  Figs.  14(a)  and  14(b)  the  parallel  current  and 

electron  temperature  is  plotted  as  a  function  of  radius  at 

the  initial  time  and  at  lOOus  for  three  cases:  impurity 

free,  2%  oxygen,  and  4%  oxygen,  where  there  is  a  uniform 

14  —3 

plasma  density  of  10  cm  The  initial  current  perturba¬ 
tions  have  a  2.5  cm  wavelength.  For  the  impurity  free  case 
the  current  perturbations  have  grown  by  25%  at  lOOus.  This 
is  due  to  the  effect  of  the  electron-ion  equilibration  term, 
since  these  perturbations  are  nearly  stationary  when  the  same 
case  is  run  with  this  term  omitted.  For  the  2%  oxygen  case 
the  current  perturbations  have  grown  by  120%,  and  for  the  4% 
oxygen  case  by  a  huge  350%.  From  Fig.  14(b)  we  see  that 
although  the  zeroth  order  temperature  (seen  from  the  inner 
4  cm)  has  climbed  well  above  the  peak  of  the  oxygen  radiation 
barrier  for  all  cases,  the  temperature  depressions  correspond¬ 
ing  to  the  4%  oxygen  case  are  actually  hung  up  on  this  barrier. 
This  has  been  brought  about  by  current  diffusion  out  of  these 
regions.  The  temperature  actually  rises  above  the  peak  of  the 
oxygen  radiation  barrier  but  then  collapses  as  the  current 
diffuses  away.  This  figure  shows  that  the  role  of  the 
impurity  radiation  is  to  decrease  the  growth  of  the  zeroth  order 
temperature  and  thereby  increase  the  growth  of  the  relative 
temperature  perturbation  driving  the  perturbed  current,  a 
point  made  previously  from  Eq.  (56). 

From  the  expression  for  u>  in  the  stationary  6Q  case, 

Eq.  (49),  it  was  noted  that  the  growth  rate  of  this  instability 
decreases  as  the  wavelength  increases.  Figs.  15(a)  and  15(b) 
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FIGURE  15 

(a)  The  parallel  current  is  shown  at  the  initial  time,  with  a  10%,  4 
cm  wavelength  perturbation  from  4  cm  to  17  cm,  and  at  100  ys  for  ZT- 
40  parameters  with  oxygen  impurity  concentrations  of  0%,  2%,  and  4% 
of  the  deuterium  density  (1x10^  cm~^) .  (b)  The  electron  temperature 

is  shown  at  the  initial  time  and  at  100  ys  for  the  above  mentioned 
impurity  concentrations . 


show  results  at  lOOus  for  cases  identical  to  those  in  figure 
14  except  that  the  wavelength  of  the  initial  current  perturba¬ 
tion  has  been  increased  to  4  cm.  We  see  that  the  growth  of 
the  initial  current  perturbation  has  been  greatly  reduced 
from  that  in  the  2.5  cm  wavelength  case.  For  the  2%  oxygen 
simulation  the  current  perturbation  has  grown  by  55%  in  lOOys 
and  for  4%  oxygen  the  temperature  depressions  are  not  caught 
on  the  oxygen  radiation  barrier. 

Note  that  there  is  a  sharp  peak  in  the  current  just 
near  the  wall  in  Fig.  15(a).  This  is  due  to  current  in  the 
cold  outermost  region  diffusing  inward.  The  current  channel 
tries  to  constrict  but  cannot  do  so. 

Since  the  ohmic  heating  rate  is  inversely  proportional 
to  the  plasma  density  but  the  radiation  loss  rate  is  directly 
proportional  to  the  density  squared  for  a  fixed  impurity  con¬ 
centration,  it  is  interesting  to  compare  simulations  at 
different  densities.  A  series  of  simulations  were  performed 
for  initial  conditions  identical  to  those  cases  shown  in 
figure  (14)  except  for  a  density  of  4  *  1015  cm~^  with  oxygen 

impurity  concentrations  of  0%,  .25%  and  .5%.  The  results  of 

* 

these  simulations  are  shown  in  Figs.  16 (a, b).  Although  no 
simple  scaling  between  different  density  cases  can  be  given 
in  general  (due  to  the  temperature  dependence  of  n) ,  the 
magnitude  of  the  current  and  temperature  perturbations  in  the 
.5%  0  and  .25%  0  simulations  of  figure  (16)  and  the  4%  0  and 
2%  0  simulations  of  figure  (14)  are  very  similar  except  that 


the  .5  0  case  does  not  have  temperature  wells  that  are  caught 
on  the  radiation  barrier  (note  the  difference  in  the  zeroth 
order  temperatures  between  Figs.  14(b)  and  16(b)).  Thus  we 
see  that  by  increasing  the  plasma  density  by  a  factor  of  four 
and  decreasing  the  impurity  density  by  a  factor  of  two  we  have 
achieved  very  similar  results. 

It  is  often  seen  in  the  numerical  simulations  that  the 

wells  in  the  initial  current  perturbation  grow  faster  than  the 

peaks.  This  is  due  to  the  dependence  of  the  radiation  loss 

term  on  position.  That  is,  the  perturbation  in  £  is  caused  not 

only  by  the  current  perturbation,  with  the  radiation  loss  as  a 

uniform  background  slowing  the  growth  of  0Q,  but  also  by  the 

spatial  variation  of  the  radiation  loss  term  (the  assumption 

that  0 .  /9  is  small  can  break  down  so  that  the  growth  rate  u>r 

must  be  expressed  in  terms  of  6  instead  of  e  ) .  An  extreme 

e  o 

case  of  this  is  where  there  is  an  isolated  point  at  which  the 
radiation  barrier  is  not  overcome  (c.f.  Fig.  14(b)).  The 
current  will  diffuse  out  of  this  region  creating  a  deep  well 
but  not  a  comparable  peak. 

5.3.2.  Saturation  of  the  Instability 

If  beta  becomes  large  enough  the  temperature  perturba¬ 
tions  will  be  smoothed  by  the  electron  thermal  conducticity 
and  by  the  ion  thermal  conductivity  once  the  electron  and 
ion  temperatures  are  sufficiently  equilibrated,  and  the 
instability  will  be  quenched.  In  Figs.  17(a,b,c)  the  parallel 
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current  and  electron  and  ion  temperatures  are  plotted, 
respectively,  as  a  function  of  radius  at  the  initial  time 
and  at  three  later  times  for  the  .25%  oxygen  impurity  case 
of  Fig.  (16).  The  instability  reaches  a  peak  at  about  lOOys 
and  then  begins  to  decay  as  beta  increases.  We  see  that  at 
310ys  the  growth  of  the  current  perturbation  has  decreased  to 
about  half  of  its  maximum  value  and  that  by  910us  it  is  sub¬ 
stantially  less  than  its  initial  value.  The  decay  of  the 
current  perturbation  and  the  relative  temperature  perturba¬ 
tion  begins  at  a  beta  of  about  4%  and  corresponds  to  the 
point  where  the  ratio  of  the  zeroth  order  ion  to  electron 
temperature  becomes  greater  than  3/5,  the  threshold  at  which 
the  electron-ion  equilibration  term  becomes  stabilizing 
(c.f.,  Eq.  (58)).  Thus  it  is  the  ion  thermal  conductivity 
which  is  the  damping  mechanism.  Notice  from  Eq.  17(c)  that 
perturbations  in  the  ion  temperature  do  not  develop. 

Because  beta  must  increase  to  a  value  such  that  the 
electron  and  ion  temperatures  become  closely  equilibrated 
before  these  perturbations  begin  to  damp,  it  is  expected  that 
some  anomalous  process  will  actually  provide  the  damping 
mechanism. 
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FIGURE  17 


The  parallel  current,  electron  temperature ,  and  ion  temperature  are 
given  in  parts  (a),  (b) ,  and  (c)  respectively,  for  the  .25%  oxygen 
impurity  case  of  Fig.  16,  at  the  initial  time  and  at  110  ys,  310  ys 
and  910  ys. 


5.3.3  Anomalous  Transport 


It  is  not  known  what  transport  coefficients  actually 
apply  in  the  post-implosion  phase  of  a  RFP .  The  coefficients 
may  be  anomalous  due  to  many  mechanisms ,  including  unstable 
drift  waves  driven  by  fine-scale  current  and  temperature 
gradients  that  are  created  by  the  thermal  instability  just 
discussed. 

How  anomalous  transport  effects  our  thermal  instability 
picture,  based  on  classical  transport,  depends  on  how  v,  , 

X  6/  ■  »i 

scales  from  the  classical  to  the  anomalous  case.  If  > ,  , 

-e/r,  „ 

is  enhanced  sufficiently,  then  the  electron  thermal  conductivity 
can  smooth  perturbations  in  the  electron  temperature.  If  */,  . 

X  “  /  '  i  n 

remains  unchanged,  as  in  the  case  where  y  and  are  both 

'X  © 

modified  by  an  effective  collision  frequency  (for  example,  the 
ion  acoustic  instability) ,  then  only  the"  time  scale  changes  and 
the  character  of  the  thermal  instability  is  the  same  as  in  the 
classical  case. 

It  is  interesting  to  note  that  in  the  tokamak  the  experi¬ 
mentally  observed  electron  thermal  conductivity  is  opproximately 
one  hundred  times  its  classical  value.  When  simulations  were 
performed  with  an  initial  10%,  2.5  cm  wavelength  current  per¬ 
turbation,  a  modest  level  of  oxygen  impurity,  and  the  electron 
thermal  conductivity  enhanced  by  this  amount,  the  current  per¬ 
turbation  simply  decayed.  Since  the  electron  thermal  conduct¬ 
ivity  must  be  enhanced  by  such  a  large  factor  to  stabilize  this 
perturbation,  one  would  expect  that  for  a  classical  electron 
thermal  conductivity  very  fine-scale  (wavelengths  greater  than 
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1  mm)  currant  perturbations  will  be  unstable. 

The  anomalous,  hundred  times  classical  electron  thermal 
conductivity  observed  in  tokamaks  is  unexplained  theoretically. 

It  is  possible  that  this  phenomena  could  be  the  consequence  of 
a  microinstability  that  is  the  result  of  the  need  to  stabilize 
these  short  wavelength  current  perturbations.  However,  since 
a  microinstability  that  could  be  responsible  for  this  effect  is 
not  known,  this  hypothesis  can  only  be  meant  as  mere  speculation. 


CHAPTER  6 


CONCLUSION 

The  effect  of  energy  lots  due  to  impurity  radiation  on 
the  evolution  of  RFP  plasma  and  magnetic  field  profiles  in  the 
post-implosion  phase  has  been  studied  by  numerical  simulation 
for  the  ZT-S,  ZT-40,  and  RFX  experiments  using  oxygen  (and  also 
aluminum  in  ZT-40)  as  a  typical  impurity.  Assuming  classical 
transport  and  typical  operating  parameters,  limits  are  found  on 
the  levels  of  these  impurities  above  which  the  electron 
temperature  becomes  radiation  limited.  The  ability  of  a 
reversed-f ield  pinch  to  burn  through  a  radiation  barrier  is 
shown  to  depend  on  the  electron  and  impurity  densities,  current 
density,  and  device  size. 

It  is  found  that  the  ZT-S  experiment  has  a  radiation 
limited  temperature  in  agreement  with  the  experimental 
observations  and  the  measured  oxygen  impurity  level.  Because 
of  its  samll  size  and  high  density,  the  value  of  beta  in  ZT-S 
is  large  at  the  temperature  where  the  oxygen  radiation  barrier 
is  a  maximum  (8  -  17%  at  30  ev  with  a  1  x  10 ls  cm density). 
Therefore,  there  is  only  a  small  magnetic  energy  reservoir 
available  to  heat  the  plasma  above  this  value  or  to  be  lost  to 
radiation  without  causing  a  large  degradation  of  the  magnetic 
fields  and  consequent  loss  of  stability.  Both  ZT-40  and  RFX 
have  the  advantage  that  for  projected  operating  parameters  the 
peak  of  the  oxygen  radiation  barrier  occurs  at  a  low  value  of 
beta.  However,  RFX  has  a  much  lower  current  density  than  ZT-40 
and  we  find,  for  similar  plasma  and  magnetic  field  profiles  and 


for  the  projected  operating  parameter*/  that  the  density  of 
oxygen  necessary  to  produce  a  radiation  limited  temperature  in 
RFX  is  approximately  four  times  less  than  in  ZT-40. 

The  results  show  that  if  a  low  beta  plasma  burns 
through  the  radiation  barrier  in  some  region  the  classical 
electron  thermal  conductivity  will  not  be  large  enough  to  aid 
burn-through  in  the  rest  of  the  plasma  and  steep  temperature 
gradients  will  be  formed  leading  presumably  to  anomalous 
transport.  It  is  seen  that  the  Suydam  criterion  is  violated  in 
the  outer  regions  of  the  plasma  for  ZT-40  and  RFX  even  if  there 
is  no  steepening  of  temperature  gradients  due  to  impurity 
effects.  Thus,  classical  transport  cannot  be  expected  in  this 
region. 

The  one-dimensional  results  were  suitably  reduced  to 
zero-dimensional  ones  and  used  to  calibrate  an  analytical 
formula  that  describes  the  ability  of  a  plasma  to  burn  through 
the  oxygen  radiation  barrier  given  only  the  design  parameters: 
size,  total  current,  electron  density,  and  impurity  density. 
This  criterion  is  useful  in  roughly  estimating  how  a  proposed 
RFP  will  perform  when  confronted  with  the  oxygen  radiation 
barrier . 

The  role  of  impurities  in  producing  a  thermal 
instability  in  the  RFP  that  is  due  to  the  coupling  of  current 
diffusion  and  ohmic  heating  was  studied  for  the  case  where 
there  is  a  nearly  force  free,  low  beta  equilibrium,  after  the 
formation  phase,  as  the  plasma  attempts  to  ohmic  heat  to  a 
significant  beta.  Two  cases,  stationary  and  nonstationary 
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electron  temperature,  were  considered. 

For  the  stationary  electron  temperature  case  it  was 
shown  that  in  a  radiation  limited  plasma  the  current  (and, 
therefore,  the  temperature,  but  not  the  density)  can  break  up 
into  filaments.  It  was  found  that  the  growth  rate  of  this 
phenomena  is  a  monotone  increasing  function  of  k,  which 
vanishes  for  k  ■  0  and  for  large  k  is  proportional  to  the  ohmic 
heating  rate.  The  condition  that  must  be  satisfied  for  this 
instability  to  occur  was  derived,  and  verified  through 
numerical  simulation.  This  indicates  how  a  radiation  limited 
RFP  plasma  may  destroy  itself. 

The  nonstationary  electron  temperature  case,  which  is 
of  more  general  interest,  yields  important  new  results.  It  is 
found  that  the  thermal  instability  previously  considered  is 
still  operable  even  in  the  case  where  there  is  no  energy  loss 
from  radiating  impurites.  Thus,  fine-scale  current 
perturbations  remaining  from  the  formation  phase,  have  a 
natural  tendency  to  grow,  although  the  growth  rate  is  much 
reduced  from  the  ohmic  heating  rate.  It  was  shown  analytically 
and  verified  numerically  that  the  role  of  a  uniform  background 
energy  loss  is  to  decrease  the  growth  of  the  uniform,  zeroth 
order  electron  temperature  »0,  while  not  affecting  the  growth 
of  the  perturbed,  short  wavelength  electron  temperature  e^. 

The  growth  of  the  current  perturbations  depends  upon  the 
relative  temperature  perturbation  ej/eg,  which  explains  the 
role  of  impurity  radiation  in  aiding  the  growth  of  the  current 
perturbations.  Numerical  simulations  show  that  only  modest 
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impurity  levels  are  necessary  to  produce  large  current  and 
temperature  gradients  in  relatively  short  periods  of  time. 

The  classical  damping  mechanism  is  the  ion  thermal 
conductivity,  which  makes  the  electron-ion  equilibration  term 
net  stabilizing  after  the  electron  and  ion  temperatures  have 
equilibrated  sufficiently.  This  requires  a  modest  value  of 
beta.  Therefore,  it  is  expected  that  the  effect  of  a  low  level 
of  plasma  impurities  in  conjunction  with  fine-scale 
perturbations  in  the  initial  current  distribution  will  be  to 
create  large  current  and  temperature  gradients,  via  thermal 
instability,  that  will  be  saturated  by  a  nonclassical 
mechanism,  which  preferentially  increases  the  electron  thermal 
conductivity. 
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THE  NUMERICAL  SOLUTION  OF  THE  MULTI-FLUID, 
QUASI-EQUILIBRIUM  MHD  EQUATIONS  IN  ONE  DIMENSION 


ABSTRACT 


We  present  a  method  for  solving  the  MHD  equations  with 
impurity  ion  species,  in  the  cylindrical  approximation  for  the 
case  where  the  plasma  evolves  through  a  series  of  equilibrium 
states.  The  MHD  equations  are  split  into  two  independent  and 
self-consistent  sets:  one  that  contains  all  transport  processes 
and  another  that  contains  all  atomic  physics  processes.  These 
two  sets  of  equations  are  solved  in  succession  to  obtain  the 
solution  of  the  original  problem.  Each  set  of  equations  is  in 
itself  a  coupled  initial  value  and  boundary  value  problem.  To 
solve  these  two  systems  of  equations  a  Lagrangian  coordinate 
system  is  developed  based  on  a  normalized  poloidal  flux 
coordinate.  In  conjunction  with  a  change  in  dependent 
variables  to  quantities  that  are  invarient  under  adiabatic 
motion  of  the  plasma,  this  allows  each  set  of  equations  to  be 
directly  advanced  in  time  with  standard  numerical  techniques. 

An  example  of  the  numerical  solution  is  given  for  the  ZT-40 
reversed-f ield  pinch  experiment. 
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1.0  Introduction 

We  present  a  method  of  solving  the  equations  of  mag¬ 
netohydrodynamics  in  one  dimension  for  an  arbitrary  number  of 
ion  species,  including  atomic  physics  effects,  for  the  case 
where  a  magnetohydrostatic  equilibrium  is  maintained  in  time. 

This  system  of  equations  describes  the  slow  time  evolution  of  a 
high-beta  plasma  such  as  in  the  reversed-f ield  pinch  (RFP) , 
spheromak,  or  high-beta  tokamak,  with  the  restriction  that  the 
assumption  of  cylindrical  symmetry  be  a  sufficiently  valid 
approximation.  This  assumption  is  reasonable  for  plasmas  where 
the  magnetic  flux  surfaces  have  an  approximately  circular  shape 
as  in  the  reversed-f ield  pinch  and  spheromak,  but  may  not 
always  be  a  good  approximation  for  the  high-beta  tokamak. 

Section  2  presents  the  equations  that  describe  the 
complete  physics  model.  In  Section  3  these  equations  are  split 
into  two  simpler  but  self-consistant  sets,  one  which  describes 
plasma  transport  due  to  finite  resistivity  (i.e.,  particle 
collisions)  and  another  which  describes  processes  that  are  a 

t 

consequence  of  atomic  physics.  Taken  together,  these  two  sets 
of  equations  contain  the  same  physics  as  the  original  set. 

Section  4  de/elopes  a  Lagrangian  coordinate  system  based  on  a 
normalized  poloidal  flux  variable,  and  in  Section  5  the  two 
sets  of  equations  given  in  Section  3  are  transformed  into  this 
coordinate  representation.  Section  6  describes  the  numerical 
methods  used  to  solve  these  equations,  and  Section  7  gives  ^ 

results  of  their  numerical  solution  for  the  ZT-40  reversed- 

I 

] 

d 

a 
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field  pinch  experiment. 

2.0  Complete  Physics  Model 

We  start  with  the  MHD  equations  as  given  by 
Braginskii1  and  neglect  inertia,  plasma  viscosity,  and  assume  a 
cylindrical  geometry  and  symmetry  so  that  all  dependent 
variables  are  a  function  only  of  the  radial  coordinate  r.  The 
plasma  is  taken  to  consist  of  electrons,  deuterium  ions,  and  an 
impurity  species  of  charge  2  (the  extension  to  the  case  where 
there  is  more  than  one  impurity  species  will  be  obvious).  Our 
equations  then  become;  the  continuity  equations  for  electrons, 
deuterium  ions,  and  2  impurity  fluids 

3ne  -» 

TT  +  V*Ver  ne  *  Ae  '  (1) 


Ai 


(2) 


3nj 

TtT 


+  v.v 


3r 


[nj-i  Bj-1  * 


nj  (  Bj  +  aj) 


+  nj+1  c*j+1  ] 


(3) 


where  j  »  1...2  and  all  velocities  are  in  the  radial  direction; 
the  magnetic  field  equations 
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an  ♦  ♦  ♦  *  cRe 

41  -  ^*(VerxB)  -  Vr  e 


at 


en. 


the  internal  energy  equations 


^  ^  n  T  +^7«nT  v  +  n.T>  ?*V@P 

I  7t  eTe  7  neTe  ver  e  e  ec 


We  , 


1  Tt  niTi  +  \  ^i^ir  +  niTiV‘Vir  -  Wi  , 


I  Tt  niTi  +  1  ’*njTi  ^ jr  +  njTi^ *Vjr  *  Wj  , 


and  the  magnetohydr ostatic  equilibrium  equation 


(5) 


(6) 


(7) 


7P  -  j  *  B  (p  -  neTe  +  (n*  +  J  nj)^)  .  (8) 

Ae  and  A^  are  electron  and  deuterium  ion  source  terms 

that  are  a  consequence  of  ionization  of  impurities  and  neutral 

gas  (an  explicit  description  of  neutrals  is  not  given  here, 

however,  see  Ref.  (3)).  Sj  and  aj  are  ionization  and 

♦ 

recombination  coefficients  respectively.  Re  is  the  total  force 
between  electrons  and  all  ion  species  due  to  both  friction  and 
thermoelectric  effects.  We,  w^,  and  Wj  are  energy  source  and 
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sink  terms  that  are  due  to  such  processes  as  ohmic  heating, 
electron-ion  energy  equilibration,  thermal  conduction,  and 
energy  loss  due  to  impurity  radiation  and  charge  exchange. 

Note  that  all  terms  on  the  RHS  of  Eqs.  { 1 )  —  ( 7 )  are  due 
to  non-ideal  MHD  effects.  Also,  all  ion  species  have  been 
assumed  to  have  the  same  temperature2,  thus  Eqs.  (6)  and  (7) 
are  not  independent. 

The  velocities  in  Eqs.  (l)-(7)  can  be  expressed  in 
terms  of  one  another  by 


RkxB 


♦  ♦ 

,  cExB 

+  -g-2-  , 


(9) 


which  is  the  momentum  equation  for  the  kth  species  (where  Rk  » 
-  ♦  * 

>  Rkt,  and  Rkt  is  the  force  between  species  k  and  r,  has  the 

property  Rkl  »  -  R£k,  and  can  be  expressed  in  terms  of  plasma 

quantities).  Therefore,  if  one  of  these  velocities  is 

determined  the  rest  can  be  found. 

The  velocities  are  a  consequence  of  all  dissipative 

processes,  regardless  of  origin,  and  the  driving  electric 

fields  at  the  plasma  edge  in  conjunction  with  the  boundary 

conditions  on  plasma  density  and  temperature.  This  is  easily 

seen  by  constructing  an  explicit  equation  for  any  one  of  the 
♦ 

V's.  To  do  this  we  take  the  time  derivative  of  Eq.  (B)  and 
then  use  Eqs.  (4)-(7)  to  eliminate  these  time  derivatives. 

This  yields 
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7  X  7  *  (7  »  B)  +  (7  X  B)  X  [7  *  (V  K  B) ]  «  S 


(10) 


where  Eg.  (9)  has  been  used  to  eliminate  all  Vk's  in  favor  of 
♦ 

the  selected  V  (the  sum  over  k  in  Eg.  10  includes  all  plasma 

components).  Eguation  (10)  is  a  complicated  second  order 

♦ 

ordinary  differential  eguation  that  is  linear  in  V  and  contains 
all  of  the  source  terms  in  Egs.  (1)  -  (7)  (the  RHS)  as  the 
inhomogeneous  driving  term  £.  At  the  wall  radius  a,  the 

velocity  V  must  obey  Eg.  (9) ,  where  E  is  given  Dy  tne  external 

♦ 

circuit,  and  at  the  origin  V  ■  0.  Thus,  the  velocities  in 

Egs.  (1 ) -  (7)  are  not  determined  as  an  initial  value  problem  as 

are  the  other  dependent  variables.  One  velocity  is  determined 

by  the  magnetohydrostatic  eguilibrium  eguation  (8)  and  the 

others  by  Eg.  (9).  That  is,  Egs.  (l)-(8)  form  a  coupled 

initial  value  and  boundary  value  problem  where  the  velocity  is 

constrained  to  be  such  that  the  plasma  evolves  through  a  series 

of  eguilibrium  states.  Although  Egs.  ( 1 )  —  ( 8 )  are  highly 

♦ 

nonlinear,  a  linear  eguation  determines  V  so  that  the  effect  of 
different  dissipative  mechanisms  (e.g. ,  resistive  transport  and 
radiation  energy  loss)  can  simply  be  superposed.  That  is,  the 
highly  nonlinear  nature  of  Egs.  (l)-(8)  is  reflected  in 
Eg.  (10)  only  through  the  time  dependence  of  the  coefficients 
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♦ 

and  the  driving  term  S.  We  can  thus  split  V  into  two  separate 
♦ 

components:  VT,  which  arises  from  all  terms  that  are  due  to 

resistive  transport,  and  VR,  which  arises  from  all  terms  that 

are  a  consequence  of  atomic  physics  processes.  To  obtain  the 
♦ 

total  V  the  two  results  are  simply  added.  Thus,  instead  of 

advancing  the  full  set  of  equations  in  time  (by  some  means  that 

♦ 

is  as  yet  unspecified)  retaining  in  them  the  total  velocity  V, 

we  perform  a  time  step  by  first  advancing  the  equations  with 
<♦  ♦ 

only  VT  and  then  with  only  VR.  Since  the  coefficients  and  the 
inhomogeneous  term  in  Eq.  (10)  change  with  time,  the  time  step 
must  be  small  enough  that  this  change  is  not  appreciable  if  we 
are  to  expect  that  this  two-step  process  will  closely 
approximate  the  solution  of  the  original  set  of  equations. 

Operationally,  advancing  Egs.  { 1 )  —  { 8 )  keeping  only  V'T 
means  that  all  terms  that  are  due  to  atomic  physics  processes 
are  dropped,  and  advancing  them  keeping  only  vR  means  that  all 
terms  that  are  a  consequence  of  resistive  transport  are 
dropped.  Our  original  set  of  equations  is  thus  split  into  two 
independent  and  self-consistent  sets,  one  that  contains  all 
resistive  transport  processes  and  one  that  contains  all  atomic 
physics  processes. 

It  is  interesting  to  note  that  Eqs.  ( 1 ) — ( 8 )  possess  an 
energy  integral4  of  the  form 

Tt  f  <7  p  +  fl)  2irrdc  "  ft  +  eR  ’ 


(ID 


where  FT  is  the  total  energy  flux  at  the  plasma  edge  due  to 
resistive  transport  and  external  electric  fields,  and  ER  is  the 
total  energy  loss  due  to  atomic  physics  processes.  Thus  our 
two  simpler  sets  of  equations  will  separately  conserve  energy, 
and  therefore  the  total  energy  associated  with  Eqs.  ( 1 )  —  ( 8 ) 
cannot  diverge  as  a  result  of  this  approximation. 

What  we  have  done  is  to  start  with  a  very  complicated 
set  of  equations  and  show  that  they  can  be  split  into  two 
simpler  sets  that  can  be  solved  in  succession.  This  is  a 
splitting  method  with  noncommuting  operations.  It  can  be 
expected  that  the  solution  obtained  in  this  manner  will 
converge  to  the  solution  of  the  original  equations  because  of 
the  linear  properties  of  Eq.  (10)  for  V,  ana  the  fact  that  this 
method  keeps  the  total  energy  associated  with  the  original 
system  of  equations  bounded. 

In  the  next  section  we  present  the  transport  model 

equations  associated  with  the  velocity  VT,  and  the  radiation 

♦ 

model  equations  associated  with  the  velocity  VR. 

3.0  Transport  Model  Equations 

To  obtain  the  transport  model  equations  from 
Eqs.  (l)-{8)  we  drop  all  terms  which  arise  due  to  atomic 
physics  effects.  In  addition,  some  other  properties  of  these 
equations,  which  allow  them  to  be  written  in  a  more  simplified 
form,  are  noted. 
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First,  the  quasi-neutrality  condition  is  contained  in 
our  physics  model.  This  can  be  seen  by  considering  Eq.  (9)  in 
conjunction  with  Ampere's  law.  From  the  assumption  of 
cylindrical  symmetry  and  Ampere's  law  we  have 

*  ♦ 

jr  *  (7  x  B)r  ■  J  en^  vc)c  ■  0 

Using  Eq.  (9) ,  it  follows  that 

ne  *  j  Zjnj  +  ni  .  (12) 

The  quasi-neutrality  condition  can  be  used  to  replace  any  one 
equation  of  continuity;  which  one  must  be  decided  on  physical 
grounds. 

Because  the  ion-electron  momentum  transfer  time  is 
long  compared  to  the  momentum  transfer  time  between  different 
ion  species  (due  to  the  mass  difference) ,  the  friction  force  on 

a  particular  ion  impurity  species  will  be  almost  solely  due  the 

«*• 

other  ion  species.  From  the  form  of  1 

CVdjt.  -  VDt)  ,  (131 

TJUn 


'Dm 


2mnmeBZ 


TP, 


m 


where 
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is  the  diamagnetic  drift  velocity  of  the  mth  ion  species  and 

r lm  is  the  momentum  transfer  time  between  species  i  and  m,  it 

can  be  shown  that  there  is  an  ambipolar  diffusion  of  ions  such 

that  impurities  diffuse  inward  toward  the  deuterium  ion  density 

maximum.  This  maximum  subsequently  flattens  as  deuterium 

diffuses  outward  in  such  a  manner  that  quasi-neutrality  is 

satisfied  (note  that  a  steady  state,  Ru  «  o,  is  reached  only 

z  /z 

when  nt  -  const.  nffi  *  m  for  all  species  t  and  m) .  This 
physical  process  motivates  us  to  use  the  quasi-neutrality 
condition  to  determine  the  deuterium  ion  density  n^  If  this 
condition  were  used  to  determine  the  electron  density  we  would 
in  effect  be  adding  together  oppositely  directed  ion  fluxes, 
leading  to  an  inaccurate  result. 

A  convenient  form  of  the  ion  temperature  equation  is 
now  constructed  from  Eqs.  (6)  and  (7),  which  as  noted 
previously  are  not  independent.  Since  there  are  fluxes  of 
different  ion  species  in  opposite  directions,  one  would  like  to 
have  an  ion  temperature  equation  which  follows  the  electron 
velocity  Ver.  Then  the  electron  density  and  electron  and  ion 
temperatures  will  be  interdependent,  but  without  ion  diffusion 
effects.  Such  an  equation  can  be  constructed  by  multiplying 
Eq.  (7)  by  Zj  and  adding  Eqs.  (6)  and  (7),  using  Eq.  (9)  and 
remembering  that  This  results  in  an  equation  for 

neTi'  follows  the  electron  velocity.  Using  the  electron 

continuity  equation,  equations  can  then  be  found  for  the 
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electron  and  ion  temperatures. 

With  the  above  results,  the  transport  model 

become : 


3ne  +  ^*Verne  •  0  , 
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where  W1T  ■  WjT  +  7  ZjWjT  and  the  subscript  T  denotes 


equations 


(14) 


(15) 


(16) 


(17) 


(16) 


( I  >  > 


(20) 


quantities  that  contain  only  resistive  transport  processes. 

The  boundary  conditions  on  Eqs.  (14) -(20)  are  that  at 
♦ 

the  origin  vanish  (there  may  be  no  flux  of  any  quantity  at 
r  *  0) ,  and  that  at  the  plasma  edge  values  of  the  density  and 
temperature  of  plasma  species  be  specified,  and  also,  the 
electric  fields  Ez  and  E0.  Ez  and  E0  are  the  natural  boundary 
conditions  to  use  when  toroidal  and  poloidal  flux  replace  Bz 
and  B0  as  variables.  This  is  what  occurs  in  the  poloidal  flux 
coordinate  representation  of  these  equations. 

3.1  Radiation  Model  Equations 

To  obtain  the  radiation  model  equations  from 
Eqs.  { 1 )  —  ( 8 ) ,  we  drop  all  terms  that  are  due  to  resistive 
transport. 

In  this  case  quasi-neutrality  is  merely  an  expression 
of  charge  conservation.  It  is  convenient  to  use  this  condition 
to  determine  the  electron  density  since  electrons  are  added  and 
subtracted  from  the  plasma  by  atomic  physics  processes  that 
affect  the  ions. 

An  equation  for  the  total  ion  energy  is  formed  by 
simply  adding  Eqs.  (6)  and  (7). 

The  radiation  model  equations  now  become: 
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where  n-j-  ■  j  n j ,  WJR  *  W^R  +  |  WjR  and  subscript  R  denotes 

quantities  that  contain  only  atomic  physics  processes. 

Notice  that  because  there  is  no  transport  all  plasma 
components  have  the  same  radial  velocity.  This  velocity  is  due 
to  adiabatic  expansion  and  contraction  of  the  plasma. 

* 

The  boundary  conditions  on  Eqs.  (21)- (27)  are  that  Vr 

vanish  at  the  origin  and  that  the  electric  fields  at  the  plasma 

♦ 

edge  are  zero,  which  implies  (c.f.,  Eq.  (9))  that  Vf  vanish 
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also  at  the  plasma  edge. 

An  important  advantage  ot  this  splitting  metnoa,  asiae 
from  the  fact  that  it  produces  two  sets  of  equations  less 
complicated  than  the  original  set,  is  that  it  allows  the  use  of 
variables  and  physical  conditions  in  a  manner  that  is  suited  to 
the  physics  contained  in  each  set.  For  example,  it  was  seen 
that  it  is  appropriate  to  use  the  quasi-neutrality  condition  to 
determine  the  deuterium  ion  density  when  considering  the 
diffusion  of  impurity  ion  species,  and  the  electron  density 
when  considering  atomic  physics  processes.  Also,  it  is 
necessary  to  use  temperature  rather  than  internal  energy  as  a 
dependent  variable  in  the  transport  model  equations  (otherwise 
difficulty  arises  in  finite  differencing  the  thermal  conduction 
terms) ,  but  convenient  to  use  internal  energy  as  a  variable  in 
the  radiation  model  equations  because  this  avoids  the 
appearance  of  electron  source  terms  due  to  ionization  and 
recombination  that  would  occur  in  an  equation  for  the 
temperature . 

4.0  Solution  of  the  Initial-Boundary  Value  Problem 

The  full  system  of  equations  was  simplified  by 
splitting  it  into  two  independent,  self-consistent  sets.  We  • 
now  concern  ourselves  with  the  solution  of  these  two  systems  of 
equations. 
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As  noted  in  section  2,  the  principle  difficulity  in 
numerically  solving  the  transport  model  equations  (14)— (20)  or 
the  radiation  model  equations  (21)- (27)  is  that  the  velocity 
which  occurs  in  these  equations  is  determined  implicitly  by  the 
equilibrium,  constraint.  One  can  picture  the  evolution  of  the 
plasma  through  sucessive  equilibria  as  a  series  of  two  step 
processes  whereby  the  Eulerian  plasma  variables  Bz,  Be,  etc., 
are  perturbed  due  to  dissipation  and  are  no  longer  in 
equilibrium,  but  then  relax  adiabatically  to  a  new  equilibrium 
state.  A  numerical  scheme  for  the  solution  of  these  equations 
can  be  based  directly  on  this  physical  picture5,  however,  a 
more  powerful  approach  is  to  analytically  restructure  the 
equations  before  attempting  a  numerical  solution.  This  latter 
method  is  what  is  developed  here. 

We  construct  a  Lagrangian  coordinate  system  based  on 
the  magnetic  flux  and  transform  the  equations  into  this 
representation,  changing  the  dependent  variables  to  quantities 
that  remain  invarient  under  adiabatic  motion  of  the  plasma.  In 
this  manner  the  adiabatic  relaxation  of  the  plasma  is 
automatically  accounted  for,  and  the  velocity  that  is 
determined  by  the  equilibrium  constraint  equation  can  be 
explicitly  eliminated.  This  yields  a  system  of  equations  that 
can  be  directly  advanced  in  time. 
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4.1  Poloidal  Flux  Coordinate  System 

The  poloidal  flux  is  choosen  as  the  variable  on  which 
to  base  our  Lagrangian  coordinate  system.  This  is  because  it 
is  a  single  valued  function  of  the  radius  in  both  the  reversed- 
field  pinch  and  spheromak,  whereas  the  toroidal  flux  is  not. 
However,  there  are  two  difficulties  associated  with  the  use  of 
the  poloidal  flux  as  an  independent  variable: 

1.  Poloidal  flux  is  destroyed  at  the  origin  due  to 
plasma  resistivity. 

2.  Poloidal  flux  may  be  added  to  the  system  by  an 
externally  driven  electric  field.  It  is  now  shown  how  these 
two  difficulties  can  be  overcome,  and  a  fixed  domain  of 
integration  obtained,  based  on  this  variable. 

In  general,  the  transformation  in  one  dimension  to  a 
Lagrangian  coordinate  x  based  on  the  variable  x  is  defined  by 

x  =  dr  ,  t  JL  VX  -  0  ,  (28a, b) 

o  t  ®r 

where  r  is  the  variable  that  denotes  physical  space  and  V  is 
the  velocity  followed  in  the  frame  of  reference  of  the 
Lagrangian  coordinate.  In  the  Lagrangian  coordinate  system 
Eg.  (28b)  becomes  an  identity.  However,  in  order  for  the 
variable  x  to  have  a  domain  that  is  constant  in  time 

V(r*0)  *  0  and  V(r*a)  *  0  ,  (29a, b) 
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where  a  is  the  maximum  value  of  the  coordinate  r. 

Consider  the  poloidal  component  of  the  magnetic  field 
equation  in  the  transport  model,  Eq.  (17) 
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In  order  to  construct  a  Lagrangian  coordinate  system  based  on 
the  poloidal  flux,  Eq.  (30)  must  be  cast  in  the  form  of 
Eq.  (28b).  By  noticing  that  an  arbitrary  function  of  time  F(t) 
may  be  inserted  under  the  spatial  derivative  in  Eq.  (30)  ,  this 
equation  can  be  written  as 
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then  since  — — -  ~  (n  'jj  (where  n  is  the  resistivity  and  j  is 
the  current)  is  parabolic  in  r  near  the  origin  and  B0  is  linear 
in  r,  the  total  velocity  vanishes  at  the  origin. 
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Thus  using  the  freedom  allowed  by  the  constant  of  integration 

in  Eg.  (30) ,  we  can  construct  a  Lagrangian  coordinate  system 

r. 

based  on  the  poloidal  flux  defined  as  x  ■  7  Be(r',t)dr',  which 
satisfies  Eg.  29(a)  but  not  Eg.  29(b).  So  although  the  problem 
of  poloidal  flux  destruction  at  the  orgin  has  been  solved,  the 
domain  of  the  independent  variable  x  varies  with  time. 

A  poloidal  flux  variable  with  a  fixed  domain  can  be 

3  Q  •  i  \  21 

constructed  by  setting  x  *  - rrr  (  *  I  Bsar)  in  E<3*  (28a). 

$pij>  ( t )  ri  0  ° 

Now  x  is  the  poloidal  flux  divided  by  the  total  amount  of 
poloidal  flux  in  the  system  at  the  current  time,  and  always  has 
the  domain  0  <  x  <  1.  By  substituting  Eg  *  into 

Eg.  (31)  and  after  some  straight-forward  algebra,  there  results 


1*  +  _L  (v 

3t  3r  1  er 


+  F<t}  +  JL  S6pT 


where 


cEz (r*a) 


is  rate  of  change  of  the  total  poloidal  flux  in  the  system. 
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the  origin,  but  also  vanishes  at  the  wall  radius,  where 
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merely  states  that  the  z  component  of  the  nonideal  MHD  Ohm's 
law  is  satisfied. 

In  summary,  a  Lagrangian  coordinate  system  based  on  a 
normalized  poloidal  flux  variable,  which  has  a  fixed  domain, 
has  been  constructed.  This  coordinate  system  is  defined  by 
Eos.  (28a, b)  where 
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It  provides  a  suitable  basis  for  restructuring  the  transport 
model  and  radiation  model  equations. 


4.2  Transport  Model  Equations  in  Lagrangian  Form 


A.  Equations 

Our  computer  code  currently  contains  only  electrons 
and  one  ion  species  in  the  transport  model.  Therefore  the 
terms  in  Eqs.  (14)- (20)  due  to  multiple  ion  species  are  dropped 
and  only  the  two  fluid  transport  model  is  presented  in 
Lagrangian  form.  However,  the  diffusion  of  impurities  can  be 
important  and  will  be  included  in  future  work. 

In  transforming  the  transport  model  equations  into  the 
normalized  poloidal  flux  coordinate  system,  we  can  explicitly 
eliminate  the  velocity  V  followed  by  the  Lagrangian  frame  of 
reference  by  making  a  change  in  the  dependent  variables.  Tms 
involves  interchanging  Lagrangian  space  and  time  derivatives  in 
the  transformed  equations. 

Using  Eqs.  (28)  and  (35) ,  which  define  the 
transformation  to  the  Lagrangian  coordinate  system,  and  keeping 
in  mind  that 
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where  —  is  the  Lagrangian  time  derivative,  the  two  fluid 
atL 

transport  model  equations  become,  a  pitch  equation 
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The  Lagrangian  dependent  variables  in  terms  of  the  Eulerian 
dependent  variables  are 


y 


r;  »pt 


(41a, b) 
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ee  *  Te^)2/3  '  (42c) 

ei  “  Ti(^-)2/3  •  (42d) 

The  Lagrangian  dependent  variables  have  physical 
interpretations.  Y'  is  the  volume  per  normalized  poloidal 
flux.  P  is  the  toroidal  flux  per  normalized  poloidal  flux  or 
the  pitch  of  a  field  line,  an  important  quantity  in  considering 
the  MHD  stability  of  the  RFP. 6  N  is  the  mass  in  a  normalized 
poloidal  flux  element.  @e  and  are  a  measure  of  the  electron 
and  ion  entropy  per  particle  respectively.  Notice  that  if 
there  is  no  dissipation  P,  N,  ee  and  are  all  constant. 
Therefore,  these  variables  are  invarient  when  there  is 
adiabatic  motion  of  the  plasma. 
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The  major  advantage  of  Egs.  (36)- (40)  is  that  it  is 
possible  to  directly  advance  them  in  time.  That  is,  the  time 
dependent  equations  for  P,  N,  e@,  6^,  and  $pT  can  be  advanced 
(with  y  and  y'  held  constant),  and  then  inserting  these 
quantities  into  Eg.  (40)  the  new  equilibrium  configuration  can 
be  found.  Another  important  property  of  Eqs.  (36) -(40)  is  that 
the  current  is  naturally  expressed  in  terms  of  a  parallel 

.  B.  j  p 

component  j  ,  ~  —  — —  ~  —  (— )  and  a  perpendicular  component 

j,  -  n(T_+T,)  -  N(6-+6j),  instead  of  e  and  z  components 

3r  e  1  3x  e  1 

as  in  the  Eulerian  representation.  For  instance,  in  the  pitch 
♦  ♦  3  P 

equation  (36)  R-B  -  ntj,  ~  n R  —  — »  which  means  that  this 
equation  also  decouples  in  its  highest  derivatives  from  the 
other  equations  (note  that  the  evolution  of  the  pitch  is 
governed  only  by  the  parallel  resistivity,  a  point  that  is  made 
apparent  in  this  representation).  It  is  coupled  to  them  only 
through  its  coefficients. 

p 

In  equations  (36)- (39)  we  see  that  the  two  terms  - 

x  3*PT  *PT 

and  — - - -LI,  that  were  a  consequence  of  poloidal  flux 

4>pT  ® * 

destruction  at  the  wall  and  constructing  a  poloidal  flux 

variable  with  a  fixed  domain,  appear  as  convective  velocities 

F 

with  respect  to  the  Lagrangian  coordinate  x.  The  size  of  - 

*PT 

depends  on  the  plasma  resistivity  at  the  origin  and  will 
therefore  be  of  the  same  order  as  other  resistive  terms  in  the 

V  ®  4pT 

equations.  However,  — - can  be  arbitrarily  large,  since 

^PT 

this  term  contains  the  external  driving  electric  field.  To 
study  the  effect  of  this  term,  suppose  that  it  is  so  large  that 
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all  other  terms  in  Eqs.  (36)- (39)  can  be  dropped.  This 
corresponds  physically  to  forming  a  plasma  through  a  series  of 
equilibrium  states,  adding  magnetic  flux  at  the  wall  but 
allowing  no  diffusion.  Then  Eqs.  (36)— (39)  decouple  from  the 
equilibrium  constraint  Eq.  (40),  and  can  be  solved  explicitly. 
For  example,  the  pitch  equation  becomes 


3P 
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where  C  *  - - rr—  • 

it  is  seen  that  xe 
equation.  Thus  Eq. 


If  we  substitute  v  «  xP  in  Eq.  (43) 
«  const,  are  the  characteristics  of 
(43)  has  the  solution 


,  then 
this 


P  »  i  f(xeCt)  , 


where  f  is  an  arbitrary  function  of  xect. 

The  role  of  the  term  x/<*PT  s <j>PT/  at  can  now  be  analyzed 
in  terms  of  the  characteristics.  For  example,  in  the  x  -  t 
plane  x  «  0  is  a  characteristic,  therefore,  the  value  of  P 
given  initially  at  the  origin  determines  the  solution  along 
this  line  and  no  boundary  condition  can  be  specified  at  this 
point.  For  C  >  0  (corresponding  to  magnetic  flux  being  added 
to  the  system) ,  values  of  P  initially  given  at  points  where  x  > 
1  will  be  propagated  along  the  characteristics  until  a  time 
when  they  occur  at  x  ■  1.  They  then  appear  as  the  boundary 
condition  P(x»l,t)  on  Eq.  (43)  (remember  that  the  physical 
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extent  of  the  plasma  is  0<  *  <1) .  Notice  that  no  two 
characteristics  will  ever  intersect  each  other  in  the  finite  x 
-  t  plane. 

v  3  ^PT 

What  we  have  seen  is  that  the  term  — - - -f—  causes  no 

♦pT  3t 

pathological  behavior  to  occur  in  our  system  of  equations,  and 
that  in  the  case  of  a  dissipationless,  adiabatic  plasma 
formation  actually  makes  possible  a  significant  simplification, 
since  the  evolution  equations  can  then  be  analytically  solved 
independent  of  the  equilibrium  constraint. 

B.  Boundary  conditions 

The  boundary  condition  on  Eqs.  (36)- (36)  at  x  *  0  is 
that  the  flux  of  P,N,  ee,  and  vanish.  This  is  automatically 
satisfied  by  the  definition  of  F(t). 

Pedestal  values  of  density  and  temperature  are 
specified  at  the  plasma  edge  x  ■  1.  In  the  Lagrangian 
representation  they  become 

(;pOx«l  *  const.  ,  (44a) 
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The  z  electric  field  is  also  specified  at  the  plasma  edge 
E2(x  *  1),  and  along  with  F  determines  3$pT/3t.  Note  that  this 
factor  appears  in  Egs.  (36)-(39)  not  just  at  the  boundary,  but 
at  all  points,  because  it  occurs  in  the  term  that  analytically 
remeshes  the  coordinate  grid  so  that  0  <  *  <1.  The  boundary 

condition  on  the  pitch  equation  (36)  is  the  poloidal  electric 
field  Ee  (x»l) ,  since  this  determines  the  rate  at  which 
toroidal  flux  enters  the  system. 

We  allow  for  a  conducting  wall  at  a  radius  b  outside 
of  the  vacuum  chamber  wall  at  a  radius  a.  The  region  a  <  r  <  b 
is  a  magnetic  flux  reservoir  and  is  coupled  to  the  plasma.  Ey 
considering  the  expression  for  the  rate  of  change  of  the  total 
amount  of  toroidal  flux  inside  the  conducting  wall  and  using 
Eq.  (36),  Ee(x»l)  can  be  expressed  solely  in  terms  of  the 
poloidal  electric  field  at  the  conducting  wall  V0  and  plasma 
quantities  at  the  vacuum  chamber  wall.  This  yields  a  time 
dependent  boundary  condition  for  the  pitch  equation  at  x  *  1. 


cv9  +  2*(b2-a2)  ±  [2,) 


2JLe  P  -  2c2  — r-2-  _L  (I) 
»PT  2  y  1  vy 1 


The  boundary  conditions  on  the  magnetohydrostatic 
equilibrium  equation  (40)  at  x  ■  0  and  x  ■  1  are 


y  (x  -  0)  ■  0  ,  y(x  ■  l: 


(46a, b) 
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4.3  Radiation  Model  Equations  in  Lagrangian  Form 

In  the  normalized  poloidal  flux  coordinate  system  the 
radiation  model  equations  (21)- (27)  become 
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(p2+2y*|T)  +  ^28/3  y'W3  J_  (Se+SI) 
2(P2+y^x)  +  ^  2  8/3(Se+Sl) 


] 


(53) 


where  Nj  ■  nj  y'/2,  and  Se  -  Neee'  SI  *  Niei  +  ei  ^  Nj  are  a 
measure  of  the  electron  and  ion  entropies  respectively. 
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Notice  that  in  the  Lagrangian  representation  all  of 
the  radiation  model  equations  have  become  ordinary  differential 
equations  (remember  that  there  is  no  applied  electric  field  at 
the  plasma  edge,  c.f.,  3.1).  A  convective  velocity  common  to 
all  of  the  plasma  particle  species  and  the  magnetic  fields, 
caused  by  radiation  energy  loss,  has  been  explicitly 
eliminated . 

The  only  boundary  conditions  are  Eqs.  46 (a, b)  applied 
to  the  equilibrium  constraint  equation. 

5.0  Numerical  Solution  of  the  Equations 
A.  Transport  Model  Equations 

The  transport  model  equations  (36)- (40)  are 
essentially  a  coupled  set  of  diffusion  equations.  They  are 
appropriately  written  in  nondimensional  form  and  advanced  in 
time  by  a  predictor-corrector  scheme  with  variable  time 
centering7.  The  numerical  grid  consists  of  points  equally 
spaced  in  x,  located  at  mesh  cell  centers,  with  a  point  on  the 
boundary  at  x  *  1  as  shown  below. 


Since  the  pitch  equation  (36)  is  coupled  to  the  other 
equations  only  through  its  coefficients,  it  is  finite 
differenced,  along  with  its  boundary  condition  Eq.  (45)  ,  in 
conservation  law  form8  and  is  advanced  in  time  separately  from 
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the  other  equations.  The  equations  for  N.  8e,  and  6^  are 
coupled  in  their  second  spatial  derivatives  and  form  a  3*3 
block  tri-diagonal  set  that  are  advanced  together  in  time  by 
the  standard  algorithm9. 

After  the  equations  for  P,  N,  &e,  and  *pT  have  been 
advanced  in  time  the  equilibrium  Eq.  (39)  is  solved  for  the  new 
equilibrium  configuration  specified  by  y  and  y'.  This  is  a  two 
point  boundary  value  problem,  and  a  simple  shooting  method  is 
used  to  obtain  the  solution10.  The  values  of  P,  N,  eg,  and  6.^ 
are  extended  across  the  full  domain  of  x  by  means  of  a  cubic 
spline  interpolation10.  Values  of  P,  N,  6g,  ana  5^  are  defined 
at  x  =  0  by  linear  extrapolation,  since  these  quantities  as 
well  as  x  all  have  a  parai-  lie  dependence  or.  radius  near  the 
origin.  Given  initial  values  of  y  and  v'  at  x  •  0,  Eq.  (40)  is 
advanced  across  the  mesh  by  the  common  fourth-order  Runge  Kutta 
method  1 1 . 

B.  Radiation  Model  Equations 

The  numerical  solution  of  the  radiation  model 
equations  (47)  —  (53)  (neutral  gas  is  presently  ignored  in  this 
model  so  A^  *  wIR  *  0)  is  essentially  trivial  except  for  the 
atomic  physics  rate  equations  (49)  .  These  are  a  set  of  stiff 
ordinary  differential  equations  and  can  therefore  be 
troublesome  to  solve. 

Since  we  alternate  between  transport  and  radiation 
model  equations,  multi-step  methods  are  inappropriate  and  we 

,  must  seek  a  different  method.  We  would  like  the  numerical 

!. 
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scheme  used  to  solve  these  equations  to  be  unconditionally 
stable  and  to  conserve  particle  number.  The  well  known 
backwards  Euler  method  has  both  of  these  properties.12  This 
method  is  defined  by 


un+l  _  un  *  f(U)n+l 


(54) 


where  u  is  a  vector  and  f(u)  is  a  linear  function  of  u.  The 
difficulity  with  this  method  is  that  it  is  only  first-order 
accurate  in  time.  However,  it  yields  a  tri-diagonal  system  of 
difference  equations,  which  can  be  solved  very  efficiently. 
Therefore  this  method  can  be  used  to  solve  the  rate  equations 
if  a  proper  criterion  can  be  found  to  adjust  the  time  step  so 
that  sufficient  accuracy  can  be  obtained.  This  time  step  may 
be  substantially  shorter  than  the  time  step  used  for  the 
radiation  model  equations  as  a  whole. 

The  time  step  used  in  solving  the  radiation  model 
equations  is  determined  by  either,  the  time  step  from  the 
transport  phase  or,  the  change  in  Se  due  to  radation  energy 
loss.  The  radiation  loss  is  due  mostly  to  line  radiation, 
which  is  caused  by  inelastic  collisions  of  electrons  with  ions 
that  leave  the  ions  in  an  excited  state.  The  electrons  that 
are  principally  responsible  for  this  are  those  that  lie  in  the 
central  region  of  the  Maxwellian  velocity  distribution,  whereas 
those  electrons  that  cause  ionization  lie  on  the  high  velocity 
tail  of  the  Maxwellian  distribution.  Therefore,  the  time  for 


1 


Se  to  change  by  an  amount  that  is  large  enough  that  the 
equilibrium  configuration  must  be  updated  may  be  longer  than 
the  time  for  the  ion  species  populations  to  change  appreciably. 

To  see  how  to  set  the  time  step  to  obtain  proper 
accuracy  in  solving  the  rate  equations  by  the  backwards  Euler 
method,  consider  Eq.  (48)  written  in  the  form 


3Ni  2Ne  f  , 

3t  y '  1  2  3  J  3 


where 


-r-  [ej-lNj-l  +  Oj  +  lNj+l  ] 


is  the  source  function  for  species  Nj .  Since  the  plasma  as  a 
whole  is  either  ionizing  or  recombining,  one  Sj  will  be  the 
largest  and  will  govern  the  size  of  the  others,  A  time  step  on 
which  the  rate  equations  can  be  solved  accurately  is  determined 
by  requiring  that  this  Sj  change  by  only  a  small  fraction. 
Therefore,  we  limit  A t  so  that 


At  dS 
TT  3t 


where  S  ■  Sup  Sj  is  the  largest  Sj  and  c  is  some  small  number. 

dsi 

An  approximate  expression  can  be  found  for  from  Eqs.  (55) 
and  (56)  by  ignoring  the  time  dependence  of  all  quantities 
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except  the  impurity  densities.  This  yields 


dS-j  2Ne  ,  2Ne 

-ar  ■  y*  -  -r-  <6j-l  * 


+  aj+l(sj+l  "  ( aj+l  +  aj+l)Nj+l)l  • 

Consequently,  for  each  time  step  of  the  radiation 
model  equations  (i.e.,  for  each  time  the  equilibrium  equation 
(53)  is  solved) ,  the  atomic  physics  rate  equations  may  be 
solved  some  arbitrary  number  of  times,  determined  by  Eq.  (57), 
in  each  mesh  cell.  The  accuracy  of  this  method  has  been 
verified  by  successively  slashing  the  time  step  by  decreasing 
e.  It  is  found  that  for  t  <  .01  very  good  accuracy  (better 
than  .1%)  is  attained. 

C.  The  Successive  Solution  of  the  Transport  and  Radiation 
Model  Equations 

A  complete  time  step  of  size  At  is  performed  in  the 
following  manner.  First,  the  transport  model  equations  are 
advanced  in  time  by  At/2.  For  this  to  be  successful  the 
predictor-corrector  scheme  must  converge  to  within  a  set 
tolerance  in  a  few  iterations  and  all  dependent  variables  must 
vary  by  less  than  a  predetermined  amount,  norminally  10%. 

Next,  the  radiation  model  equations  are  advanced  in  time  by  an 
amount  At.  This  must  be  done  in  no  more  than  two  separate 
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steps.  The  dependent  variables  must  not  change  by  more  than  a 
predetermined  amount  per  step,  again  usually  10%.  If  this  is 
not  successful  the  total  time  step  At  for  the  code  is  reduced 
and  the  process  starts  over  again  beginning  with  a  transport 
step.  Finally,  after  the  radiation  model  equations  have  been 
advanced  by  At,  the  transport  model  equations  are  advanced  by 
another  At/2,  completing  the  time  step.  A  full  time  step  is 
then  composed  of  two  time  steps,  {unless  the  energy  loss  to 
radiation  is  so  small  that  the  radiation  model  equations  can  be 
advanced  by  At  in  one  step) ,  one  where  the  transport  model 
equations  are  solved  first  and  the  radiation  model  equations 
second  and  one  where  this  process  is  reversed.  In  this  way 
errors  which  arise  because  the  two  sets  of  equations  do  not 
exactly  commute  tend  to  be  minimized.13 

In  the  transport  model  equations  the  impurity  ions 
have  been  neglected;  therefore,  the  number  of  ions  is  not  the 
same  in  the  two  models.  In  successively  solving  these  two  sets 
of  equations  the  electron  and  ion  entropy  and  the  electron 
density  are  kept  constant  to  insure  that  the  same  equilibrium 
is  passed  between  the  two  models.  When  the  transport  model 
equations  are  advanced  in  time,  the  impurity  density  is  held 
fixed  in  physical  space.  This  is  accomplished  by  remeshing  the 
impurity  density  in  x  after  each  transport  step.  The  new 
impurity  density  is  contructed  by  weighting  the  densities  that 
existed  in  the  overlaping  mesh  cells  before  the  transport  step 
by  there  respective  areas.  In  this  manner  the  total  number  of 
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impurities  is  exactly  preserved. 

The  accuracy  of  the  solution  is  monitored  by  checking 
equation  (11)  for  global  energy  balance,  which  is  separately 
satisfied  by  both  sets  of  equations.  The  code  is  found  to 
conserve  the  sum  of  the  internal  plasma  energy  and  the  magnetic 
field  energy,  taking  into  account  energy  sources  and  sinks  due 
to  radiation,  thermal  conduction,  and  the  flux  of  both  plasma 
internal  energy  and  magnetic  energy  at  the  wall,  by  better  than 


6.0  Results  for  the  ZT-40  Reversea-Field  Pinch  Experiment 

The  reversed-f ield  pinch  is  a  promising  approach  to 
controlled  fusion  that  has  received  considerable  attention  in 
recent  years.  It  is  an  axisymmetric  toroidal  device  that  has 
poloidal  and  toroidal  magnetic  fields  roughly  equal  in 
magnitude.  A  large  amount  of  magnetic  shear,  created  by 
reversing  the  direction  of  the  toroidal  field  in  the  outer 
region  of  the  plasma,  permits  MHD  stable  operation  at  the 
relatively  high  beta  of  30-4C%.  A  principal  difficulty  with 
RFP  experiments  has  been  low  electron  temperatures  caused  by 
energy  loss  from  radiating  impurities,  principly  oxygen.  Here 
we  present  a  simulation  of  the  ZT-4011*  reversed-f  ield  pinch  as 
an  example  of  the  kind  of  results  that  the  computer  code  is 
capable  of  producing. 
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The  major  operating  parameters  for  the  ZT-40 
experiment  are: 

Vacuum  wall  radius  ■  20  cm 
Conducting  wall  radius  -  22  cm 
Total  toroidal  current  ■  500  kA 
Density  on  axis  ■  5  *  10 14  cm“3. 

We  begin  the  calculation  with  a  diffuse  current  profile  that  is 
somewhat  peaked  off  axis.  The  initial  density  profile  is 
parabolic  and  peaked  on  axis;  the  electron  and  ion  temperatures 
are  set  at  a  uniform  10  eV.  The  impurity  studied  is  oxygen, 
with  a  density  of  0.4%  that  of  the  local  deuterium  density. 

The  pedestal  values  of  density  and  temperature  at  the 
vacuum  chamber  wall  are  given  by  their  initial  value  or  the 
value  at  the  point  next  to  the  wall,  whichever  is  less.  The 
electric  fields  at  the  conducting  wall  are  set  to  zero. 

We  are  therefore  simulating  the  post-implosion  phase 
of  this  device  assuming  that  diffuse  profiles  already  exist, 
and  allow  the  plasma  to  evolve  from  this  initial  state  in 
isolation  from  any  external  driving  circuit.  In  the  transport 
model  we  assume  classical  transport  coefficients  in  the  strong 
field  limit  as  given  by  Braginskii.  1  In  the  radiation  model  we 
assume  that  the  coronal  approximation  is  valid15  and  that  all 
radiation  energy  is  lost  from  the  plasma.16  The  actual  atomic 
physics  data  used  in  the  radiation  model  equations  is  furnished 
by  an  atomic  physics  code  developed  by  Dr.  Russell  Hulse.  This 
code  utilizes  generalized  formulae17  to  calculate  ionization 
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and  recombination  coefficients  and  radiation  loss  rates  for  an 
arbitrary  element. 

rBz 

In  Figs.  l(a,b,c)  plots  of  B_,  B-,  and  P  »  — —  are 

as  e 

given  as  a  function  of  radius  and  time.  We  see  that  during  the 
2  ms  that  the  code  was  run  these  quantities  show  little  change. 
The  largest  change  is  in  the  Bz  field  at  the  vacuum  chamber 
wall/  which,  although  it  has  decayed  from  -1300  g  to  -500  a,  is 
still  reversed. 

The  reason  for  the  small  change  in  the  magnetic  field 
profiles  is  that  the  beta  is  low  (B  -  .4%  initially  and  12%  at 
2  ms) .  For  classical  transport  the  ohmic  heating  is  the 
dominate  process  at  low  beta.  The  magnetic  field  diffusion  and 
the  particle  diffusion  are  smaller  than  this  process  by  the 
factors  B  and  e2  respectively.  In  Figs.  2(a,b,c),  where  jz, 
jt,  and  Iz  are  given  as  a  function  cf  radius  and  time  we  see 
the  same  stationary  behavior.  However,  notice  that  the  total  z 
current  actually  increases  by  a  small  amount  with  time.  This 
is  because  the  diamagnetic  current  created  by  ohmic  heating  has 
a  significant  component  in  the  z  direction. 

In  Figs.  3{a,b,c,d)  the  density  n,  the  electron  and 
ion  temperatures  Te  and  T^ ,  and  the  pressure  p  are  given  as  a 
function  of  radius  and  time.  We  see  that  although  the  density 
is  again  approximately  stationary,  the  electron  and  ion 
temperatures  and  the  pressure  are  peaked  off  axis  and  show 
steep  gradients  that  correspond  to  the  distribution  of  the 
parallel  current.  Due  to  the  large  ion  thermal  conductivity 


the  ion  temperature  profile  is  much  smoother  than  the  electron 
temperature  profile. 

In  Figs.  4(a,b)  are  shown  the  total  oxygen  density 
(the  sum  over  all  states)  and  the  average  charge  of  oxygen  as  a 
function  of  radius  and  time.  The  total  oxygen  density,  as 
expected  (diffusion  of  impurities  has  been  omitted  in  the 
transport  model),  is  nearly  stationary.  From  Fig.  4(b)  it  is 
seen  that  oxygen  reaches  the  helium  like  state  in  a  very  short 
period  of  time  across  nearly  the  entire  plasma  radius.  Then 
the  last  two  electrons  are  slowly  ionized  in  2  ms,  but  only 
where  the  parallel  current  density  is  a  maximum.  Therefore,  we 
see  that  for  this  concentration  of  oxygen  the  plasma  has  easily 
burned  through  the  oxygen  radiation  barrier,  which  has  a  peak 
at  about  25  eV.  At  2  ms  the  average  electron  temperature  is 
280  eV  and  the  average  ion  temperature  is  240  eV.  At  this  time 
only  15%  of  the  magnetic  field  energy  that  has  gone  into  ohmic 
heating  has  been  lost  to  radiation. 

In  Fig.  5  is  shown  the  Suvdam  criterion  as  a  function 
of  radius  and  time.  It  is  seen  that  after  a  short  period  of 
time  this  criterion  is  violated  in  the  outer  quarter  of  the 
plasma.  Thus  one  expects  anomalous  transport  in  this  region. 

Global  energy  balance  was  checked  for  this  simulation 
and  found  to  be  satisifed  to  better  than  .01%.  The  computer 
code  took  approximately  150  time  steps  and  1-1/2  hours  of  CPU 
time  on  the  PDP-10  computer  to  run  to  2  ms. 
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7.0  Conclusion 

We  have  shown  that  the  MHD  equations,  for  the  case 
where  there  are  many  ion  fluids  due  to  the  presence  of  an 
impurity,  and  where  the  plasma  and  magnetic  field  configuration 
evolves  through  a  series  of  equilibrium  states,  may  be 
simplified  by  splitting  these  equations  into  two 
self-consistent  and  independent  sets:  one  tha.t  contains  all 
transport  processes  and  one  that  contains  all  atomic  physics 
processes.  It  was  then  shown  that  the  coupled  initial  value 
and  boundary  value  problem,  that  results  from  the  equilibrium 
equation  appearing  as  a  constraint  on  the  plasma  and  magnetic 
field  evolution  equations,  can  be  cast  into  a  form  more 
amenable  to  numerical  solution  than  is  the  usual  Eulerian 
representation.  This  involved  transforming  both  the  transport 
model  and  radiation  model  equations  into  a  Lagrangian 
coordinate  system  based  on  a  normalized  poloidal  flux  variable 
that  has  a  fixed  domain,  and  changing  the  dependent  variables 
to  quantities  that  remain  invarient  during  adiabatic  motion  of 
the  plasma.  This  resulted  in  a  system  of  equations  that  could 
then  be  directly  advanced  in  time  by  elementary  numerical 
methods. 

It  was  shown  that  the  atomic  physics  rate  equations 
could  be  solved  efficiently  and  accurately  by  the  backwards 
Euler  method,  once  a  suitable  criterion  was  derived  for  setting 
the  time  step  associated  with  this  absolutely  stable  but  only 
first  order  accurate  method. 
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The  present  computer  code  contains  only  electrons  and 
ions  in  the  transport  model  equations,  although  the  manner  in 
which  impurity  fluids  are  to  be  added  is  discussed  in  Section 
3.0.  The  full  multi-fluid  transport  model,  where  impurity 
diffusion  is  treated,  will  be  developed  in  future  work. 
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Figure  Captions 


Fig.  l(a,b,c).  The  toroidal  magnetic  field  Bz  (gauss),  the 

poloidal  magnetic  field  B6  (gauss),  and  the 
rBz 

pitch  P  ■  — —  are  shown  as  a  function  of 

aBe 

radius  and  time. 

Fig.  2(a,b,c).  The  parallel  current  density  j  (amp. /cm2), 
the  toroidal  current  density  j2  (amp./cm2), 
and  the  total  toroidal  current  I2  (amp)  are 
shown  as  a  function  of  radius  and  time. 

Fig.  3(a,b,c,d).  The  density  n  (cir.'3),  the  electron 

temperature  Te  (eV) ,  the  ion  temperature 

(eV) ,  and  the  pressure  p  (dynes/cm2)  are  shown 

as  a  function  of  radius  and  time. 

Fig.  4(a,b).  The  oxygen  density  nox(cm"3)  and  average 

charge  <Z>  are  given  as  a  function  of  radius 
and  time. 

Fig.  5.  The  Suydam  criterion  is  plotted  in  arbitrary 

units  as  a  function  of  radius  and  time. 
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MEMORANDUM 


TO:  R.  Hellwarth  and  N.  Peacock  October  26,  1978 

F  ROM :  M .  Go ldman 

SUBJ :  Comparison  of  Raman  Induced  Kerr  Effect  (RIKE) 

with  Incoherent  Scatter  (INSC)  in  a  Plasma 


INCIDENT  WAVE 


INCOHERENT  DENSITY 
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PUMP  WAVE 


COHERENT  DENSITY  DRIVEN  BY 
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The  purpose  of  this  memo  is  to  present  a  classical  theory 
of  the  Raman- induced  Kerr  effect  (RIKE)  based  on  the  notion  of 
ponderomotive  force,  and  to  exhibit  its  potential  advantages 
over  incoherent  scattering  as  an  optical  diagnostic  of  collec¬ 
tive  excitations  in  a  high  density  plasma. 

In  the  figure,  the  laser  configuration  for  RIKE  is  compared 
with  incoherent  scatter.  In  RIKE,  a  broadband  probe  laser  is 
incident  on  a  plasma  between  crossed  polarizers.  A  photon 
detector  on  the  other  side  receives  no  signal  until  a  second, 
circularly  polarized  "pump"  laser  is  turned  on.  The  detector 
then  receives  the  plasma  wave  spectrum  imprinted  within  the 
bandwidth  of  the  probe  laser.  The  detected  radiation  is  pro¬ 
duced  by  a  third-order  current  which  has  the  polarization  of 
the  pump,  the  wave  vector  of  the  probe,  and  is  inversely  propor¬ 
tional  to  the  square  dielectric  function  of  the  plasma.  In 
effect,  density  fluctuations  are  driven  by  the  ponderomotive 
beat  force  due  to  the  two  incident  lasers,  so  this  is  a  coherent 
effect. 

I.  In  both  cases,  the  power  received  at  the  detector  is 


P 


cr2Afl 

47T 


Es(r,t) 


(1) 


< 
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where  Eg  is  the  signal  field  at  the  observation  point  r 
(measured  from  the  plasma)  ,  and  cr  A!)  is  the  area  subtended  at 
the  detector.  Eg  is  related  in  the  usual  way  to  the  Fourier 
transform  of  the  plasma  current  i(ksrWg)  which  generates  Eg: 


iu)  ikr 


(2) 
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In  both  cases,  the  current  is  proportional  to  the  high- 
frequency  velocity  of  electrons  induced  by  an  externally 
incident  field  E  ,  times  a  lower  frequency  density,  nL  (char- 
acteristic  of  the  collective  mode  being  probed) .  When  Fourier 
transformed,  the  relationship  is 

i“sis<V“s>  '  4  T  +  VW  WJ  • 


for  0)  >0,  the  second  term  is  negligible,  and  for  u  <  0,  the 

s 

first  term  is  negligible,  since  the  plasma  has  no  high  frequency 
response  at  ]  w  |  +  ^o*  we  time— average  (or  ensemble  average) 


(1) ,  we  get 


<P>  = 


2 

cr  Aft 


T 

f  / 


-  £rr£  2  Yj  Z2  4 <£'“«>  •4(£'*“s> 


w  >0 
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Hence,  combining  Eqs.  (2)-{4),  into  Eq.  (1)  gives  the  usual 


result 


_  i  V  lnL  ‘“s'W* 

<p>  -  I0vn  f  2^  - - — 


a)  >  0 
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where  I  =  c|E  I  2/3tt  is  the  time-average  incident  intensity, 
o  o 

and  aT  =  rQ2  [l- (r • eQ) 2]  is  the  usual  Thompson  scattering  cross 


section. 
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The  only  difference  between  RIKE  and  INSC  is  in  the  physics 
of  nL>  In  INSC  it  is  an  incoherent  density  fluctuation  driven 
by  spontaneous  emission  sources,  and  in  RIKE  it  is  a  coherent 
density  response,  driven  by  ponderomotive  force. 

We  first  consider  INSC  in  an  equilibrium  non-magnetic 
plasma.  The  electron  charge  density  response  consists  of  the 
polarization  density  (proportional  to  longitudinal  field 
fluctuations,^^),  and  electron  spontaneous  emission,  ngp/ 

e  _  ik  e-  e 

~enL  -  47  *L  £l  -  enSP  '  (6) 

where  xf  is  the  usual  electron  susceptibility.  When  Eq.  (6)  and 
its  ior.  counterpart  are  inserted  into  Poisson's  equation,  we 


obtain 


4ir  .  .  e  x  . 
LTL  =  k  l(enSP~enSP)  ' 


where  eL  =  1+Xg+X^  is  the  longitudinal  dielectric  function. 
Combining  (6)  and  (7), 


nL  <“'*>  “  f  -  ^)"Ip  +  \  4 


Whenever  oj  >>  kv^,  the  ions  can  be  ignored.  (This  is  the  case, 
for  example,  near  the  Langmuir  wave  resonance)  .  Then, 


e  /  X  f  \  , 

lim  (w,k)*ll-  — — In* 

^>>kv.  ' 


The  density  correlation  function  which  enters  into  (5)  is  then 
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(10) 


where  V  is  the  scattering  volume,  and  nQ  the  mean  electron 
density.  By  using  the  fluctuation-dissipation  theorem,  we  find 
an  expression  for  the  SPONTANEOUS  EMISSION  correlation  function 
contribution  on  the  right  side. 


<|n|p(k,u>)  |2 
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In  the  vicinity  of  the  Langmuir  resonance,  this  becomes 


<|n|p  (k,oj)  |2> 
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where  yl  is  the  Langmuir  damping  rate  (collisional  or  Landau) . 

Now  we  compare  with  RIKE.  Here,  the  electron  density  response 

is  due  to  the  ponderomotive  force  associated  with  the  total 

externally  impressed  electric  field.  This  force,  F  ,  is 
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p  = — : — 5 — 

*  4nuo_ 


The  total  external  field  is  the  real  part  of  &  . (t)e 

where  the  envelope  field  <^xt  is  given  by 
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(13) 
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The  field  is  that  of  the  circularly  polarized  (narrow  band) 

pump,  and  B(t)  is  the  linearly  polarized  broadband  probe  field. 
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The  part  of  the  ponderomotive  force  relevant  to  RIKE  is  due  only 

JD 


_  2  i  Ikn  k  )  *  £ 

to  the  beat  term  in  l^extl  #■  which  is  Ct)  »£*e 


The 


electrons  respond  linearly  to  the  electric  plus  ponderomotive 
force  (-e<2  +  F  ).  Thus, 

Li  P 
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(15a) 


When  this  is  inserted  in  Poisson's  equation,  we  obtain 


£I?L  =  Fp/e  • 


(15b) 


Combining  these  two  yields, 
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nL(u),k)  = 
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(16) 


By  comparing  equation  (16)  with  equation  (9) ,  we  see  that  the 
coherent  quantity  which  plays  the  same  formal  role  as  n^p,  (as  a 
source  term,  which  drives  a  dynamically  screened  polarization 
density  response),  is  the  effective  external  source. 


-ikXlr  (t) 
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In  particular,  in  terms  of  n“xfc,  the  counterpart  of  Eq.  (10) 
becomes 
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Hence,  to  compare  RIKE  with  INSC,  we  need  to  compare  the  source 

term  I ne  .  (w) I 2/n  VT  with  the  correlation  of  SPONTANEOUS  EMISSION 
1  ext  1  o 


density  fluctuations  given  in  Eq.  (12) .  Combining  (17) ,  (13) , 
and  (14) , 


ncVT 
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where  k  =  k_  -  k  .  For  the  broadband  probe  field,  we  assume, 

—  — B  — O 


w  +  (Aw) 


(where  the  bar  indicates  a  time  average  with  T  ■.  (Aw)  ).  When 
w  is  near  the  plasma  frequency,  w  ,  and  assuming  the  bandwidth 

s' 

Aw  is  much  greater  than  w  ,  this  is  proportional  to  1/Aw.  Since 
|X®}  »  1  near  the  plasma  frequency,  when  we  combine  (20)  and  (19) 
the  result  becomes. 
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where  A_  „  =  vn  /v  .  v_  is  the  oscillating  velocity  of  an 

D;  O  ij  f  O  6  D  f  O 

electron  in  the  probe  or  pump  field: 


and  v  is  the  electron  thermal  velocity.  A_  is  the  parameter 
e  o 

which  measures  nonlinear  effects,  and  should  be  small  if  RIKE 


is  to  be  a  non-perturbing  measurement.  We  can  also  express 

0  2  2 

A  =  (2w  /w  )  (I/mnc)  ,  where  I  is  the  average  intensity  of  the 
P 

radiation  beam  in  question.  The  ratio  of  the  RIKE  to  INSC 
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signal  intensities  at  a  particular  frequency  is  therefore  just 


the  ratio  of  Eq.  (21)  to  Eq.  (12) ,  or 
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(The  extra  factor  of  1/4  comes  from  the  second  polarizer  in 

RIKE.)  The  term  n  V  is  the  number  of  electrons  in  the  volume 

o 

of  plasma  occupied  by  the  crossed  beams.  This  appears  because 

RIKE  is  a  coherent  effect,  whereas  INSC  is  not.  It  can  be  very 

19 

large  in  high  density  plasmas  where  nQ  is  on  the  order  of  10 
cm-^.  The  other  large  factor  is  co  /yT  ,  which  is  the  effective 

p  L. 

0  2 

Q  of  the  Langmuir  mode.  This  enters  because  <|nsp|  >  is 
proportional  to  y  (by  the  Nyquist  theorem),  whereas  <  I  n^x-tJ  2> 
is  independent  of  y.  The  other  factors  are  all  small,  but 
rough  estimates  indicate  that  R  can  be  at  least  106.  Suppose 
the  pump  and  probe  lasers  have  an  output  of  5  J  in  15  nsec  at 
frequencies  close  to  10  times  the  plasma  frequency  of  a  plasma 

with  9=1  keV,  n  =  10  If  the  lasers  are  focused  down  to 

-2 

a  spot  size  of  3  x  10  cm,  then  the  intensity  at  the  spot 
will  be  I  =  3  x  lO1^  W  cm-2,  and  A2  s  10  4  for  the  probe  or 
pump  laser.  The  number  of  electrons  participating  in  RIKE  will 
be  nQ  x  (3  x  10  V  =  3  x  10^.  If  we  arrange  for  k/kD  =  1/10, 
the  damping  will  be  collisional,  and  Yc/^p  =  2  x  10-5.  Insert- 

g 

ing  these  numbers  into  Eq.  (23)  gives  R  =  10  . 

These  estimates  only  give  a  relative  comparison  with 
incoherent  scatter.  To  obtain  the  magnitude  of  the  transmitted 
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RIKE  power,  we  must  insert  Eq.  (18)  into  (5).  When  the  scatter¬ 
ing  is  from  a  Langmuir  wave,  the  coefficient  |l  -  0Cl/£lM2  in 
Eq.  (18)  can  be  approximated  as, 


CJ-0JL  (JO  I  +y‘ 


2  2  2  2 

where  wT  =  w  +  3v  k  .  We  do  not  carry  out  the  details 
L  p  e 

here,  although  it  is  straightforward  to  do  so. 

In  practice,  it  is  probably  preferable  to  replace  the 
broadband  probe  by  a  probe  offset  in  frequency  by  toL,  and  having 
a  narrower  bandwidth,  Atu  in  the  range  y  <<  Aw  <<  w^.  Under 

these  conditions  the  Lorentzian  in  Eq.  (20)  should  be  replaced 

[2  -  21 

(to- [copR-wo] )  +  (Aw)  j ,  where  wpR  is  the  central  frequency 

of  the  probe,  and  Aw  its  width.  Near  the  Langmuir  resonance 
this  becomes  (Aw)  \  so  Eq.  (23)  is  again  valid,  with  Aw  Aw. 
However,  now  w  /Aw  is  larger  than  unity,  so  R  is  enhanced  even 

r 

further. 


III.  Effects  of  a  Mangetic  Field  in  the  Plasma 


It  is  formally  trivial  to  generalize  these  results  to  an 
anisotropic  plasma  such  as  a  magnetized  plasma.  In  this  case, 
the  density  response  is  given  not  by  Eq.  (15a) ,  but  rather  by 


-  4i-  '  •  [«  -  “VO  ' 


(25) 


where  X  is  the  linear  electron  susceptibility  tensor  which  is 
well  known,  and  can  be  obtained  from  either  hot  or  cold  linear 
magnetoplasma  equations.  (See,  for  example,  T.  Stix,  "Theory 
of  Plasma  Waves,"  Chapter  9,  1962).  The  field  ^  is  not,  in 
general,  longitudinal,  so  we  must  use  the  full  set  of  Maxwell 
equations  instead  of  Poisson's  equation  to  obtain  the  generali¬ 
zation  of  Eq.  (15a) .  This  brings  in  currents,  and  we  may  use, 
in  place  of  Eq.  (25) , 

ie  =  ir*  Xe  *  l£-  £Fp/e|  .  (26) 

Eq.  (25)  is  identical  to  the  longitudinal  component  of  Eq.  (25) 
when  we  use  the  continuity  equation,  pe  =  (Equivalently 

we  could  use  the  conductivity  tensor  ge ,  where  X6  =  4iria/u).) 

With  Ea.  (26)  inserted  in  Maxwell's  equation,  the  generalization 
of  Eq.  (15b)  is: 

m  •  £  =  (xe  •  £  j 

-  XekF  /e  ,  (27) 

ir 

where  M  is  given  by 

c2  2 

M  =  £  +  ^2  (k  k  -  k  1)  »  (28) 

ui 

and 
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(29) 
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All  of  the  electrostatic  and  electromagnetic  collective  modes 
of  the  plasma  can  be  found  from  the  zeros  of  det  M.  If  we  deal 
with  real  frequencies  and  include  dissipation,  then  det  M  gets 
small  near  a  collective  mode  but  is  not  zero.  Hence,  we  can 
insert  (27)  to  obtain 


€  =  M-1  •  Xe  •  kF  /e  . 
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(30) 


Inserting  this  into  (25)  gives 
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(31) 


Near  a  resonance,  the  second  term  is  small,  and  the  electron 
density  response  is  proportional  to  the  diagonal  component  of 
^  1  associated  with  the  direction  k  •  Xe.  When  k  is  oblique 
to  the  anisotropy  direction  (e.g.,  Bq)  the  density  n®  will  get 
large  near  the  minima  of  det  II,  which  will  occur  at  the 
electromagnetic  and  electrostatic  normal  modes  of  the  plasma. 
Hence,  RIKE  may  offer  a  method  for  probing  electromagnetic 
collective  modes  of  a  plasma.  In  order  to  evaluate  the  RIKE 
signals  associated  with  a  particular  collective  excitation  in 
a  magnetoplasma  we  need  to  carry  out  the  detailed  algebraic 
analysis  of  M  and  M  1  in  the  vicinity  of  the  frequency  and 
wave  vector  of  that  excitation.  This  program  is  currently 
underway . 
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ft  is  shown  that  cancellations  in  a  consistent  calculation  strongly  reduce  the  attractive 
interaction  of  plasmons  in  an  electron  gas  and  eliminate  the  possibility  of  a  bound  state 
of  two  plasmons  in  a  metal.  In  degenerate  semiconductors  with  a  large  static  dielectric 


constant,  a  residual  binding  of  two  plasmons 

Recently  Ruvalds  and  co-workers1,1  (RRCG) 
claimed  that  residual  plasmon-plasmon  interac¬ 
tions  in  a  degenerate  electron  gas  could  lead, 
under  certain  circumstances,  to  a  bound  state  of 
two  plasmons.  Earlier  the  present  authors9  had 
examined  this  problem  using  the  diagrammatic 
Green’s  function  formulation  of  the  many-electron 
problem  and  found  that  to  zero  order  in  the  plas¬ 
mon-plasmon  momentum  transfer  (q),  the  plas¬ 
mon-plasmon  interaction  in  an  electron  gas  was 
zero  1  Ruvalds  and  co-workers  examined  our  un¬ 
published  notes  and  concluded1  that  our  calcula¬ 
tions  agreed  to  within  a  numerical  factor.  This 
conclusion  is  not  correct  because  it  was  based 
only  on  part  of  our  calculation. 

We  found  that  the  plasmon-plasmon  interaction 
has  contributions  from  two  distinct  classes  of 
irreducible  scattering  graphs  as  shown  In  Fig.  1. 
The  box  graphs  represented  by  Fig.  1(a)  and  Its 
five  topologically  distinct  transformations  lead 
to  a  coupling  parameter  (In  the  notation  of  RRCG) 
of 

ft.— |  (i) 


FIG.  1.  (a)  One  of  six  topologically  distinct  box 
graphs,  whose  sum  leads  to  the  plasmon-plasmon  in¬ 
teraction  coupling  in  Eq.  (I).  (b)  One  of  eight  topologi¬ 
cally  distinct  graphs,  whose  sum  leads  to  the  plasmon- 
plasmon  coupling  to  Eq.  (2). 


may  remain. 

which  is  exactly  the  result  found  by  RRCG.  Here 
q  =*  k  -  k'  is  the  momentum  transfer  between  plas- 
mons  and  k ,  is  the  Thomas-Fermi  screening  mo¬ 
mentum.  [Note  that  lq|  <2*  and  3*,  is  the 

condition  for  weakly  damped  plasmons  in  the  RPA 
(random-phase  approximation).]  On  the  basis  of 
this  result  RRCG  claimed  that  our  calculation 
agreed  with  theirs.9 

However,  we  went  on  to  consider  the  eight  dis¬ 
tinct  graphs  represented  by  Fig.  1(b)  which  led  to 
the  contribution 

^h-f^U^VO].  (2) 

which  exactly  cancels  the  contribution  of  the  dia¬ 
grams  of  Fig.  1(a)  to  terms  of  order  q1  /fr,M 

Ruvalds  and  co-workers  used  the  Bohm-Pines 
collective-coordinate  transformation  of  the  many- 
body  Hamiltonian  which  is  still  exact.  It  appears 
then  that  RRCG  neglected  some  contributions  in 
this  Hamiltonian  which  are  equivalent  to  the  graphs 
of  Fig.  1(b). 

In  the  remainder  of  this  Letter  we  will  point  out 
the  ubiquitous  nature  of  this  type  of  cancellation 
in  collective  phenomena  in  quantum  and  classical 
plasmas  and  will  give  some  results  for  a  two- 
component  plasma  for  which  the  cancellation  is 
not  complete.  Further  we  will  argue  that  in  a  de¬ 
generate  semiconductor  the  cancellation  may  not 
be  complete  because  of  lattice  effects.  These 
effects  may  leave  a  residual  attractive  interac¬ 
tion  between  plasmons  and  the  remote  possibility 
of  a  bound  state  or  resonance. 

The  cancellation  noted  above  is  a  well-known 
one  In  plasma  theory.  In  Fig.  2  we  draw  repre¬ 
sentative  diagrams  (In  each  case  there  are  addi¬ 
tional  topological  variations  of  these)  for  the  pro¬ 
cesses  of  Compton  scattering  of  plasmons  from 
electrons  [2(a)],*  optical  absorption  into  a  plas- 
mon  and  electron-hole  pair  [2(b)],9  and  light  scat- 
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FIG.  2.  Representative  graphs  for  (a)  Compton  scat- 
taring  of  plasmoas  from  electrons;  (b)  optical  absorp¬ 
tion  of  a  photon  Into  an  electron-hole  pair  plus  a  plas- 
mon;  and  (c)  light  scattering  from  electrons.  In  each 
case,  cancellation  occur  between  the  contributions 
from  the  two  types  of  graphs. 


terlng  from  electrons*  [2(c)],  In  the  case  of  plas- 
mon-plasmon  scattering  we  note  the  close  rela¬ 
tionship  of  this  process  with  Compton  scattering 
in  the  sense  of  a  generalized  optical  theorem.  In 
each  case  the  transition  amplitude  involved  is 
proportional  to 

1  -  AwJ/tfa,  Aw)  ,  (3) 

where  <*<)  is  the  RPA  electron  susceptibility 
function  (l.e.,  the  electron-hole  propagator)  where 
q  and  Aw  are  the  momentum  and  energy  transfer 
on  scattering.  The  factor  unity  comes  from  the 
(noncollective)  graphs  on  the  left-hand  side  In 
each  set  and  the  -x*/«  arises  from  the  second  or 
class  of  diagrams  on  the  right-hand  side,  which 
in  each  case  represent  scattering  from  the 
screening  cloud  surrounding  each  electron.  Note 
that  for  an  electron  gas  t  ■  1  ♦  x«  and  1  -  x*/«  =  ( 1 
+  XX'  “  X/'  “f1/*,*  In  the  limit  of  static  screen¬ 
ing  (qV f  »  Aw).  Thus  the  combined  effect  is  of 
order  q2 !k  *  rather  than  unity.  For  a  two-com¬ 
ponent  system  or  a  material  characterized  by  a 
background  dielectric  constant  €„  we  can  write 
c  » t0  *  x,  and  1  -  x«/*  *  «,(«„  ♦  X,)*'.  If  £„  Is  com¬ 
parable  to  or  larger  than  q2  >,*,  a  much  larger 
residual  interaction  can  occur.  For  example,  in 
an  electron-ion  plasma  c0  a  1  **0(J .'**  when  Aw 
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FIG.  3.  (a)  The  plasmon  propagator  as  the  sum  of 
bubble  or  polarization  graphs,  (b)  The  three- plasmon 
interaction  obtained  by  the  insertion  of  an  additional 
plasmon- particle  vertex  in  the  graphs  of  (ad.  (c)  The 
two  types  of  four-plasmon  interaction  graphs  by  a  sec¬ 
ond  plasmon-partlcle  insertion  in  the  graphs  of  (b). 


«kVt  l ^-(T/.Vf ,)"'*]  and  we  have  1  -  x^t  ■*£,*/ 
Ji/T,  >  1  resulting  in  a  much  larger  resi¬ 
dual  interaction  when  <?«*,. 

A  similar,  but  not  identical,  cancellation  oc¬ 
curs  in  the  calculation  of  plasmon  damping  Into 
two  electron-hole  pairs  as  shown  by  DuBols  and 
Kivelson.’ 

In  Fig.  3  we  demonstrate  graphically  how  the 
various  contributions  to  plasmon -plasmon  coup¬ 
ling  arise.  In  Fig.  3(a)  the  plasmon  propagator 
in  the  RPA  is  represented  as  the  well-known 
summation  of  bubble  diagrams.  Three-plasmon 
coupling  Is  represented  by  inserting  a  simple 
plasmon-particle  vertex  Into  the  electron-hole 
lines  in  all  possible  ways.  This  produces  the 
“triangle"  coupling  shown  in  Fig.  3(b).  Note  that 
formally  this  insertion  of  a  plasmon-partlcle  ver¬ 
tex  can  be  accomplished  by  taking  the  functional 
derivative  of  the  one-piasmon  propagator  with 
respect  to  an  external  potential  V^Cx,!,)  »  Vrj(l) 
which  acts  on  the  electrons.  The  functional  deriv¬ 
ative  acting  on  each  electron  or  hole  propagator 
C  produces 
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thus  turning  C(1  -  2)  into  -G(l  -  3)C(3  -  2)  which  transforms  the  simple  bubble  graphs  into  triangles. 
Four-plasmon  coupling  Is  obtained  by  a  second  functional  derivative  which  is  equivalent  to  another  plas- 
mon  insertion.  We  can  have  insertions  in  two  separate  bubbles  [.Fig.  3(c)]  or  two  insertions  in  one 
bubble  [Fig.  3(d)].  Summing  to  all  orders  then  leads  to  the  two  types  of  plasmon-plasmon  interaction 
graphs  in  Fig.  1. 

We  have  carried  out  an  analysis  of  the  two-plasmon  thermal  Green’s  function 

A(*i.  fi*  ^si  ^s»  =  (  It  t j ) jj(k 2t  f2)p(t),  t2)p(k 4,  f4)) ,  (4) 

where  and  p(k,  t)  is  the  density  operator.  The  technical  details  are 

similar  but  not  identical  to  those  discussed  in  Rajagopal,  Crest,  and  Ruvalds.*  The  approximation 
solves  the  Bethe-Salpeter  equation  for  Dt  by  summing  ladders  of  the  fundamental  interaction  diagrams 
in  Fig.  1.  The  momentum-frequency  space  Green’s  function  can  be  decomposed  into  relative  momen¬ 
tum-energy  variables  k  =(it,  w)  and  center-of-mass  variables  K  =  (K,  £2), 

D2(iK  +  k,iK-k;  iK'  +  k\iK’-k'>=D2(k,k'-K)P{K-K’).  (5) 

The  reduced  Green’s  function  is  related  to  a  generally  non-Hermitian  operator  and  can  be  decomposed 
into  a  complete  set  of  biorthogonal  amplitudes  X„  and  q>n 

.sEjfcg&&Bl,  (61 

The  following  “Schrodinger”  equation  for  results  from  carrying  out  this  procedure: 

[£„- wt-w.  +  i(y+  +  y.)]^4(k,K)=[l+^(w+)+^(w.)] J  -£^Veff(k,E';K)<^(E',K),  (7) 

where 

w,  =  wpi(2K±lc)  (8) 

are  the  two  plasmon  energies  and  y „  and  y_  are  the  corresponding  damping  decrements.  T!"  statistical 
lactocs  are 

g(v)  ~(e&u  -  1)' 1  (9) 

with  j3  *  l,  and  V(ff  (E,£';  K)  is  the  effective  (nonlocal)  plasmon-plasmon  interaction 


V  (k  £'-k)=.  qi  v  (a  x*5»Atl,) 

Veff(R,R  ,K)  -  2„m(v1)  k*k'2  k  •  L1  ”  e(?,4u) 


[with  q  =  (lc  -k')  and  Aw  =  uipj(3/f  +*)  -  wpi(jK  +  fc')], 
which  is  proportional  to  l-x,/«  as  advertised. 

The  result  of  RRCG  is  obtained  by  neglecting  the 
term  x,/c  and  using  the  static  approximation  for 
X.  =  *,V<7J  [valid  whenAw  -  (qk /k F)V T  «kV f).  The 
cancellation  of  the  terms  in  square  brackets  re¬ 
duces  Veff  from  their  value  by  a  factor  q2/k* 
which  is  always  less  than  unity  for  undamped 
plasmons.  (Note  q  ^  -  2k,  k2<k2^  2k2.)  The 
solution  of  (7)  with  the  q -dependent  interaction  is 
much  more  difficult  and  we  have  not  carried  out 
a  detailed  solution.  We  estimate,  using  variation¬ 
al  methods,  that  the  binding  energy  for  an  s  state 
is  now  reduced  by  a  factor  of  about  L.  This  would 
push  the  bound-state  threshold  estimated  by 
RRCG  up  to  an  unrealistic  value  of  r,  »  14.  Here 
we  have  included  the  factor  of  3  resulting  from 
angular  averaging  as  discussed  in  Ref.  4. 

For  doped  semiconductors  e0  is  the  lattice  di¬ 


electric  constant  arising  from  virtual  interband 
transitions  and  is  a  constant  if  fiAu«Elt  the 
least  band-gap  energy.  In  this  case  £0  may  be  of 
order  10  or  more  and  may  significantly  enhance 
the  binding.  The  condition  fiAw  =K[wpl(fe)  -  wpl(fe')] 
«£,,  where  wpl(fc)a*u)p+  lVT2k2/wp  for  degenerate 
electrons,  leads  to  the  restriction 


3  q2  /E.V{nut\ 
10feFJ<<UF/  \E,J 


If  the  right-hand  side  of  this  inequality  can  be 
chosen  to  be  of  order  unity  or  greater,  the  above 
estimates  for  the  binding  potential  are  valid.  In 
this  case  there  is  an  effective  attractive  q  -depen¬ 
dent  potential  (using  x,=k,2/q2) 


(k  •  k')a  e„ 

feV*  £0  +  fe,V<7J 
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which  leads  to  a  coupling  parameter  comparable 
to  (1)  provided  qi/k*<l/t0.  Again,  the  detailed 
analysis  of  this  case  remains  to  be  carried  out. 
In  a  degenerate  semiconductor  with  a  large  value 
of  („  (>  10)  it  appears  that  the  attractive  interac¬ 
tion  might  be  strong  enough  to  permit  a  piasmon 
bound  state  or  resonance.  In  this  case  the  reso¬ 
nance  could  not  be  observed  in  electron  scatter¬ 
ing  but  might  be  observable  from  light  scattering 
experiments  or  in  optical  absorption. 

The  piasmon  interaction  with  the  screening 
clouds  surrounding  the  electrons  again  is  seen  to 
lead  to  important  cancellations.  We  conclude 
that,  at  least  for  r,<l,  plasmons  are  nearly  in¬ 
dependent  excitations  of  an  electron  gas  with  a 
weak  attractive  interaction.  The  challenge  which 
remains  is  to  extend  these  calculations  beyond 
lowest-order  terms  in  rt  to  encompass  the  re¬ 
gime  of  physical  densities. 
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ABSTRACT 

Type  III  solar  radio  bursts  are  thought  to  be  associated  with  intense  levels  of  electron  beam 
excited  Langmuir  waves.  We  numerically  study  the  nonlinear  evolution  of  these  waves,  in  tune 
and  in  two  spatial  dimensions,  due  to  their  coupling  to  other  waves.  For  parameters  appropriate 
to  one-half  the  Earth-Sun  distance,  we  find  nonlinear  effects  to  be  important,  as  in  previous  one¬ 
dimensional  work.  However,  a  new  and  important  phenomenon,  two-dimensional  soli  ton  col¬ 
lapse,  is  found  to  occur.  This  collapse,  induced  directly  by  the  wave  packet  nature  of  the  beam 
excited  waves,  produces  two-dimensional  wave  spectra  extending  over  a  much  broader  range 
of  wavenumbers  than  has  been  predicted  by  inhomogeneous  quasi-linear  theory.  Our  results 
compare  favorably  with  certain  aspects  of  recent  observations.  We  neglect  the  background 
magnetic  field;  while  substantially  justified  for  the  present  parameters,  this  neglect  may  require 
reexamination  at  locations  closer  to  the  Sun. 

Subject  headings:  plasmas  —  Sun:  radio  radiation 


i.  introduction  and  review  of  previous  work 

Type  III  solar  radio  bursts  are  thought  to  be  caused 
by  a  stream  of  electrons,  emitted  at  the  Sun’s  surface, 
which  propagate  to  the  Earth’s  orbit  and  beyond  (for 
detailed  reviews  of  Type  III  phenomena,  see  the  1974 
June/July  issue  of  Space  Science  Reviews  and  the 
1976  February  issue  of  Solar  Physics).  As  the  stream 
propagates,  Langmuir  waves  are  emitted  due  to  the 
well-known  linear  process  of  Landau  growth,  also 
known  as  weak  beam-plasma  instability.  The  Lang¬ 
muir  waves  interact  with  low-frequency  density 
perturbations  to  produce  electromagnetic  radiation 
with  frequency  near  the  local  electron  plasma  fre¬ 
quency;  this  radiation  is  observed  at  the  Earth  and  is 
called  fundamental  radiation.  The  Langmuir  waves 
can  also  interact  with  each  other  to  produce  electro¬ 
magnetic  radiation  with  frequency  near  twice  the  local 
electron  plasma  frequency;  this  radiation  is  also 
observed  near  the  Earth  and  is  called  harmonic 
radiation. 

The  Langmuir  waves  associated  with  Type  III 
bursts  utilize  the  free  energy  available  in  the  stream 
and  can  produce  quasi-linear  diffusion  of  the  stream 
electrons  in  velocity  space.  The  Langmuir  waves  also 
undergo  nonlinear  wave-wave  interactions  which  can 
saturate  their  growth.  The  purpose  of  this  paper  is 
to  present  a  two-dimensional  treatment  of  these  waves, 
including  the  relevant  wave-wave  nonlinearities,  while 
ignoring  plasma  inhomogeneity,  wave-particle  inter¬ 
actions,  and  effects  of  the  background  magnetic  field. 
First,  let  us  briefly  discuss  previous  work  on  quasi- 
linear  and  nonlinear  wave  effects. 

The  quasi-linear  diffusion  of  stream  electrons  by 
Langmuir  waves  was  first  considered  in  the  Type  III 
context  by  Sturrock  (1964),  whose  model  of  an  in¬ 
finitely  extended  homogeneous  plasma  lead  to  the 


disheartening  conclusion  that  the  stream  would  diffuse 
in  velocity  space  in  a  very  short  time,  so  short  that  no 
well-defined  stream  could  propagate  from  the  Sun  to 
the  Earth.  Fortunately,  this  conclusion  has  been  re¬ 
versed  try  more  recent  analyses  (Baldwin  1964; 
Zaitsev,  Miiyakov,  and  Rapoport  1972;  Zaitsev  et  al. 
1974;  Magelsscn  1976;  Magelssen  and  Smith  1977; 
Takakura  and  Shibahashi  1976)  which  take  into 
account  the  inhomogeneous  nature  of  the  stream  (the 
inhomogeneous  nature  of  the  plasma  is  less  important). 
The  idea  of  inhomogeneous  quasi-linear  theory  (one¬ 
dimensional)  is  as  follows:  At  time  r  •»  0,  an  energetic 
group  of  electrons  is  created  near  the  Sun’s  surface 
in  a  short  time  St.  At  a  given  position  x0  between  the 
Sun  and  the  Earth,  there  are  no  stream  particles  until 
time  tx  ~  xojo i,  where  vl  is  the  speed  of  the  fastest 
electrons  in  the  group  (Fig.  1).  At  time  tx  »  St  and 
position  x0,  Langmuir  waves  grow  due  to  linear 
Landau  growth,  with  growth  rate  proportional  to  the 
slope  of  the  electron  distribution  function  f(v),  in  the 
region  indicated  in  Figure  1.  At  a  later  time  ta,  at 
the  same  position  x0,  the  fast  electrons  of  speed  rt  have 
passed  by  and  disappeared,  and  the  stream  is  re¬ 
presented  by  particles  of  slower  speed  va  ~  xjta,  as 
shown  in  Figure  1.  Now  the  slope  of /( r)  is  negative  in 
the  region  of  velocity  space  with  v  >  va,  and  Langmuir 
waves  with  phase  speeds  in  this  region  are  damped. 
Thus,  waves  emitted  at  time  tx  can  be  damped  at 
time  ta.  In  this  way,  by  continuous  emission  and  re¬ 
absorption  of  waves,  the  stream  can  propagate  from 
the  Sun  to  the  Earth  with  little  energy  loss,  retaining 
the  form  of  a  distinct  beam,  in  agreement  with 
observations. 

The  inhomogeneous  quasi-linear  theory  of  the 
preceding  paragraph  could  be  the  final  story  were  it 
not  for  the  fact  that  the  Langmuir  wave  levels  pre¬ 
dicted  by  that  theory  are  also  subject  to  nonlinear 
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Fio.  1. — Predictions  of  inhomogeneous  quasi-linear  theory 
for  the  electron  distribution  function  /(e).  Inis  picture  is  valid 
at  a  particular  position  x«  between  the  Sun  and  the  Earth. 
Growth  and  damping  refer  to  Langmuir  waves  with  phase 
speeds  in  the  indict  ted  regions. 


wave-wave  interactions.  In  the  context  of  homo¬ 
geneous  beam-plasma  interaction  (Sturrock  1964), 
Kaplan  and  Tsytovich  (1968)  consider  induced  scatter¬ 
ing  of  Langmuir  waves  off  the  polarization  clouds 
surrounding  individual  ions.  With  the  assumption  of 
a  monoenergetic  beam  and  isotropic  waves,  they  find 
the  scattering  to  proceed  fast  enough  to  stabilize  the 
quasi-linear  diffusion,  even  in  the  absence  of  the 
inhomogeneous  quasi-linear  effects  of  the  preceding 
paragraph.  This  conclusion  is  challenged  by  the  work 
of  Zheleznyakov  and  Zaitsev  (1970),  and  by  Smith  and 
Fung  (1971),  who  relax  the  assumption  of  mono- 
energetic  beam  and  isotropic  waves.  By  allowing 
repeated  scatterings  of  waves  in  one  dimension,  they 
show  that  the  net  scattering  of  waves  out  of  resonance 
with  the  beam  is  too  slow  to  prevent  quasi-linear 
relaxation.  This  result  is  supported  by  the  work  of 
Heyvaerts  and  de  Genouillac  (1974),  who  numerically 
treat  instability  plus  induced  scattering  off  the 
polarization  clouds  of  ions;  even  without  allowing  for 
repeated  scatterings,  they  conclude  that  the  scattering 
is  too  slow  to  prevent  quasi-linear  relaxation  in  a 
homogeneous  system. 

It  has  long  been  known  that  in  addition  to  induced 
scattering  off  the  polarization  clouds  of  ions,  which 
may  be  thought  of  as  a  three-wave  process  (ion- 
acoustic  quasi-mode  decay  instability),  Langmuir 
waves  are  also  subject  to  a  four-wave  process  known 
as  the  oscillating  two-stream  instability,  OTSI  (Silin 
1965;  Nishikawa  1968).  The  OTSI  was  first  considered 
in  the  context  of  Type  III  bursts  by  Papadopoulos, 
Goldstein,  and  Smith  (1974),  and  by  Papadopoulos 
(1975).  With  a  one-dimensional  homogeneous  model, 
taking  the  beam-excited  Langmuir  waves  to  have  in¬ 
finite  wavelength,  they  find  that  the  OTSI  produces 
Langmuir  waves  with  wavenumbers  so  large  that  they 
do  not  resonate  with  the  beam;  this  suppresses 
homogeneous  quasi-linear  relaxation.  This  work  is 


extended  by  that  of  Smith,  Goldstein,  and  Papa¬ 
dopoulos  (1976),  who  again  use  a  one-dimensional 
homogeneous  model.  In  a  set  of  coupled  equations 
they  include  Langmuir  wave  growth  due  to  beam- 
plasma  interaction  and  the  OTSL  but  not  the  decay 
instability.  Their  conclusion  is  that  waves  are  rapidly 
removed  from  phase  velocity  regions  which  resonate 
with  the  beam,  so  rapidly  that  the  beam  is  stabilized 
against  homogeneous  quasi-linear  relaxation.  Al¬ 
though  the  calculations  of  Smith,  Goldstein,  and 
Papadopoulos  (1976)  are  completely  one  dimensional, 
their  paper  does  contain  the  speculation  that  in  more 
than  one  dimension  the  process  of  Langmuir  soliton 
collapse  may  be  important 

The  importance  of  two-dimensional  effects  and 
finite  pump  wavelength  on  the  OTSI  and  related 
instabilities  was  first  demonstrated  for  Type  HI  burst 
parameters  near  one  solar  radius  by  Bard  well  and 
Goldman  (1976),  and  by  Bardwell  (1976)  for  distances 
up  to  1  AU.  They  show  that  if  the  beam-excited 
Langmuir  waves  can  be  considered  monochromatic, 
and  for  a  broad  range  of  relevant  Type  III  parameters, 
the  OTSI  and  related  instabilities  result  in  Langmuir 
waves  which  remain  in  resonance  with  the  stream. 
Thus,  these  instabilities  may  not  prevent  quasi-linear 
diffusion. 

It  is  the  purpose  of  the  present  paper  to  unify  and 
extend  the  previous  work  on  the  nonlinear  evolution 
of  Langmuir  waves  associated  with  Type  III  bursts, 
while  ignoring  for  the  present  the  inhomogeneous 
quasi-linear  effects.  We  accomplish  this  purpose  by 
numerically  solving  a  set  of  equations,  known  as  the 
nonlinear  Schrddinger  equation,  which  completely 
describes  the  nonlinear  evolution  of  Langmuir  waves 
in  time  and  in  two  spatial  dimensions.  The  treatment 
includes  the  processes  of  decay  instability,  OTSI, 
stimulated  modulational  instability  (Bardwell  and 
Goldman  1976),  and  the  completely  nonlinear  phe¬ 
nomenon  of  Langmuir  soliton  collapse.  The  relation 
of  our  work  to  previous  nonlinear  treatments  is 
indicated  in  Table  1.  We  find  that  nonlinear  wave 
effects,  including  soliton  collapse  in  two  dimensions, 
are  important  for  Type  III  parameters  at  $  AU.  The 
result  of  these  effects  is  a  much  broader  spectrum  of 
Langmuir  waves  in  wavenumber  space  than  would  be 
predicted  by  inhomogeneous  quasi-linear  theory 
(Magelssen  1976;  Magelssen  and  Smith  1977),  while 
the  total  wave  energies  predicted  by  both  theories  are 
comparable. 

n.  NONLINEAR  SCHRODINGER  EQUATION 

The  important  nonlinear  wave  effects  which  Lang¬ 
muir  waves  can  experience  are  contained  in  a  set  of 
equations  known  as  the  nonlinear  Schrddinger 
equation,  first  studied  by  Zakharov  (1972;  see 
Nicholson  and  Goldman  1976  and  Goldman  and 
Nicholson  1977  for  an  extensive  list  of  references).  The 
derivation  of  this  set  of  equations  proceeds  from  the 
two-species  plasma  fluid  equations,  with  five  assump¬ 
tions:  (i)  the  high-frequency  and  low-frequency  time 
scales  are  well  separated;  (ii)  low-frequency  motions 
are  quasi-neutral;  (iii)  high-frequency  electrostatic 
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TABLE  1 

Emcn  Inclumd  in  Pubnt  Work  Compared  to  Emcn  Included  in  Famous 

Work 


Investigators 


2-D  Decay  Mod 


Wiw>Wiw 

Interaction 


Kaplan  and  Tsytovich  1968 .  ✓ 

Zhekznyakov  and  Zaitsev  1970 .  V 

Smith  and  Fung  1971 .  ✓ 

Heyvaerts  and  ae  Genouillac  1974  .  ✓  ✓ 

Papadopouios,  Goldstein,  and  Smith  1974 . 

Smith,  Goldstein,  and  P&padopoulos  1976 . 

Bard  well  and  Goldman  I$76. . .  ✓  ✓ 

Present  work .  </  V 


✓ 

✓ 


✓ 

✓ 

✓ 


Non. — “  Mod”  refers  to  four-wave  interactions  such  as  the  OTSI  and  the  stimulated 
module  tional  instability. 


energy  density  is  much  less  than  electron  kinetic 
energy  density;  (iv)  low-frequency  ion  speeds  are 
much  less  than  high-frequency  electron  speeds  multi¬ 
plied  by  the  square  root  of  the  electron-to-ion  mass 
ratio;  (v)  only  electrostatic  wave  polarization  is 
permitted.  The  equations  thus  obtained  are 

('*+ 

(1) 

W  +  l)  -  4~;^|£|a , 

(2) 

where  £(i,  f)  is  the  low-frequency  envelope  of 
the  total  high-frequency  electric  field  £T0T(x,  f )  * 
£(i,  l)  exp  ( — iwj)  plus  the  complex  conjugate; 
X(X,f)  is  the  variation  of  the  ion  density  from  its 
average  value  n0 ;  w,  is  the  background  electron  plasma 
frequency,  u>,  =  ;  m,(mt)  is  the  electron 

(ion)  mass;  e  is  the  magnitude  of  the  electronic  charge; 
?„(?,)  is  the  high  (low)  frequency  phenomenological 
damping  rate;  the  sound  speed  c,  -  [(y,r,  +  y,r,)M]1,a, 
where  y,(yt)  is  the  electron  (ion)  specific  heat  ratio 
characteristic  of  low-frequency  oscillations;  r,(r,)  is 
the  electron  (ion)  temperature;  and  X  —  (X,  p)  and  l 
represent  dimensional  space  and  time,  while  ^  is  the 
dimensional  gradient  operator.  Throughout  this  paper, 
a  tilde  indicates  a  dimensional  variable.  It  is  con¬ 
venient  to  introduce  the  dimensionless  variables 


t  -  (2ij/3 )(m./m,X«,f) , 


n  -  (3m(/4ijm,)(fi/n0) , 


F  1  3 E3  \»« 

*  v  V*»/  \l6*m0r,/ 

*v.»  -  ,  (3) 


where  the  electron  Debye  length  A,  ■ 

and  the  dimensionless  ratio  ij  ■  (y,T,  +  ytTdlT,. 

With  the  definitions  (3),  equations  (1)  and  (2)  become 

[/a,  +  i(vJ2)  +  V*]V.E(x,  t)  «  V  («£) ,  (4) 

W  +  rt-  V*|£|«.  (5) 

The  physics  contained  in  these  equations  can  be 
understood  as  follows:  Without  the  nonlinear  terms 
on  the  right-hand  sides  of  (4)  and  (3),  they  yield  the 
linear  Langmuir  wave  dispersion  relation  and  the 
dispersion  relation  for  heavily  damped  (assuming 
T,  ~  Tt)  linear  ion  acoustic  quasi-modes.  The  non¬ 
linearity  on  the  right-hand  side  of  (4)  represents  the 
change  in  the  local  electron  plasma  frequency  due  to 
the  nonlinear  density  perturbation  n.  The  nonlinearity 
on  the  right-hand  side  of  (5)  represents  the  effect  of 
the  ponderomotive  force  (Landau  and  Lifshitz  1960; 
Schmidt  1966),  which  repels  all  charged  particles  from 
regions  of  intense  high-frequency  field;  it  acts  most 
strongly  on  the  electrons  and  is  communicated  to  the 
ions  by  the  requirement  of  quasi-neutrality.  Equation 
(4)  is  seen  to  correspond  to  the  quantum  mechanical 
Schrddinger  equation,  with  the  damping  term  ignored 
and  the  right-hand  side  acting  as  a  nonlinear  “poten¬ 
tial  energy.” 

Several  distinct  physical  processes  are  described  by 
(4)  and  (5).  A  given  large-amplitude  monochromatic 
Langmuir  wave  can  produce  a  second  Langmuir 
wave  and  an  associated  ion  response;  this  three-wave 
interaction  is  called  induced  scattering  off  the  polari¬ 
zation  clouds  of  ions  or  equivalently  the  parametric 
decay  instability,  and  has  been  discussed  in  detail  by 
Bardwell  and  Goldman  (1976).  Likewise,  a  given  large- 
amplitude  monochromatic  Langmuir  wave  can  pro¬ 
duce  two  other  Langmuir  waves  and  an  associated 
ion  response;  this  four-wave  interaction  can  either  be 
an  OTSI  or  a  stimulated  modulational  instability, 
both  of  which  have  also  been  discussed  in  detail  by 
Bardwell  and  Goldman  (1976).  Finally,  the  completely 
nonlinear  phenomenon  of  Langmuir  soliton  collapse 
is  contained  in  (4)  and  (3),  as  discussed  by  Zakharov 
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(1972)  and  many  others  (Litvak,  Fraiman,  and  Yuna- 
kovskii  1974;  Nishikawa,  Lee,  and  Liu  1975; Zakharov, 
Mastryukov,  and  Synakh  1974,  1975;  Degtyarev  and 
Zakharov  1974,  1975;  Degtyarev,  Zakharov,  and 
Rudakov  1975,  1976;  Galeev  et  ad.  1975;  Budaeva, 
Zakharov,  and  Synakh  1975;  Pereira,  Sudan,  and 
Denavit  1977;  Polyudov  and  Sigov  1976).  Consider  a 
region  of  space  which  contains  a  slightly  higher  level 
of  Langmuir  waves  than  surrounding  regions:  the 
ponderomotive  force  will  push  plasma  out  of  this 
region;  the  resulting  lower  density  will  tend  to  refract 
more  Langmuir  waves  into  this  region,  thus  enhancing 
the  originally  high  level  of  waves  in  this  region.  In  one 
dimension,  this  collapse  can  be  stopped  by  the  effects 
of  dispersion,  and  the  final  balanced  state  is  called  a 
soliton.  In  two  or  three  dimensions,  the  collapse 
cannot  be  stopped  by  dispersion;  it  proceeds  faster 
than  exponentially  until  the  spatial  localization  pro* 
duces  wavenumbers  large  enough  that  strong  electron 
Landau  damping  sets  in,  or  alternatively  until  the 
wave  intensities  become  so  large  that  the  validity  of 
equations  (4)  and  (5)  breaks  down. 

We  solve  equations  (4)  and  (5)  numerically  in  time 
and  in  two  spatial  dimensions,  using  a  technique 
known  as  the  split-step  Fourier  method.  Our  method 
is  almost  identical  to  that  used  by  Pereira,  Sudan,  and 
Denavit  (1977;  see  also  Hardin  and  Tappert  1973, 
and  Schamel  and  Els&sser  1976,  for  a  list  of  references). 
The  idea  is  to  use  complementary  grids  in  real  space 
and  in  wavenumber  space,  as  shown  in  Figure  2  for 


the  case  where  each  grid  consists  of  32  points  in  each 
dimension.  Mathematically,  both  grids  are  infinitely 
periodic  in  both  dimensions;  only  one  periodicity 
length  is  shown  in  Figure  2.  Each  time  step  consists  of 
two  parts.  In  the  first  part,  the  linear  terms  in  (4)  and 
(5)  are  integrated  exactly  in  wavenumber  space.  In  the 
second  part,  the  nonlinear  terms  in  (4)  and  (5)  are 
evaluated  in  real  space,  then  Fourier  transformed  to 
wavenumber  space,  and  the  Fourier  components  of 
£  and  n  are  advanced  in  time  using  an  implicit  Runae* 
Kutta  method  (the  midpoint  rule).  In  the  wavenumber 
grid  in  Figure  2,  the  Fourier  components  of  £  and  n 
lying  outside  the  smaller  rectangle  are  set  to  zero;  this 
is  done  to  avoid  problems  of  aliasing,  as  discussed  by 
Pereira,  Sudan,  and  Denavit  (1977)  and  by  Schamel 
and  Elsisser  (1976). 


HI.  EXAMPLES 

In  this  section  we  perform  numerical  calculations 
appropriate  to  Type  III  burst  parameters  at  a  spatial 
location  roughly  half  the  distance  from  the  Sun  to  the 
Earth  ($  ALH.  This  position  is  chosen  for  convenient 
comparison  with  the  inhomogeneous  quasi-linear 
calculations  of  Magelssen  and  Smith  (1977)  and 
Magelssen  (1976),  and  with  the  experimental  observa¬ 
tions  of  Gurnett  and  Anderson  (1976  and  1977). 

We  perform  a  series  of  four  calculations.  First,  as 
initial  condition  we  take  a  large-amplitude  mono¬ 
chromatic  Langmuir  wave  with  amplitude  and  wave- 
number  appropriate  to  $  AU  as  determined  by 


REAL  SPACE 

ssoox. 


3300  A, 


WAVENUMBER 

SPACE 


32  POINTS 

F«o.  2. — Numerical  grids  in  real  space  and  in  wavenumber  space,  for  the  case  where  each  consists  of  32  *  32  points.  Wave- 
number  components  lying  outside  the  smaller  rectangle  in  wavenumber  space  an  set  to  zero,  to  avoid  problems  of  aliasing.  The 
physical  size  of  the  grids  is  shown  in  terms  of  the  electron  Debye  length. 
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Mifdoen  (1976)  and  by  Migduen  and  Smith  (1977). 
Second,  aa  initial  condition  we  take  a  let  of  waves, 
having  a  spread  in  wavenumbers  both  perpendicular 
and  parallel  to  the  stream  direction,  as  determined  by 
Magassen  (1976)  and  by  Mageiuen  and  Smith  (1977), 
with  the  same  total  energy  as  in  the  first  case.  Third, 
the  monochromatic  wave  of  the  first  calculation  is 
allowed  to  grow  exponentially  from  noise,  with  a 
growth  rate  characteristic  of  the  weak  beam  insta¬ 
bility.  Fourth,  the  broad-band  set  of  waves  of  the 
second  calculation  is  allowed  to  grow  from  noise  with 
the  same  growth  rate  as  in  the  third  calculation. 

As  parameters  appropriate  to  a  Type  III  burst  near 
$  AU,  we  choose  the  following:  background  density 
n«  s  50 cm"*,  electron  plasma  frequency  <u,  8  4.0  x 
10*  s-1,  electron  temperature  r,  8  2  x  10*  K  - 
20  eV,  (y,T,  +  ytTt)/T,  8  2,  and  mjm,  -  1836. 
Since  the  ion  temperature  is  of  die  same  order  as  the 
electron  temperature,  ion  motions  are  heavily  damped, 
so  we  choose  low-frequency  damping  rates  in  Fourier 
space  equal  to  twice  the  ion  acoustic  frequency 
(BardweU  and  Goldman  1976):  9,(k)  —  2kcr  Assuming 
a  Maxwellian  plasma,  both  collisional  and  Landau 
damping  are  negligible  for  the  Langmuir  waves  con¬ 
sidered  here,  so  the  high-frequency  damping  rate  is 
ignored:  9,  —  0.  Let  us  consider  each  of  the  four 
calculations  in  detaiL 

a)  Case  A:  Monochromatic  Pump  Wave 

During  the  numerical  evolution  of  a  model  Type  III 
burst  at  4  AU,  Magelssen  (197 6)  and  Magdssen  and 
Smith  (1977)  obtained  a  quasi-steady  state  charac¬ 
terized  by  an  energy  density  W  m  \£\*j4*n0T,  “  10“* 
centered  about  a  central  wavenumber  JE»A,  -  0.01 1 
with  a  total  spread  of  parallel  wavenumbers  A&A,  — 
0.004.  (Note  that  W  and  £  here  are  one-half  as  large 
as  in  BardweU  and  Goldman  1976.)  In  our  first 
approximation  (case  A),  we  take  an  initial  condition 
consisting  of  a  single  large-amplitude  Langmuir  wave, 
having  a  wavenumber  kaX,  -  0.01 1  and  an  amplitude 
such  that  fV(t  —  0)  —  10~*.  All  other  Langmuir 
modes  are  given  initial  values  roughly  characteristic 
of  thermal  noise,  while  initial  density  perturbations 
are  zero. 

In  the  absence  of  thermal  noise  in  the  other  modes 
our  initial  condition  has  the  form  £(x,  /  -  0)  - 
£0  exp  (ikox),  nix,  i  ■  0)  ■  0,  where  we  have  chosen 
the  pump  wavenumber  in  the  x  direction.  Inserting 
this  initial  condition  into  the  nonlinear  SchrOdinger 
equation  (4)  and  (S),  we  see  that  E(x,  t)  -  £?  x 
exp  (ikaX  -  tk0*t),  nix,  t)  «■  0  for  all  time;  this  is  a 
large-amplitude  traveling  Langmuir  wave  which  obeys 
the  linear  Langmuir  dispersion  relation  in  dimension¬ 
less  units.  Now  consider  the  presence  of  the  initially 
small  amplitudes  in  the  other  Langmuir  modes.  In 
certain  regions  of  wave-vector  space,  these  modes  will 
grow  exponentially  due  to  various  instabilities,  as 
studied  by  BardweU  and  Goldman  (1976)  near  1  solar 
radius,  and  by  BardweU  (1976)  at  distances  from  the 
Sun  up  to  1  AU.  As  the  modes  grow,  various  nonlinear 
effects  can  become  important:  if  the  mode  amplitudes 


attain  values  which  are  substantial  fractions  of  the 
pump  amplitude,  the  pump  amplitude  mint  decrease 
in  order  to  conserve  energy;  the  growing  modes  can 
themselves  act  as  pumps  for  other  growing  modes;  the 

concept  of  a  set  of  interacting  linear  modes  may  itself 
completely  break  down  with  the  appearance  of  totally 
nonlinear  structures  suds  as  collapsing  solitons.  This 
nonlinear  evolution  must  be  studied  numerically. 

The  dispersion  relation  for  parametric  instabilities 
can  be  obtained  from  (4)  and  (5)  by  inserting  an 
electric  field  of  the  form 

£(x,  /)  -  Eq  exp  (-iioet  +  ik0-x) 

+  Ei  exp  I-/(«*o  +•  w )t  +  /(*o  +•  k)-x] 

+  £j  exp  [-/(«uo  -  w*)r  +  f(*o  ~  *)  x] , 

where  (<»o,  *0)  satisfy  the  Langmuir  dispersion  rela¬ 
tion,  and  a  density  variation  of  the  form  n(x,  ()  ■ 
n'  exp  (-iwr  +  ik-x)  plus  complex  conjugate,  where 
the  pump  amplitude  |£^|  is  considered  very  large 
compared  to  |£t|,  |£a|,  and  n'.  We  obtain  the  dis¬ 
persion  relation 


— ai*  —  2ika>  +  k* 

-  -£*|£ol»(u  _  £*_  -  a,  +'k*  -  2*o-*)  ’ 

(6) 

where  p*1  ■  (k0k  ±  k0)a,  w  and  k  are  frequency  and 
wavenumber  of  a  low-frequency  ion  response,  and 
k  is  a  unit  vector  in  the  k  direction.  The  solution  of  the 
dispersion  relation  is  sensitive  to  the  three  dimension¬ 
less  parameters  (m,/m,),  (t0A,)*,  and  W.  In  this 
example  we  have  W  8  (k0 A,)a  <  mjm,. 

For  a  three-wave  interaction,  which  we  call  the 
parametric  decay  instability  and  which  is  the  fluid 
limit  of  the  process  of  induced  scattering  off  the 
polarization  clouds  of  ions,  the  frequency  matched 
Langmuir  wave  frequency  is  on.  “  <"o  -  “»*,  and  the 
Langmuir  wavenumber  is  kL  -  k0  -  k.  In  the  present 
example  this  instability  has  a  maximum  growth  rate 

y/oi,  8  3»«FK/16n  -  1.62  x  10' »  (7) 

which  occurs  at  the  low-frequency  mode  wavenumber 

kX.  8  2*0A.  -  (4tjm^27m,)1'*  -  0.009 ,  (8) 

corresponding  to  a  Langmuir  wavenumber  -  0.002. 
(This  instability  is  often  thought  of  as  a  backscatter 
instability  with  lL  8  -k0  when  the  second  term  in  (8) 
is  negligible;  in  the  present  case,  £0A,  ■>  0.011  is  so 
small  that  the  second  term  in  (8)  is  not  negligible  and 
the  Langmuir  decay  wavenumber  is  shifted  to  a 
value  *lA.  m  +0.002.) 

The  four-wave  interaction  called  OTSI  (BardweU 
and  Goldman  1976)  involves  a  low-frequency  mode 
wavenumber  perpendicular  to  the  pump  wavenumber, 
k-k0  m  o.  We  then  find  from  the  dispersion  relation 
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(6)  a  purely  growing  instability  with  maximum  growth 
rate,  obtained  approximately  from  a  quartic  equation, 

±„w\ ,  _  *  _ 

~  25  L  y^hK?  \«.W  J 

-U3xl0-#,  (9) 

where  the  second  and  third  terms  are  assumed  small 
compared  to  the  first  term;  this  growth  rate  occurs 
at  a  low-frequency  wavenumber 

kX,  a  (H73ij)l/*  -  0.0041 .  (10) 

The  two  Langmuir  decay  waves  involved  in  OTSI 
have  frequencies  <zi0  +  tu,  <u0  -  <u*,  and  wavenumbers 
*0  ±  k.  Thus,  since  k  _L  *0  and  |k|  <  |k0|,  the 
Langmuir  waves  are  near  k0  but  form  a  cone  around  it. 
In  our  two-dimensional  approximation  the  cone  pro¬ 
jects  into  two  wave  vectors,  displaced  above  and 
below  k0. 

We  shall  not  consider  in  detail  the  other  four-wave 
instability,  called  the  stimulated  modulational  insta¬ 
bility;  this  instability  involves  Langmuir  wavenumbers 
near  those  for  the  OTSI  and  usually  has  a  slightly 
smaller  growth  rate  than  the  OTSI  (Bardwell  and 
Goldman  197 6).  We  conclude  from  (7)  and  (9)  that, 
for  the  parameters  of  this  example,  the  decay  and  the 
OTSI  have  comparable  growth  rates. 

We  proceed  to  follow  numerically  the  nonlinear 
evolution  of  these  waves;  the  results  are  displayed  in 
Figures  3a-3e.  The  Langmuir  growth  rate  at  a  rela¬ 
tively  early  time,  <u,I  •  3.4  x  10®,  is  seen  (Fig.  3a)  to 
have  local  maxima  corresponding  to  the  decay  insta¬ 
bility  and  the  OTSI.  The  numerical  value  of  the  decay 
growth  rate  is  within  a  few  percent  of  that  predicted 
by  (7),  while  the  wavenumber  of  maximum  growth 
for  this  branch  is  on  the  kx  axis  at  a  small  positive 
value  as  predicted  below  (8).  The  maximum  growth 
rate  of  the  OTSI  branch  is  almost  exactly  that  pre¬ 
dicted  by  (9),  at  a  wavenumber  with  exactly  the  kx 
component  predicted  below  (10)  and  about  two-thirds 
the  ky  component.  Given  the  approximate  nature 
of  the  analytic  results  (7M10),  and  the  limited  resolu¬ 
tion  of  our  32  x  32  numerical  grid,  this  level  of 
agreement  is  very  satisfactory. 

At  a  later  time  <uj  »  8.3  x  10®,  the  electric  fields 
corresponding  to  maximum  decay  and  OTSI  growth 
rates  in  wave-vector  space  have  reached  substantial 
amplitudes;  in  real  space  (Fig.  3b)  the  magnitude  of  the 
electric  field  has  evolved  from  its  initially  constant 
value  to  a  mottled  form,  which  is  partly  due  to  a 
linear  superposition  of  modes,  and  partly  due  to  the 
nonlinear  reinforcement  of  regions  of  intense  electric 
field.  At  the  time  mj  ■  1.0  x  10*,  the  intense  field 
regions  of  Figure  3b  have  become  a  set  of  collapsing 
solitons  (Fig.  3c),  with  corresponding  broadening  in 
wave-vector  space  (Fig.  3d)  and  density  depletions 
(Fig.  3e).  At  this  time,  the  solitons  are  only  a  few 
numerical  grid  spacings  in  size,  so  we  must  end  the 
calculation.  Presumably,  a  numerical  calculation  with 
a  more  detailed  grid  would  show  that  the  solitons 
continue  their  collapse  to  a  size  of  a  few  Debye 


lengths,  at  which  time  strong  Landau  damping  would 
deplete  most  of  the  electrostatic  energy  and  a  group  of 
fast  electrons  would  be  formed.  It  is  noteworthy  that 
the  solitons  in  Figure  3c  are  elongated  in  the  y-direc- 
tion,  in  accordance  with  accepted  two-dimensional 
soli  ton  behavior.  According  to  the  terminology  of 
Zakharov  (1972),  a  soliton  is  subsonic  when 
Hsolron  <  fnjnti  at  its  center,  while  it  is  supersonic 
if  ffsouroN  >  mjm,;  in  Figure  3c,  we  have  W^imf.  - 
1.5mjmt  in  the  most  intense  soliton  (lower  left  comer ) 
so  that  we  are  somewhat  into  the  supersonic  regime. 

The  collapse  observed  in  this  example  is  facilitated 
by  small  Langmuir  wave  group  speeds.  The  initial 
pump  wavenumber  is  k0 X,  <  ( mjm,)11* ;  this  results 
in  a  group  speed  of  the  initial  wave  P,  —  3(k0X,)v.  s 
0.03t>,  s  c„  where  v,  is  the  electron  thermal  speed. 
Thus,  after  the  OTSI  and  decay  branches  have  grown 
somewhat,  the  electric  field  in  real  space  consists  of 
wave  packets  having  group  speeds  less  than  ~  c,;  these 
wave  packets  can  begin  an  immediate  evolution  into 
collapsing  solitons  with  group  speeds  less  than  ~c,. 
(The  simple  physical  picture  of  a  collapsing  soliton  is 
valid  only  for  soliton  speeds  less  than  cr)  For  cases 
not  considered  explicitly  here,  such  as  a  Type  III 
burst  near  the  Sun’s  surface  (Bardwell  and  Goldman 

1976) ,  the  wavenumbers  in  the  pump  are  larger  than 
at  i  AU,  the  initial  group  speeds  are  much  larger  than 
the  sound  speed,  and  one  might  expect  a  more  compli¬ 
cated  wave  evolution  before  collapse  could  occur 
(Nicholson  and  Goldman  1978). 

We  have  shown  that  in  a  time « u,f  —  10*  the  initially 
monochromatic  wave  evolves  nonlinearly  to  a  state  of 
collapsing  solitons.  This  time  scale  is  much  shorter 
than  the  time  scale  w,l  ~  10®  for  which  Langmuir 
waves  are  found  to  remain  at  high  levels  at  a  given 
spatial  location,  in  both  inhomogeneous  quasi-linear 
calculations  (Magelssen  1976;  Magelssen  and  Smith 

1977)  and  in  observations  (Gurnett  and  Anderson 
1976  and  1977)  at  $  AU.  Rather  than  make  a  detailed 
comparison  of  the  numerical  results  of  this  section 
with  observations,  let  us  proceed  to  consider  the  effect 
of  the  finite  bandwidth  of  the  initial  pump  wave; 
indeed,  we  find  this  effect  to  have  important 
consequences. 

b)  Case  B:  Broad-Band  Pump  Wave 

While  the  calculation  of  the  previous  subsection 
uses  a  monochromatic  pump  as  initial  condition,  in 
practice  we  know  that  the  stream-excited  Langmuir 
waves  will  occupy  a  region  of  wavenumber  space  with 
finite  extent  both  parallel  to  the  stream  direction  and 
perpendicular  to  it.  The  width  of  the  spectrum  parallel 
to  the  stream  direction  can  be  taken  from  the  in¬ 
homogeneous,  one-dimensional  quasi-linear  calcula¬ 
tions  (Magelssen  1976;  Magelssen  and  Smith  1977); 
as  indicated  in  Figure  4,  this  width  is  &kx  -  \k0.  The 
width  in  the  perpendicular  dimension  can  be  crudely 
estimated  from  the  two-dimensional  homogeneous 
quasi-linear  calculations  (Magelssen  1976;  Appert, 
Tran,  and  Vadavik  1976);  for  the  present  case,  we 
choose  a  width  in  perpendicular  k-space  M,  -  lkx. 


Fio.  3a. — Langmuir  growth  rate  versus  Langmuir  wavenumber  for  case  A  at  the  early  time  —  3.4  x  10*.  The  growth  rate 
exhibits  local  maxima  in  the  regions  marked  decay  and  am.  The  local  maximum  at  negative  k.  can  be  considered  pert  of  the  decay 
branch;  other  local  maxima  are  transient  phenomena.  The  large  dot  at  the  pump  wavenumber  indicates  a  local  minimum  where 
the  growth  rate  is  zero.  Note  that  the  contours  give  a  deceptive  feeling  for  the  resolution  of  the  numerical  grid;  the  actual  grid 
spacing  is  indicated  by  hatch  marks  around  the  border.  Numbers  on  the  contours  indicate  relative  growth  rate,  with  contour  1 
indicating  91*.  —  3.6  x  10'*  and  contour  4  indicating  91*.  —  1.3  x  10'“. 


0  L,  0  L, 


,  Fio.  36.— Langmuir  electric  field  amplitude  in  real  space  Fio.  3c. — Langmuir  electric  field  amplitude  in  real  space 

at  *J  m  8.3  x  10“ .  Note  mottled  appearance  with  the  be*  at  *.l  -  1.0  x  10*.  Solitons  are  collapsing  rapidly.  Contours 

I  ginnings  of  soliton  formation.  Contours  indicate  relative  indicate  relative  absolute  value  of  electric  field,  with  contour  1 

|  absolute  value  of  electric  field,  with  contour  1  indicating  indicating  W  m  2.6  x  10'*  and  contour  3  indicating  W » 

*•  hV  «■  2.9  x  10* *  and  contour  4  indicating  W  ■  4.6  x  10" \  2.3  x  10'*. 
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Fio.  id. — Langmuir  wave  amplitude  in  wavenumber  space  at  mj  ■  1.0  x  10*.  Much  broadening  has  occurred. 


Fro.  3e. — Density  perturbation  in  real  space  at  taj  » 
1.0  x  10*.  Note  depressions  corresponding  to  collapsing 
solitons  of  Fig.  3c.  Contours  indicate  relative  density  variation, 

with  contour  level  0  corresponding  to  7/flo  -  0,  contour  level  1 

corresponding  to  A/n*  -  -4,3  x  10'*,  and  contour  level  2 
corresponding  to  A/ro  ■»  -8.6  x  10'*. 

Our  initial  condition  (Fig.  4)  is  then  a  set  of  IS 
Langmuir  waves;  the  net  average  spatial  energy  density 
is  W  «■  10'*  as  in  the  previous  case  for  a  mono¬ 
chromatic  pump.  Each  of  the  15  modes  has  an  initial 
phase  exp  (iff),  where  ff  is  a  random  number,  0  s  9  < 
2ir. 

The  broad-band  nature  of  this  initial  condition 
introduces  two  effects  not  present  in  the  mono¬ 
chromatic  case.  First,  this  initial  condition  would  not 
maintain  itself  for  all  time  in  the  absence  of  thermal 
fluctuations,  as  would  the  monochromatic  initial 
condition ;  rather,  each  of  the  initial  k-space  modes  can 
couple  to  every  other  mode  to  produce  disturbances  at 


each  sum  and  difference  wavenumber.  This  behavior 
is  generally  not  thought  to  be  associated  with  the 
random  phase  approximation  for  an  ensemble  of 
initial  pump  wave  packets,  but  should  occur  in  any 
particular  realization  of  the  ensemble;  one  important 
consequence  is  that  soliton  collapse  begins  im¬ 
mediately.  The  broad-band  nature  of  the  pump  in 
it- space  will  appear  in  x-space  as  a  set  of  wave  packets; 
these  wave  packets  have  a  very  small  group  speed, 
P,  —  3(£0A.)p,  ~  0.03».  a  c„  where  v.  is  the  electron 
thermal  speed.  A  wave  packet  with  a  group  speed  P, 
of  order  the  sound  speed  c,  will  very  effectively  exert  a 
ponderomotive  force  as  described  earlier,  and  soliton 
collapse  may  proceed  spontaneously.  For  Type  IH 
parameters  closer  to  the  Sun,  the  beam-excited  waves 
have  larger  wavenumbers,  £0A,  >  (m.fm,)lia,  and  thus 
group  speeds  greater  than  c,.  There,  we  would  expect 
a  somewhat  more  complicated  evolution  in  wave- 
number  space  before  soliton  collapse  can  begin 
(Nicholson  and  Goldman  1977). 

Second,  the  broad-band  pump  will  tend  to  reduce 
the  growth  rates  of  parametrically  unstable  noise.  In 
a  given  situation,  this  effect  acts  in  the  opposite 


Fto.  4. — Broad-band  pump  initial  condition  for  the  calcula¬ 
tions  of  cases  B  and  D.  All  of  the  1 J  modes  have  equal  initial 
amplitude,  and  random  initial  phase. 
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direction  to  the  effect  discussed  in  the  preceding 
paragraph,  tending  to  slow  the  nonlinear  evolution 
of  initially  small  waves  (Thomson  and  Karush  1974). 

With  the  broad-band  initial  condition,  we  follow 
the  time  evolution  numerically  (Figs.  5a-5e).  The 
initial  condition  in  k-space  (Fig.  4)  results  in  a  wave 
packet  structure  in  real  space  (Fig.  5a).  A  short  time 
later,  at  «,?  —  5.2  x  104,  the  most  intense  initial  wave 
packet  has  propagated  to  the  right  (recall  the 
periodicity)  and  has  nonlinearly  intensified  (Fig.  5b), 
with  a  concomitant  density  depression  (not  shown) 
and  spreading  in  k-space  (Fig.  5c).  The  soliton  collapse 
continues  at  <u,l  ■  8.6  x  10*  (Figs.  5 d,  5c).  We  end 
the  calculation  at  this  time,  since  electric  field  energy 
approaches  our  boundaries  in  k-space;  presumably,  a 
numerical  calculation  with  a  finer  x-space  grid,  cover¬ 
ing  larger  area  in  k-space,  would  show  collapse  until 
a  size  of  a  few  Debye  lengths  is  attained,  at  which  time 
strong  Landau  damping  would  remove  electric  field 
energy  from  the  system  and  result  in  a  component  of 
fast  electrons.  At  the  center  of  the  most  intense  soliton 
in  Figure  5c,  we  have  1FS0UT0N  =  2.8 (m,/mt),  which 
is  slightly  supersonic. 

We  conclude  that  soliton  collapse  removes  electro¬ 
static  energy  from  this  system  in  a  time  <*,i  <  10® 
which  is  even  faster  than  for  a  monochromatic  pump 
and,  consequently,  is  much  shorter  than  the  time 
t»,l  ~  10s  that  intense  wave  levels  are  maintained  in 
the  inhomogeneous  quasi-linear  calculations  (Magels- 
sen  1976;  Magelssen  and  Smith  1977).  Therefore,  non¬ 
linear  wave  effects  must  be  an  important  factor  in  the 
temporal  evolution  of  Type  III  Langmuir  waves  near 
i  AU.  A  complete  treatment  of  Langmuir  waves  in 
Type  III  bursts  would  need  to  include  these  nonlinear 
wave  effects  in  addition  to  the  inhomogeneous  quasi- 
linear  effects  which  we  do  not  treat  in  this  paper.  We 
shall  discuss  this  point  further  m  §  IV. 

We  have  repeated  this  calculation  with  a  computer 
code  utilizing  a  grid  of  64  x  64  points  in  both  x-space 
and  k-space.  The  k-space  grid  covers  the  same  region 
of  k-space  as  in  the  32  x  32  case,  while  the  x-space 
grid  covers  a  region  4  times  larger.  The  initial  condition 
then  has  a  k-space  extent  as  shown  in  Figure  4  for  the 
32  x  32  case,  but  uses  45  modes  instead  of  15,  each 
with  an  initially  random  phase.  The  results  of  this 
calculation  are  very  similar  to  those  for  the  32  x  32 
case.  This  agreement  gives  confidence  that  none  of  the 
results  of  this  paper  are  overly  sensitive  to  the  number 
of  grid  points. 

Let  us  proceed  in  the  next  two  subsections  to  con¬ 
sider  the  effect  of  a  pump  wave  growing  exponentially 
due  to  the  weak  beam-plasma  instability,  for  both  the 
monochromatic  pump  model  and  the  broad-band 
pump  model. 

c)  Case  C:  Growing  Monochromatic 
Pump  Wave 

The  calculations  of  the  two  preceding  subsections 
used  initial  values  of  Langmuir  wave  energy  densities 
and  wavenumbers  characteristic  of  inhomogeneous 
quasi-linear  calculations,  although  no  beam-unstable 


Langmuir  wave  evolution  was  permitted.  Here  we 
perform  a  different  calculation,  in  which  a  mono¬ 
chromatic  pump  wave  is  allowed  to  grow  exponentially 
from  noise  with  a  linear  growth  rate  characteristic  of 
the  weak  beam-plasma  instability.  A  typical  linear 
growth  rate  yL  can  be  crudely  inferred  from  the  in¬ 
homogeneous  quasi-linear  calculations ;  we  use  yju,  — 
10"*.  We  expect  this  growth  to  proceed  until  the 
pump  becomes  large  enough  to  drive  parametric 
instabilities  having  growth  rates  larger  than  the 
pump’s  linear  growth  rate.  Using  (9)  to  predict  the 
parametric  growth  rate,  we  obtain  W  >  4  x  10'®  as 
an  estimate  for  the  maximum  pump  energy;  after  it 
reaches  this  amplitude,  it  will  rapidly  drive  parametric 
instabilities  and  be  depleted.  We  note  that  the  pump’s 
linear  growth  is  included  in  a  very  natural  fashion  in 
(4)  by  allowing  the  damping  rate  v,  to  have  an  appro¬ 
priate  negative  value,  for  the  k  component  of  E 
corresponding  to  the  pump  mode. 

The  numerical  results  are  as  follows  (Figs.  6a,  6b): 
The  pump  grows  linearly  until  it  reaches  a  substantial 
amplitude  W x  10~4;  parametric  instabilities  are 
now  growing  rapidly.  At  time  «u,f  *  7.4  x  10®  we 
have  reached  a  nonlinear  state  with  a  broad  spread  of 
electric  field  wavenumbers  and  soliton  structure  in 
electric  field  and  in  density.  The  total  electrostatic 
energy  W^n  versus  time  (Fig.  6a)  is  seen  to  reach  a 
maximum  when  wj  =  8  x  10®,  and  then  decreases  to 
a  value  of  W^  x  10' 4.  The  decrease  in  energy  after 
u,f«8x  10®  is  due  to  a  numerical  effect  allowing 
energy  to  disappear  when  the  wave  intensities  of  the 
modes  indicated  in  Figure  2  are  set  to  zero.  Thus,  the 
calculation  is  not  quantitatively  accurate  after  w,I  * 
8  x  10®.  However,  we  expect  that  the  same  calculation 
with  Landau  damping  and  a  much  larger  k-space  grid 
would  yield  similar  qualitative  results  after  <o,f  =* 
8  x  10®.  The  pump  electrostatic  energy  Wp  is  seen 
(Fig.  6b)  to  reach  a  value  Wp  X  2  x  10"4  at  u >,l  — 
8  x  10®  and  then  to  deplete  to  less  than  Wp  x  10"®. 

The  saturation  of  the  total  energy  W^  can  be 
thought  of  as  follows:  The  only  mechanism  for  energy 
input  into  the  system  is  through  the  linear  growth  of 
the  pump  energy  Wp,  so  the  total  energy  W^  can 
increase: 


dWT or 
dt 


2y  LWP 
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When  parametric  instabilities  have  acted  to  deplete 
Wp  to  very  tiny  values,  the  right-hand  side  of  (11) 
becomes  very  small,  and  JFtot  stops  growing.  In  a 
more  complete  calculation  including  Landau  damping, 
Wtot  will  then  decrease,  in  qualitative  agreement  with 
the  numerical  behavior  shown  in  Figure  6a. 

Rather  than  discuss  these  results  in  detail,  let  us 
proceed  to  an  even  more  realistic  calculation,  namely, 
that  of  a  broad-band  pump  wave  with  linear  growth 
rate. 


d)  Cose  D:  Linearly  Growing  Broad- Band 
Pump 

We  expect  Type  III  Langmuir  waves  to  grow  linearly 
from  a  low  level  and  to  have  a  finite  bandwidth.  Here 
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0 

Fig.  3a.— Initial  electric  field  amplitude  in  real  space  for 
case  B.  Note  the  presence  of  localized  wave  packets.  Contours 
indicate  relative  absolute  value  of  electric  field,  with  contour  1 
indicating  W  =  2.9  x  10* 5  and  contour  3  indicating  W  m 
2.6  x  10"4. 
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Flo.  5b. — Electric  field  in  real  space  at  w.i  »  S.2  x  10\ 
for  case  B.  The  localized  wave  packets  are  more  intense  than 
in  Fig.  5a,  with  contour  definitions  the  same  in  each  figure. 


Fro.  3c. — Electric  field  amplitudes  in  wavenumber  space  at  w ,f  **  5.2  x  I04,  for  case  B 
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Fig.  id. — Electric  field  amplitude  in  real  space  at  <o,t  —  8.6  x  10\  for  case  B.  Contours  indicate  relative  absolute  value  of 
electric  field,  with  contour  1  indicating  W  =  1.2  x  10"*  and  contour  3  indicating  If  »  1.0  x  I0~3,  for  case  B. 

Fig.  5e. — Electric  field  amplitude  in  wavenumber  space  at  a>,i  ■>  8.6  x  10*,  for  case  B. 


we  treat  this  situation  numerically.  A  group  of  waves, 
the  same  group  as  in  the  large-amplitude  broad-band 
case,  case  B,  is  allowed  to  grow  exponentially  from  an 
initially  low  level  with  the  same  linear  growth  rate 
y/oi,  =»  10" 8  as  in  case  C  for  the  growing  mono¬ 
chromatic  pump  wave.  The  initial  phases  are  random. 
At  a  relatively  early  time,  the  group  of  waves  in  It -space 
has  a  wave  packet  structure  in  x-space  which  is  entirely 
due  to  linear  superposition.  At  a  later  time  w,i  = 
4.9  x  10®,  the  wave  packets  have  begun  a  nonlinear 
collapse,  resulting  in  a  wider  spectrum  in  fc-space  and 
at  least  one  collapsing  soliton  in  x-space.  The  total 
electrostatic  energy  WT(yr  (Fig.  7)  reaches  a  maximum 


of  about  Wtot  *  10"4.  After  the  time  cu.f  »  5.0  x  10* 
when  the  electrostatic  energy  saturates,  the  calculation 
becomes  somewhat  inaccurate  for  the  same  reasons 
discussed  in  case  C;  nevertheless,  we  expect  that  a 
more  accurate  calculation  would  show  the  same  general 
behavior  and  approximately  the  same  saturation 
amplitude.  Each  of  the  original  pump  modes  is 
greatly  depleted  at  late  time,  even  though  each  retains 
its  linear  growth  term  for  all  time. 

We  regard  the  present  calculation  as  perhaps  the 
most  realistic  of  the  four  cases.  We  note  that  the 
saturated  electrostatic  energy  z  10"4  is  about 
the  same  value  found  in  the  inhomogeneous  quasi- 
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Fio.  6a. — Total  high-frequency  electrostatic  energy  versus 
time  for  case  C.  The  results  are  not  quantitatively  accurate 
after  <u,f  -  8  x  10*. 

linear  calculations  (Magelssen  1976;  Magelssen  and 
Smith  1977).  However,  the  spread  in  A-space  is  much 
larger  for  the  present  calculation  than  in  the  inhomo¬ 
geneous  quasi-linear  calculations.  The  importance  of 
this  spread  in  A-space  is  emphasized  by  the  result  of 
case  B,  where  an  initial  condition  consisting  of  the 
same  total  energy  as  found  here,  but  with  the  narrow 
A-space  extent  characteristic  of  the  inhomogeneous 
quasi-linear  calculation,  is  found  to  be  immediately 
unstable  to  soliton  collapse.  We  conclude  that  non¬ 
linear  wave  effects  are  indeed  important  for  a  com¬ 
plete  description  of  Type  III  Langmuir  waves  near 
i  AU.  This  is  not  to  discount  the  importance  of  in¬ 
homogeneous  quasi-linear  effects;  a  complete  treat- 


The  results  are  not  quantitatively  accurate  after  u>,f  —  8  x  10*. 
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Fio.  7. — Total  electrostatic  energy  versus  time  for  case  D. 
The  results  are  not  quantitatively  accurate  after  the  first 
maximum,  at  ■  5  x  10*. 

ment  would  include,  in  at  least  two  spatial  dimensions, 
both  the  nonlinear  wave  effects  considered  here  and 
the  inhomogeneous  quasi-linear  effects  considered 
elsewhere. 

IV.  MAGNETIC  FIELD  EFFECTS 

This  work  1ms  neglected  the  effects  of  the  back¬ 
ground  magnetic  field,  as  did  previous  two-dimen¬ 
sional  work  (Heyvaerts  and  de  Genouillac  1974; 
Bardwell  and  Goldman  1976).  Here  we  justify  this 
neglect  by  showing  that  known  (fluid)  magnetic  field 
effects  are  of  only  marginal  importance  and  would 
not  be  expected  to  qualitatively  affect  the  results  of 
§  III. 

The  magnetic  field  near  1  AU  can  be  estimated  to 
be  of  the  order  of  J»2x  10_*  gauss,  and  for 
purposes  of  this  discussion  has  a  direction  along  the 
Type  III  stream  direction.  This  results  in  an  ordering 
of  frequencies  Q,  «  Q,  <  w,  «  cu,  with  Q,  —  0.01 
w„  where  Cl,.i  m  \eB/m,Ac\  is  the  (electron,  ion) 
gyrofrequency  and  c  is  the  speed  of  light  The  ratio 
of  magnetic  field  energy  density  to  background 
thermal  electron  energy  density  is  substantial,  B*l 
8nnT,  ~  1. 

We  separately  consider  magnetic  effects  on  the  two 
cases  A  and  B  (monochromatic  and  broad-band),  and 
we  separately  consider  the  high-frequency  and  the 
low-frequency  motions.  In  case  A,  the  effects  of  the 
magnetic  field  on  high-frequency  Langmuir  waves 
appear  as  an  additional  term  in  the  dispersion  relation, 
which  in  dimensional  terms  becomes 

U>3  -  «.*[\  +  3AV  +  sin*  *]  ,  (12) 
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where  0  is  the  angle  between,  the  Langmuir  wave 
vector  and  the  background  magnetic  field. 

For  wavenumbers  of  order  the  pump  wavenumber 
fc?A,  ~  0.01,  the  magnetic  term  is  only  one-third  the 
dispersive  term  even  for  waves  traveling  perpendicular 
to  the  magnetic  field;  for  more  typical  waves  at  0  < 
43°,  the  ratio  is  less  than  1/6.  The  magnetic  field  term 
can  be  included  in  the  dispersion  relation  (6),  where  it 
appears  in  the  two  denominators  on  the  right  Con¬ 
sider  now  the  two  branches  OTSI  and  decay  (see  Fig. 
5a).  For  the  OTSI  we  formerly  obtained  the  growth 
rate  (9).  In  the  limit  when  the  two  small  terms  in  the 
middle  of  (9)  can  be  ignored,  we  find  for  the  present 
case  (with  the  magnetic  field  included)  exactly  the 
same  growth  rate  (9).  However,  the  low-frequency 
wavenumber  of  maximum  growth  rate  is  shifted 
toward  smaller  values;  in  the  present  case,  this  shift  is 
13%  of  its  unmagnetized  value.  Thus,  the  OTSI 
branch  is  affected  only  slightly  by  the  magnetic 
modifications  of  the  high-frequency  waves.  For  the 
decay  branch,  the  maximum  growth  rate  occurs  on 
the  kx  axis,  where  8  ««  0,  so  that  it  will  be  unaffected 
by  the  magnetic  field.  For  wavenumbers  in  the  decay 
branch  with  a  ky  component,  the  magnetic  term  can  be 
comparable  to  the  dispersive  term  and  thus  would 
have  the  effect  of  somewhat  distorting  the  contours  of 
constant  growth,  while  leaving  the  maximum  growth 
rate  (where  kv  =  0)  unaffected.  We  conclude  that  both 
the  decay  and  the  OTSI  branches  (and  by  implication 
the  stimulated  modulational  instability  branch)  are 
substantially  unaffected  (in  this  example)  by  the 
magnetic  modifications  on  the  high-frequency 
waves. 

Consider  now  the  magnetic  effects  on  the  low- 
frequency  electrostatic  waves.  For  the  decay  branch 
(see  Fig.  3a),  we  need  low-frequency  waves  with 
k  ~  k0,  and  predominantly  in  the  fc0  direction.  For 
the  present  parameters,  this  yields  kp,  ~  1  and 
kpt  ~  2000  (p,  and  pt  are  typical  electron  and  ion 
gyroradii),  while  the  frequencies  of  interest  are  in 
the  range  Q,  <  |cu|  «  Q„  where  we  use  the  growth 
rate  (7)  to  estimate  jo>|.  Thus,  the  ions  can  be  taken  to 
be  unmagnetized,  while  the  electrons  are  magnetized 
across  the  magnetic  field.  However,  since  k  is  along 
fca  for  the  decay  branch,  and  there  is  no  inhibition  of 
electron  motion  parallel  to  &0,  we  expect  only  very 
minor  magnetic  field  effects  on  this  branch. 

For  the  OTSI  branch,  we  are  interested  in  waves 
with  low-frequency  wavenumbers  predominantly  across 
the  magnetic  field,  with  wavenumbers  as  given  by  (10) 
yielding  kp,  =*  0.4  and  kp,  =»  800;  estimating  |w| 
from  (9),  we  have  again  Q,  <  j<u|  «  £2,.  Thus,  the 
ions  are  unmagnetized  while  the  electrons  are  mag¬ 
netized.  While  a  value  kp,  =  0.4  demands  a  kinetic 
treatment  of  the  waves  involved,  we  can  make  some 
progress  with  a  fluid  approach.  Since  we  are  trying  to 
generalize  the  ion  acoustic  quasi-mode  represented  by 
the  left-hand  side  of  (2),  we  look  for  quasi-neutral 
electrostatic  waves.  Using  the  electron  and  ion 
continuity  equations,  the  unmagnetized  ion  force 
equation,  and  the  magnetized  electron  force  equation, 
we  find  that  the  magnetized  analog  to  the  left-hand 


side  of  (2)  can  be  represented  by  the  dispersion 
relation 


«a  -  k  V  - 


OA 

(i  ‘=T&Jw$ 7F?  -  i) 


0.  (13) 


(For  heuristic  purposes,  we  ignore  here  the  strong  ion 
Landau  damping.)  For  the  wavenumber  of  mmimum 
OTSI  growth,  we  have  kx  —  0  and  the  dispersion 
relation  is  <ua  -  k ac,a  +  corresponding  to  the 

usual  cold  plasma  lower  hybrid  resonance  together 
with  a  thermal  effect.  At  this  wavenumber  (eq.  [10]), 
the  magnetic  term  is  about  3  times  the  dispersive 
term,  showing  that  when  (13)  is  substituted  into  the 
left-hand  side  of  the  dispersion  relation  (6),  the 
magnetic  term  will  indeed  contribute  and  may  change 
the  growth  rate  obtained  from  this  dispersion  relation. 
If  we  now  perform  the  mental  exercise  of  holding  \k\ 
fixed  while  letting  kx  increase,  we  see  that  at  a  small 
value  of  (kxfky)  ~  (/n,/m,)1/a,  the  denominator  in  (13) 
can  vanish,  causing  »a  to  be  very  much  changed  over 
the  unmagnetized  case.  However,  in  the  presence  of 
instability,  <u  in  (13)  will  be  complex,  and  this  effect 
will  be  smeared  out.  For  larger  values  of  (kx/ky),  one 
term  in  the  denominator  of  (13)  dominates,  and  we 
have 

<l4> 

from  which  we  see  that  the  magnetic  term  is  negligible 
for  kjky  >  (m,/m1)l,a.  We  conclude  that  the  magnetic 
field  has  an  important  effect  on  the  low-frequency 
waves,  only  for  waves  traveling  almost  perpendicular 
to  the  magnetic  field.  The  net  effect  should  again  be  a 
shifting  of  the  growth  rate  contours  in  Figure  3a,  with 
some  reduction  in  the  maximum  growth  rate  obtained 
for  low-frequency  wavenumbers  directly  across  the 
magnetic  field,  and  practically  no  change  for  most  of 
the  region  labeled  OTSI  in  Figure  3a,  together  with  its 
neighboring  stimulated  modulational  instability 
region. 

Combining  our  conclusions  on  high-frequency  and 
low-frequency  effects,  we  have  shown  that  while  there 
may  be  a  distortion  of  the  growth  rate  contours  shown 
in  Figure  3a,  the  overall  linear  growth  rate  picture  is 
not  substantially  changed  by  the  inclusion  of  magnetic 
field  effects  for  the  parameters  appropriate  to  Type  III 
bursts  at  $  AU. 

Given  that  the  linear  growth  proceeds  substantially 
as  found  in  §  III,  we  may  ask  how  the  magnetic  field 
will  affect  the  completely  nonlinear  phenomenon  of 
soliton  collapse.  Referring  to  Figures  2  and  3b,  we 
see  that  solitons  are  initially  formed  with  size 
~  1000 A,  -  I0f>,.  We  may  arbitrarily  say  that  soliton 
collapse  has  obtained  a  good  start  when  the  density 
perturbation  has  reached  ti/n0  ~  m,/m(  (this  is  also 
the  criterion  for  the  onset  of  “supersonic”  collapse). 
To  dig  a  density  hole  of  this  magnitude  in  the  stated 
region  of  size  -  10p,  requires  (in  two  dimensions) 
that  a  typical  electron  move  a  distance  10p,(8/n0)  ~ 
0.01  p,.  Each  electron  must  therefore  move  only  a 
small  fraction  of  a  gyroradius  in  order  that  soliton 
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collapse  be  vigorously  in  progress,  and  thus  the 
magnetic  field  should  have  only  a  small  inhibitive 
effect  on  soliton  collapse.  At  almost  all  spatial  points 
of  the  initial  wave  packet,  the  ponderomotive  force 
has  a  component  along  the  magnetic  field  as  well  as  a 
component  across  the  magnetic  field.  The  component 
along  the  magnetic  field  can  easily  move  electrons 
away  from  the  soliton,  thus  allowing  the  soliton 
collapse  to  proceed  rapidly.  Since  the  time  scale  for 
collapse  is  the  fastest  time  scale  in  the  overall  wave 
evolution,  any  small  changes  in  the  time  scale  due  to 
the  magnetic  field  will  not  affect  the  overall  scenario. 
These  comments  also  apply  to  Case  B  of  §  III,  where 
we  found  direct  soliton  collapse  due  to  the  wave 
packet  structure  of  the  initial  conditions. 

In  conclusion,  we  have  shown  that  the  simplest 
electrostatic  corrections  (due  to  the  magnetic  field) 
to  our  electrostatic  wave  equations  produce  only 
marginal  effects  on  the  wave  interactions  considered 
in  §  III,  and  they  are  not  expected  to  qualitatively 
change  the  results  of  that  section.  This  conclusion 
agrees  with  those  of  Kuznetsov  (1974)  and  Zakharov 
(1975),  who  included  electromagnetic  effects  in  the 
same  parameter  regime.  These  electromagnetic  effects, 
as  well  as  effects  involving  low-frequency  kinetic 
Alfvin  waves,  electromagnetic  whistler  waves,  etc., 
should  eventually  be  considered  in  the  present  context. 
Such  a  complete  catalog  of  all  possible  effects  con¬ 
sistent  with  Maxwell’s  equations  would  be  very 
interesting  and  should  properly  be  done  with  a  kinetic 
approach  for  the  particles,  but  is  far  beyond  the  scope 
of  the  present  paper.  At  present,  there  is  no  evidence 
that  such  effects  would  qualitatively  affect  the  results 
of  this  paper. 

V.  DISCUSSION  AND  CONCLUSION 

We  conclude  that  nonlinear  effects  including  soliton 
collapse  are  important  in  the  evolution  of  Type  III 
Langmuir  waves;  these  effects  (even  in  the  absence  of 
inhomogeneous  quasi-linear  effects)  can  explain  the 
experimentally  observed  saturation  of  wave  in¬ 
tensities  at  low  levels. 

Gurnett  and  Anderson  (1976  and  1977)  have  ob¬ 
served  intense  levels  of  plasma  waves  at  $  AU  in 
conjunction  with  Type  III  solar  radio  bursts.  Their 
most  intense  burst 'consisted  of  a  series  of  spikes,  the 
largest  of  which  had  a  plasma  wave  energy  level 
W  ~  10~8,  existing  in  a  large  spatial  volume  which 
can  be  inferred  (Smith  1977)  to  be  of  size  ~  108A,. 
Thus,  this  spike  should  be  thought  of  as  a  large  spatial 
region  of  Langmuir  waves  which  may  be  stable  to 
nonlinear  effects.  This  observed  wave  energy  level  is 
less  than  one  order  of  magnitude  lower  than  found  by 
us  in  our  most  realistic  model,  case  D.  Given  the 
specialization  of  our  model,  these  two  values  may  be 
considered  to  show  a  certain  amount  of  agreement. 

Earlier  measurements  (Gurnett  and  Frank  1975) 
near  1  AU  found  an  almost  complete  absence  of 
plasma  waves  during  Type  III  bursts,  with  levels 
W  <  10  "•  even  while  the  Type  III  electrons  them¬ 
selves  were  present.  Our  model  does  not  help  to  resolve 


this  mystery;  since  the  solar  wind  parameters  vary  by 
at  most  one  order  of  magnitude  from  \  AU  to  1  AU, 
we  would  expect  our  numerical  model  to  yield  results 
somewhat  similar  to  those  of  the  present  paper  for 
parameters  characteristic  of  1  AU. 

The  results  of  our  model  provide  a  nice  explanation 
for  the  observed  (Gurnett  and  Anderson  1976,  1977) 
values  of  second  harmonic  electromagnetic  emission 
during  Type  III  bursts.  This  emission,  at  frequency 
<s  %  201,,  satisfies  (Smith  1977)  the  dispersion  relation 
for  an  electromagnetic  wave  in  a  plasma  «a*  —  o>,*  + 
(Jt**)*^,  where  is  the  wavenumber  of  the  electro¬ 
magnetic  wave.  For  the  parameters  of  this  paper  we 
find  £“*A.  —  0.011.  We  further  require  the  equality 
-  kx  +  k»,  where  kx  and  ka  are  Langmuir  wave 
vectors,  and  we  require  kx  x  k2  #  0  and  #  0. 
The  wavenumber  distribution  in  case  D  is  ideal  for 
satisfying  these  requirements:  we  have  much  wave 
energy  at  wavenumbers  0  <  |*|  <  I****]  —  |*0|.  and 
the  spread  in  wavenumbers  in  both  dimensions  is 
substantial.  A  detailed,  approximate  calculation  of  the 
second  harmonic  generation  from  a  plasma  wave 
distribution  similar  to  ours  has  been  performed  by 
Smith  (1977),  whose  distribution  of  waves  results  from 
an  inhomogeneous  quasi-linear  calculation  plus  an 
assumed  broadening  in  A:- space  due  to  induced  scatter¬ 
ing.  He  finds  that  the  levels  of  second  harmonic 
emission  observed  by  Gurnett  and  Anderson  (1976 
and  1977)  are  easily  explainable,  and  in  fact  are  over¬ 
estimated.  This  approximate  result  can  also  be  taken 
to  apply  to  our  own  distribution  of  waves  in  case  D, 
where  the  broad  distribution  of  waves  in  Jt-space  is  an 
immediate  consequence  of  the  completely  nonlinear 
wave  treatment. 

The  present  treatment  has  ignored  the  possible 
effects  of  small  magnetic  fields,  background  density 
fluctuations,  and  damping  of  Langmuir  waves  due  to 
non-Maxwellian  background  electron  distribution 
functions. 

We  have  shown  that  nonlinear  effects  including 
soliton  collapse  are  an  important  factor  in  the  be¬ 
havior  of  Type  III  Langmuir  waves.  We  have  not 
included  inhomogeneous  quasi-linear  effects.  The  one¬ 
dimensional  inhomogeneous  quasi-linear  calculations, 
in  the  absence  of  nonlinear  effects,  lead  to  wave  in¬ 
tensities  comparable  to  those  found  here  in  cases  C 
and  D,  but  with  a  much  narrower  *-space  extent; 
hence  they  are  unstable  to  nonlinear  effects  as  shown 
here  in  cases  A  and  B.  A  completely  realistic  calcula¬ 
tion  must  include  both  nonlinear  effects  and  in¬ 
homogeneous  quasi-linear  effects,  in  at  least  two 
dimensions  for  both  electrons  and  waves. 
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A  general  virial  theorem  is  proved  without  any  assumption  of  special  symmetries  and 
used  to  calculate  the  threshold  and  time  for  direct  collapse  of  a  two-dimensional  Lang¬ 
muir  wave  packet.  The  analysis  is  shown  to  apply  to" bump-on-tail ”  instabilities,  when 
the  "bump"  is  broad,  low,  and  at  high  velocity.  The  example  of  the  type-in  solar  radio¬ 
burst  problem  is  treated  both  numerically  and  analytically. 

A  large -amplitude  wave  packet  of  Langmuir  vector,  and  spread  in  wave  numbers, 

waves  in  a  homogeneous  nonmagnetic  plasma  is  Often,  the  wave  packet  drives  secondary  Lang- 

capable  of  a  wide  variety  of  distinct  nonlinear  muir  wave  instabilities  such  as  induced  scatter- 

evolutions,  depending  on  its  mean  energy,  wave  ing  off  ions  and  modulational  instabilities.1  ** 
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These  secondary  instabilities  are  driven  by  ths 
ponderomotive  force  -  V(5„*  •£,  +  $,•  J^),  where 
S0  isjhe  envelope  field  of  the  primary  packet, 
and  Sl  that  of  the  small  (noise)  perturbation.  The 
perturbation  grows  as  e)i‘,  where**4 
<*W m(S01)/4wn6.  After  many  e  foldings,  a  new 
field  configuration  S  results,  and  in  regions  of 
space  where  the  ponderomotive  force  -  v|  f  |*  is 
large,  a  process  of  Langmuir  collapse  may  oc¬ 
cur  in  which  the  localization  region  shrinks  to  di¬ 
mensions  of  several  Debye  lengths.  We  shall  re¬ 
fer  to  this  scenario  as  indirect  collapse.  Indirect 
collapse  is  always  preceded  by  the  exponentiation 
of  background  noise.  There  are  numerous  exam¬ 
ples  in  the  plasma  physics  literature  of  indirect 
collapse  after  modutational  instability*  *T  and  af¬ 
ter  backscattering  from  ions. 8,9 

A  distinct  competing  process  is  direct  collapse.7 
This  cannot  be  described  as  a  linear  instability. 
The  time,  re,  for  direct  collapse  is  often  much 
faster  than  yt*1,  and  is  proportional  to  Jw,  rath¬ 
er  than  W  [see  Eq.  (10b)].  Direct  collapse  is 
driven  by  the  ponderomotive  force,  as¬ 

sociated  with  the  primary  wave  packet,  rather 
than  with  the  noise-interference  terras. 

Direct  collapse  is  often  confused  with  the  linear 
modulational  instability,  first  predicted  by  Vede- 
nov  and  Rudakov.1  One  reason  for  this  confusion 
seems  to  be  that  both  thresholds  are  proportional 
to  the  square  of  the  Fourier-space  spectral  width, 
A*.  of  the  primary  field  60.  However,  the  proc¬ 
esses  are  generally  distinguishable  by  their  dif¬ 
ferent  time  scales.  Direct  collapse  is  usually 
faster,  except  when  W  is  orders  of  magnitude 
above  threshold.  The  situation  is  familiar  from 
nonlinear  optics.  Here,  self-focusing,  or  “non¬ 
linear  tensing,  ”  of  a  coherent  laser  beam  is  an 
example  of  direct  collapse.10  A  competing  modu¬ 
lational  instability  may  cause  the  beam  to  break 
up  into  filaments,10*11  which  then  proceed  to  self- 
focus  separately  (indirect  collapse).  When  W  is 
only  a  few  times  threshold  this  “filamentation’’ 
instability  does  not  operate,  and  only  self-focus¬ 
ing  of  the  primary  beam  occurs.10  In  this  Letter 
we  are  concerned  with  the  Langmuir  wave  analog 
of  this  direct  process. 

After  proving  a  general  vlrial  theorem  which 
makes  no  assumption  of  special  symmetry  (as  in 
the  spherically-symmetric  virial  theorem  of 
Zakharov7),  but  does  assume  a  certain  ordering 
of  wave-packet  parameters,  we  calculate  analyti¬ 
cally  the  threshold  and  time  for  direct  collapse. 

We  show  that  direct  collapse  can  occur  for  bump- 
on-tail  instabilities,  when  the  bump  is  fairly 


broad,  low,  and  at  high  velocity.  An  important 
example  is  furnished  in  connection  with  type-QI 
solar  radio  bursts.1* 

Consider  the  cubic  nonlinear  SchrOdinger  equa¬ 
tion  for  the  envelope,  £,  of  a  Langmuir  wave  t 
»Re[<?exp(-  *»>,<)]: 

id,6+iv(V'i)+  |i|*J-0.  (1) 

This  equation  assumes  adiabatic  ions7  and  ignores 
a  c*V  x  v  term1*  associated  with  coupling  to 
nonelectrostatic  field  polarizations  [see  Eqs.  (11) 
and  (12)].  Time  is  measured  in  units  of  inverse 
plasma  frequency,  **,  and  length  in  units  of 
vT times  the  Debye  length,  ■S5k0‘l,  and  |4|*  has 
the  units  of  32*1(6,+  fl(),  where  6,  and  6{  are  the 
electron  and  ion  temperatures. 

From  the  gauge  and  translational  invariance  of 
the  Lagranglan  density14*1*  associated  with  Eq.  (1), 
a  number  of  continuity  equations  and  associated 
conservation  laws  follow.  For  our  purposes,  the 
important  ones  are 

8,|«|*+V-s  =  0,  (2a) 

»,p+V-T*0.  (2b) 

Here,  s'  is  the  current  density,  and  p  is  i..e  mo¬ 
mentum  density  of  the  field.  For  Eq.  (1),  they 
are  both  equal: 

s*p  =  jj  [<S*V. $-£*•£*].  (3) 

The  stress  tensor  T  is  given  by1* 

7VRe[(V.«)V,£,*] 

-l«„[l«l4+V*(Re$*V*£)].  (4) 

For  localized  fields,  Eqs.  (2a)  and  (2b)  may  be 
integrated  to  give  the  two  conserved  quantities 
H  aJePr  |  S  |a  and  §"■  / d*rs.  In  addition,  the  field 
energy,  3C,  is  conserved: 

1«|4].  .  (5) 

In  order  to  discuss  particlelike  behavior  of  a 
wave  packet,  it  is  useful  to  introduce  the  spatial 
average  of  any  function  /(r),  using  |  S  |*/A’  as  a 
probability  weighting  factor:  (/)  ■  / dPrftr)  1 6  \ */N. 
Thus,  we  define  for  a  wave  packet  its  centroid 
coordinate  ( F) ,  its  rms  spatial  width  ( fir1) 1/7 
[where  fir*  ■  |r -(?)(*],  and  its  mean  intensity 
<  |  S  |  *) .  F  rom  ( 2a )  we  then  obtain  the  Ehrenfest 
theorem,  3, <r)» S’/A’* const.  From  Eqs.  ( 2a)  and 
(2b)  and  the  fact  that  s  »p,  it  is  trivial  to  prove 
the  following  virial  theorem: 

8,W>.  +  2[l/d*rTrf-(|)’]  .  («) 
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Using  Eqs.  (4)  and  (S)  and  intagrating  twics  in 
tima,  this  yialds 

(flra/»A<2  +  fl/*C 

M2-«/aV/0*'rf/*<|4|2>.  (7) 

Hera,  D  ia  tha  number  of  spatial  dimensions,  B 
and  C  ara  integration  constants,  and  A  is  tha  fol¬ 
lowing  invariant: 

A-ax/A'-SV^.  (8) 

Since  (Sr1)  and  (141*)  ara  positive  definite,  it 
follows  that  collapse  of  (fir*)  to  zero  occurs  in 
a  finite  time  whenever  A  <0  and  D  *  2.  The  field 
6  must  then  become  singular,17  since  A’  is  con¬ 
served.  Physically,  however,  the  collapse  will 
stop  when  <6 r*)1'*  is  a  few  Debye  lengths,  be¬ 
cause  of  Landau  damping,"  which  has  been  omit¬ 
ted  from  Eq.  (1). 

Let  us  now  apply  the  virial  theorem  to  study  the 
stability  oi  an  initial  wave  packet  in  two  dimen¬ 
sions.  We  assume  that  Initially 

£(f,/*0)«-v>oVexp[^-f-i»'*(AA)2]I  (9) 

where  is  a  constant  amplitude,  related  to  the 
mean  intensity  by  < I  ^  la>0 -  Assuming  Alt 

«*„,  for  this  wave  packet  we  find  B*Q,  C  *  { &r*)n 
•(A*)**,  and  A»4[(a*)*-(!4|*)0].  The  thresh¬ 
old  and  time  for  direct  collapse  are  therefore 
given  (in  physical  units)  by 


(  £' 2\ 

'•®i  th  T 

48(A*)2 

(10a) 

lr,n(vt*  i{) 

*D2  ' 

1  1  A* 

'( i4  !2\>  -  ( 1  41 1-*)] 1/2 

(10b) 

2 

2»n(8,+  9,)  J 

Note  that  the  threshold  and  collapse  time  are  in¬ 
dependent  of  k02.  An  approximate  calculation  in 
three  dimensions  shows  that  these  values  are  not 
greatly  changed." 

In  order  to  justify  the  adiabatic  ion  approxima¬ 
tion  which  underlies  Eq.  (1),  we  must  verify  that 
the  inertial  term  in  the  ion  hydrodynamic  equa¬ 
tion  is  much  smaller  than  the  pressure  term. 
Since  the  ion  density  in  this  approximation  is 
proportional  to  i<$|2,  and  the  inertial  term  to 
9,J  |4|2  *  W-.  t,  the  comparison  is  easily  made  for 
the  assumed  initial  wave  packet.  We  find" 


®  *4  '  i  r  m 

2  *DJ  ’  32*s(e,  -  )  M  ’ 


(ID 


which  is  the  adiabatic  ion  approximation. 

In  order  to  Justify  the  electrostatic  approxima¬ 
tion,  it  is  necessary1’  to  have  me*  1  v  a  v  x  4  j 
«  30, ;  rr  •  £ | .  This  is  automatically  satisfied 


at  time  t  *0,  since  we  begin  with  the  pure  elec¬ 
trostatic  field  given  by  Eq.  (9).  However,  even 
with  a  pure  electrostatic  field,  |£|2?  will  have 
a  transverse  component,  which  acts  as  a  source 
for  vx  An  approximate  condition  for  the 

validity  of  the  electrostatic  approximation  is 

A*«*0,  (12) 

which  is  the  electrostatic  approximation.  In  the 
late  stages  of  collapse,  both  the  adiabatic  and 
electrostatic  approximations  usually  break  down. 

One  condition  for  the  adiabatic  ion  approxima¬ 
tion  (11)  is  that  k0,  kD<( m/M) l/*.  For  a  beam 
instability,  k0  is  roughly  determined  to  be  tyi ,, 
the  ratio  of  electron  thermal  to  beam  speed. 

Hence,  the  adiabatic  ion  condition  can  only  be 
satisfied  for  very  high-velocity  beams,  moving 
through  relatively  cold  plasmas.  A  good  example 
ia  provided  by  the  electron  beams  in  the  solar 
corona,  which  are  associated  with  type-III  solar 
radio  bursts.12- 10  Here  vt  can  be  as  large  as  c/2, 
and  k0/kt  can  be  on  the  order  of  10  *2.  The  half- 
width,  A k,  is  controlled  by  the  beam  width,  Att, 
(»u»/3),  and  can  be  of  order  ktAv,/6vb.  Using 
this,  the  threshold  value  of  W*(|4|2>/4ir>i8  for 
direct  collapse  is  found  from  Eq.  (10a)  to  be  10~S 
assuming  a*  =  *0/18.  Values  of  IV  this  high  have 
been  measured  at  about  0.5  a.u.  by  spacecraft20 
during  type-IH  bursts.  All  of  the  inequalities  of 
(11)  and  (12)  can  be  satisfied  initially  for  these 
parameters,  and  one  could  expect  all  but  the 
final  stages  of  the  time  history  of  direct  collapse 
to  be  properly  described  by  our  virial  theory, 
provided  one  can  ignore  the  continuous  input  of 
energy  into  the  beam  modes  by  the  beam,  and 
provided  secondary  instabilities  driven  by  the 
beam  mode  are  slower  than  collapse.  We  have 
studied  such  effects21  by  numerical  solutions12 
of  a  more  general  set  of  equations  than  (1). 

In  the  numerical  work,1*’  dynamic  ions  are  intro¬ 
duced  through  the  use  of  a  hydrodynamic  equa¬ 
tion  for  the  ion  density.  Heavy  linear  damping 
of  the  ion-acoustic  (quasi-)  modes  is  included. 

In  addition,  in  the  equation  for  the  envelope  field, 
S,  constant  (quasilinear  theory)  growth  rate  for 
the  beam  modes  is  retained.  In  this  work  the 
real  and  envelope  fields  are  related  by  E  =  2Re[4 
*  exp(-/uy)|,  leading  to  a  definition  of  u  which 
is  one-quarter  that  of  the  present  Letter. 

These  equations  were  solved  numerically, 
starting  with  initial  white  noise.  The  beam  modes 
were  observed  to  grow  slowly,  until  they  rose 
about  a  factor  of  3  above  the  threshold  for  direct 
collapse,  to  a  value  H' *  i4i2  4ff«e*4  » 10*\  At 
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this  point  a  very  rapid  direct  collapse  sets  in. 

The  beam  modes  have  no  time  to  grow  during 
this  collapse,  and,  in  fact,  these  waves  are  quick¬ 
ly  depleted,  as  energy  flows  to  regions  of  k  space 
out  of  phase  with  the  beam.  Effectively,  the 
plasma  decouples  from  the  beam;  further  growth 
of  the  beam  modes  becomes  irrelevant,  and  the 
system  evolves  like  an  initial-value  problem.  In 
fact,  a  numerical  solution  with  no  beam,  but 
with  an  initial  random  wave  packet  having  W  *  4 
x  10-4  and  A*  **o/6,  gives  the  Identical  subse¬ 
quent  evolution,  which  is  illustrated  in  Fig.  1. 

The  time  for  collapse  obtained  numerically  is 
about  flxlO4^*4,  compared  with  the  prediction 
of  Eq.  (10b),  which  is  7  xlO4^*1. 

The  quasilinear  growth  rate  of  the  beam  modes, 
yj*(n»/3n,)(u4/At>4)2w,,  can  be  ignored  during 
collapse  if  y^e«l.  Quasilinear  beam-plateau 
formation  cannot  occur  if  the  resonant  modes 
never  acquire  an  energy  density  comparable  to 
that  of  the  beam,  or,  equivalently,  if  W«4(n»/ 
n,)(i\/vt)*.  The  energy  density,  W,  in  these 
two  inequalities  is  effectively  set  by  the  collapse 
threshold  to  be  several  times  48(a*)2,  where  Air 
is  determined  by  the  beam  width,  Aut.  We  thus 
arrive  at  the  following  necessary  ordering  of 
beam  parameters  for  the  vlrial  theory  of  direct 
collapse;  H^vt/vb)2(v,/vk)*<cnu/nt«^{lXvb/v^ 
x(r,/v,)2.  For  the  type-m  burst  problem,  njn, 

*  10~",  and  these  inequalities  are  well  satisfied. 

It  is  also  necessary  that  the  collapse  time,  tc, 
be  short  compared  to  the  time  for  several  e  fold¬ 
ings  of  the  secondary -wave  instabilities  driven 
by  the  beam  modes,  if  the  collapse  is  to  be  direct, 
rather  than  indirect.  Typical  of  the  competing 
secondary  instabilities  are  induced  (forward) 
scattering  off  ions  and  the  forward-cone  modula- 
tlonal  instability.5'12  The  main  parameter  which 
determines  whether  collapse  is  faster  than  sec¬ 
ondary  instability  is  A k,  the  width  of  the  beam¬ 
mode  wave  packet.  The  collapse  time  te  decreas¬ 
es  with  A*,  while  the  secondary  instabilities  take 
longer  to  develop  as  A*  increases.  This  is  be¬ 
cause  the  growth  rate  is  reduced  by  so-called 
broadband  pump  effects.*'22  Let  y,r  be  the  (re¬ 
duced)  growth  rate  for  one  of  these  instabilities. 
The  two  conditions  for  direct  collapse  are  there¬ 
fore  that  the  threshold  ( 10a)  be  exceeded,  and 
that  yt '  tc  /InA  «1,  where  A  is  the  noise  amplifi¬ 
cation  factor.  Both  are  well  satisfied  for  the 
parameters  of  the  type-m  burst  problem. 

We  wish  to  acknowledge  important  conversa¬ 
tions  with  G.  Reiter,  W.  Manheimer,  D.  F.  Du- 
Bols,  R.  Perkins,  C.  Bardos,  U.  Firsch, 
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FIG.  1.  Evolution  of  a  set  of  waves,  as  found  numer¬ 
ically  by  solving  a  set  of  equations  with  ion  hydrody¬ 
namics  included,  but  reducing  to  (1)  in  the  present 
parameter  regime  (see  Ref.  9).  The  initial  spatially 
averaged  electric  field  energy  density  is  U'  =»  <l<Sl2)/ 
4**0,  »  4  x  io*4.  The  central  wave  number  is  *0A, 

=  0.011,  while  the  full  width  in  either  wave-number 
direction  of  the  initial  spectrum  is  ftg/3.  Numerically, 
the  initial  wave-number  distribution  consists  of  nine 
modes,  each  with  a  random  phase,  (a)  Initial  electric 
field  amplitude  in  wave-number  space,  (b)  Initial  elec¬ 
tric  field  amplitude  in  real  space.  Contours  indicate 
relative  absolute  value  of  electric  field,  with  contour  1 
indicating  W  ~  1.2  *  10'4  and  contour  3  indicating 
W  -  10" s.  (c)  Electric  field  amplitude  in  wave-number 
space  at  time  9  *  104  j,*1.  (d)  Electric  field  amplitude 
in  real  space  at  time  9  *  104ui#*'.  Contours  Indicate 
relative  absolute  value  of  electric  field,  with  contour 
1  Indicating  W  »  4.8  x  10* 4  and  contour  3  indicating 
W  ■  4x  10*5. 
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The  temporal  evolution  of  intense  Langmuir  wave*  in  an  unmagnetized  plasma  of  two  spatial  dimensions  is 
studied  numerically.  When  the  inequality  W>  ( k\ it  satisfied,  the  evolution  quickly  leads  to  a  state  of 
collapsing  soli  tons.  Here,  W  is  the  ratio  of  electric  field  energy  density  to  the  particle  kinetic  energy 
density,  k  is  a  typical  Langmuir  wavenumber,  and  X,  is  the  electron  Debye  length. 


I.  INTRODUCTION 

Intense  Langmuir  waves  are  frequently  encountered 
in  plasma  physics,  notably  in  cases  where  an  external 
energy  source  such  as  an  electron  beam,  laser,  or 
coherent  radio  wave  impinges  on  a  plasma.  In  1972, 
Zakharov1  Introduced  a  model  set  of  fluid  equations, 
the  coupled  nonlinear  Schrodinger  equation,  to  describe 
these  intense  waves.  This  equation  includes  the  physics 
of  linear  Langmuir  waves  and  ion  acoustic  waves,  as 
well  as  the  effect  of  the  ponderomotive  force,  which 
acts  most  strongly  on  electrons,  conveying  its  effects 
to  ions  via  the  requirement  of  quasi-neutrality.  Under 
suitable  conditions,  the  equation  includes  the  phenomena 
of  linear  parametric  instabilities  such  as  the  parametric 
decay  instability,  oscillating  two-stream  instability, 
stimulated  modulational  instability,  and  a  fluid  analogue 
to  the  weak  turbulence  process  of  induced  scattering  by 
ions.  Further,  the  equation  describes  the  completely 
nonlinear  phenomenon  of  soliton  collapse,  which  in  two 
and  three  dimensions  can  proceed  catastrophically  when 
damping  is  ignored,  mathematically  resulting  in  a  sin¬ 
gularity  and  physically  proceeding  to  an  intensity  so 
large  that  the  validity  of  the  equation  ceases. 

The  two-  and  three-dimensional  soliton  collapse  has 
been  extensively  studied,  analytically  and  numerically, 
in  situations  where  it  is  isolated  from  other  physical 
processes. ,-ls  There  has  been  less  work  involving  the 
evolution  of  an  initially  more  or  less  uniform  system 
toward  a  state  of  collapsing  solitons.  Pereira  et  al .  ,14 
have  numerically  studied  the  case  where  an  external 
uniform  (dipole)  driver  acts  on  an  Initially  uniform 
plasma;  parametric  instabilities,  initiated  by  noise, 
grow  until  they  saturate  via  a  Landau  damped  soliton 
collapse.  In  a  many-particle  computer  simulation, 
Polyudov  and  Slgov1’  studied  similar  phenomena;  their 
simulation  can  be  presumed  to  have  much  the  same 
physical  content  as  Zakharov’s  model  equations. 
Nicholson  et  al.1*  numerically  study  the  temporal  evo¬ 
lution  of  an  initially  intense  Langmuir  wave,  there  being 
no  external  source  of  energy.  Working  in  the  regime 
[where  k  is  the  Langmuir  wavenumber, 

X,  is  the  electron  Debye  length,  and  m,(m()  Is  the  elec¬ 
tron  (ion)  mass],  they  find  an  evolution  toward  soliton 
collapse  under  various  circumstances,  and  they  apply 
their  results  to  a  particular  case  of  electron  beam  plas¬ 
ma  interaction,  the  type  m  solar  radio  burst. 

In  the  present  paper,  we  numerically  study  the  evolu¬ 


tion  of  initially  intense  Langmuir  waves,  in  time  and  in 
two  spatial  dimensions,  in  the  regime  k\,  > 
this  regime  is  complementary  to  that  of  Nicholson 
et  al.1*  We  find  that  collapse  occurs  very  quickly  when 
the  inequality  W  >  (ftX,)2  is  satisfied,  where  W  is  the 
ratio  of  Initial  electric  field  energy  density  to  background 
particle  kinetic  energy  density.  In  applying  this  in¬ 
equality,  we  find  that  it  is  not  necessary  to  distinguish 
between  the  central  wavenumber  ft0  and  the  spread  of 
wavenumbers  Aft  about  the  central  wavenumber.  The 
reason  for  this  is  that  in  most  cases,  the  initial  wave 
evolution  is  a  parametric  decay  instability  leading  to 
wave  growth  at  Langmuir  wavenumbers  near  -  k,. 

Thus,  the  effective  spread  in  wavenumbers  quickly  be¬ 
comes  of  the  same  order  as  the  initial  wavenumber. 
This  behavior,  in  the  regime  k\,  >  is  in 

direct  contrast  to  the  behavior  in  the  complementary 
regime  considered  in  our  earlier  nu¬ 

merical  work'*  and  in  our  analytic  work. 11  There,  the 
inequality  W>  (Afex,)1  must  always  be  applied  to  the 
spread  of  wavenumbers  about  the  central  wavenumber. 
We  shall  discuss  the  reasons  for  this  difference  in  Sec. 
IV. 

We  note  that  the  criterion  W  >  (fcX,)2  is  also  the  cri¬ 
terion  used  in  earlier  work1,1*’1*  as  a  necessary  condi¬ 
tion  for  the  modulational  instability  of  a  set  of  Lang¬ 
muir  waves  having  a  spread  of  wavenumbers  ft  about 
the  origin  of  wavenumber  space  [see  Ref.  1,  Eq.  (2. 11), 
valid  in  the  present  regime  ftx,  >(m,/mj)1/*].  Up  until 
now,  the  connection  between  this  linear  modulational 
instability  and  soliton  collapse  has  been  speculative. 

In  this  paper,  we  demonstrate  that  soliton  collapse  in¬ 
deed  occurs  when  this  inequality  W  >  (ftx,)*  is  satisfied. 
The  numerical  results  indicate  that  it  may  be  somewhat 
naive  to  think  in  terms  of  linearized  modulational  in¬ 
stabilities;  rather,  we  find  direct  collapse  of  localized 
packets  of  waves  moving  at  speeds  less  than  the  sound 
speed.  This  point  will  be  discussed  further  in  Sec.  IV. 
When  the  inequality  is  not  satisfied,  we  recover  the 
multiple  scattering  toward  smaller  wavenumbers  pre¬ 
dicted  by  weak  turbulence  theory. 20 

In  Sec.  II  we  discuss  our  numerical  studies  which 
lead  to  the  conclusions  of  the  preceding  paragraph; 
these  studies  are  performed  with  a  model  low  frequency 
damping  characteristic  of  an  equal  temperature  plasma. 
The  section  concludes  with  a  discussion  of  the  possible 
modification  of  these  results  when  the  electron  temper¬ 
ature  T,  is  much  greater  than  the  ion  temperature  T. . 
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Section  IH  discusses  the  effect  on  the  results  of  Sec.  n 
of  a  finite  wavenumber  spread  for  the  initial  Langmuir 
wave.  Conclusions  are  given  in  Sec.  IV. 


II.  NUMERICAL  STUDIES  WITH  MONOCHROMATIC 
INITIAL  CONDITION 


The  derivation  of  Zakharov’s  model  equations  proceeds 
from  the  plasma  fluid  equations,  with  five  assumptions: 
high  and  low  frequency  time  scales  are  well  separated, 
low  frequency  motions  are  quasi-neutral,  high  frequency 
wave  energy  is  much  less  than  particle  kinetic  energy, 
low  frequency  ion  speeds  are  much  less  than  high  fre¬ 
quency  electron  speeds  multiplied  by  and 

all  wave  motions  are  curl  free.  We  then  have 


Oi  +  Pi3r-C*Vi)S(*,?)  = 


1 

4>r  mt 


v«  4  =  0 

(1) 

^|E|2, 

(2) 

where  E(i,  i)  is  the  low  frequency  envelope  of  the  total 
high  frequency  electric  field  E(Jt,  t )  exp (—i  a >J)  plus 
complex  conjugate;  is  the  variation  of  the  ion 

density  from  its  average  value  n0;  co,  is  the  background 
electron  plasma  frequency,  w,  =  (4i e  is  the 
magnitude  of  the  electronic  charge;  i>t  is  the  low  fre¬ 
quency  phenomenological  damping  rate;  the  sound  speed 
ct*[(y,Tt  +y.T4)/mlY/2,  where  y.(yt)  is  the  electron 
(ion)  specific  heat  ratio  characteristic  of  low  frequency 
oscillations;  T,(T{)  is  the  electron  (ion)  temperature; 
and  x  =  (x,y)  and  t  represent  dimensional  space  and  time, 
while  V  is  the  dimensional  gradient  operator.  A  tilde 
always  indicates  a  dimensional  variable.  We  introduce 
the  dimensionless  variables 


vt  ={V2v)(ml/m,)(i>l/w,) ,  (3) 

where  the  electron  Debye  length  is  X,  =  (T,/m,wJ)W2  and 
the  dimensionless  ratio  t;  a(y,T,  *yjTl)/T4.  Equations 
( 1)  and  (2)  become 

(«d,  +  V2)v-E(x,f)  =  V-(«E),  V*  E  =  0 ,  (4) 

05*u,3,-r1)«(x,/)  =  V*|El2.  (5) 

We  also  allow  the  electric  field  to  have  a  component 
E».o  of  infinite  wavelength. 1,1 18  satisfying  id, E**, 

-  this  component  is  required  by  the  magnetic 

field-free  Ampere  s  law.  Physical  processes  contained 
in  these  equations  include  three  wave  interactions  such 
as  the  parametric  decay  instability,  four-wave  inter¬ 
actions  such  as  the  oscillating  two-stream  instability, 
and  completely  nonlinear  processes  such  as  soliton  col¬ 
lapse. 


In  this  paper  we  are  interested  in  the  solution  of  (4) 
and  (5)  when  the  initial  condition  is  one  large  Langmuir 
wave:  we  study  both  the  monochromatic  and  the  broad¬ 


band  cases.  Equations  (4)  and  (S)  are  solved  numerical¬ 
ly;  as  described  earlier,18  the  technique  is  almost  iden¬ 
tical  to  that  used  by  Pereira  et  al.u  All  operations  are 
performed  in  wavenumber  space,  with  physical  space 
being  used  only  to  evaluate  the  nonlinear  terms  in  (4) 
and  (5).  We  use  either  a  32  by  32  point  grid,  or  a  64  by 
64  point  grid,  in  both  real  space  and  wavenumber  space. 

As  representative  parameters,  we  choose  £0X,=  0. 1, 
where  k0  is  the  wavenumber  of  the  initially  intense 
Langmuir  wave,  and  mjm,=  1836;  we  thus  have  fe0X, 
>(m,/ml)l,t,  which  is  opposite  to  that  used  in  earlier 
work. 18  As  a  model  of  a  plasma  with  equal  electron 
and  ion  temperatures,  we  choose  v  =  2,  and  use  a  rather 
large  low  frequency  damping  rate  equal  to  the  acoustic 
frequency:  v,(k)  =  2 kc„  or  i/,(k)  =  2k;  the  validity  of  this 
model  expression  has  been  discussed  by  Bardwell  and 
Goldman. 21  Now,  the  initially  intense  Langmuir  wave 
is  Itself  capable  of  acting  as  a  pump  for  parametric  in¬ 
stabilities  which  grow  from  noise;  this  noise  is  part  of 
the  numerical  initial  condition.  We  do  not  attempt  to 
numerically  include  spontaneous  emission.  The  disper¬ 
sion  relation  from  which  one  obtains  the  parametric 
growth  rates  is  easily  obtained  from  (4)  and  (5),  and  is 
given  by18 

-  w2  -  Zikij)  +  kz 

=  ~k  I Eo  I  (jJTF -* 2iCo: k  ~  u>  +  k1  -  2ko- k )  ’  (6) 

where  w  and  k  are  the  frequency  and  wave  - 

number  of  the  low  frequency  response,  k  is  a  unit  vec¬ 
tor  in  the  k  direction,  E0  is  the  amplitude  of  the  initial 
Langmuir  wave,  andx1ak±k0. 

As  discussed  earlier21  in  detail,  the  dispersion  rela¬ 
tion  (8)  yields  three  main  regions  of  instability:  the 
decay  branch,  with  Langmuir  wavenumbers  ki  -  -  ko; 
the  oscillating  two-stream  instability  branch,  with 
Langmuir  wavenumbers  k2  -ko,  but  shifted  up  and  down 
in  the  direction  perpendicular  to  ko;  and  the  stimulated 
modulational  instability  branch,  with  wavenumbers  and 
growth  rates  comparable21  to  those  for  the  oscillating 
two- stream  instability. 

We  proceed  to  study  three  cases,  with  W  s  IE0|2/ 

4itn9T,  -  10*1,  10'2,  and  3x  10‘3. 

Case  A:  W  =  10'1.  In  this  case  we  have  W 
=  10’2.  The  numerical  results,  obtained  with  a  numer¬ 
ical  grid  having  32  by  32  points  in  real  space  and  in 
wavenumber  space,  are  displayed  in  Figs.  1-3.  Fig¬ 
ure  1  shows  the  location  of  the  initial  Langmuir  wave- 
number  along  with  contours  of  constant  growth  rate  at 
the  relatively  early  time  a>J  -  1420.  The  decay  branch 
is  seen  to  have  the  highest  growth  rates;  the  very  high¬ 
est  numerical  growth  rate  is  y/u,  =  4. 8*  10"\  in  excel¬ 
lent  agreement  with  the  prediction  of  Eq.  (6).  This 
highest  growth  rate  occurs  at  the  Langmuir  wavenumber 
kL\  =  -  0.  08.  At  a  later  time  uj  =  3180,  Fig.  2  shows 
that  a  substantial  fraction  of  the  wave  energy  has  ap¬ 
peared  in  the  backscatter  direction;  the  linear  super¬ 
position  of  the  modes  of  Fig.  2  results  in  the  collection 
of  intense  regions  and  depleted  regions  of  I  E(x)  I  shown 
in  Fig.  3  at  the  same  time  ui,t  -  3180.  The  regions  of 
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FIG.  1.  Initial  growth  rates  in  wavenumber  space  for  case  A, 
Sec.  II,  at  the  relatively  early  time  1420.  Throughout 
this  paper,  the  maximum  wavenumber  amplitude  in  either  direc¬ 
tion  is  0. 2  A;1.  The  decay  branch  is  indicated  by  “DECAY,” 
and  the  oscillating  two-stream  branch  by  “OTSI.  ”  The  contour 
labels  indicate  relative  magnitudes,  with  contour  1  correspond¬ 
ing  to  a  growth  rate  y/u,  =  7. 3  x  10"4 . 


constructive  interference  in  Fig.  3  begin  to  collapse  of 
their  own  accord,  soon  violating  our  initial  assumption 
W  « 1.  The  ultimate  evolution  of  these  very  intense 
regions  of  trapped  Langmuir  energy  with  W  - 1  is  a 
topic  of  current  investigation,  and  is  by  no  means  com¬ 
pletely  understood.  The  value  of  W  in  this  example  is 
so  large  that  we  should  regard  this  calculation  as  sim¬ 
ply  illustrative;  even  at  the  initial  time  the  conditions 
for  the  validity  of  the  basic  equations  are  only  margin¬ 
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FIG.  2.  Wave  intensity  in  wavenumber  space  for  case  A,  Sec. 
11.  at  time  wj  =  3180.  The  contour  levels  indicate  relative 
magnitudes. 
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FIG.  3.  Absolute  value  of  electric  field  in  real  space  for  case 
A,  Sec.  II,  at  time  3180.  2,X/A#»2,y/A#  =  300.  The  contour 
levels  indicate  relative  magnitudes  of  electric  field,  with  con¬ 
tour  1  corresponding  to  (7=0. 073.  Contour  3  thus  corresponds 
to  W  =  0.  7,  such  that  our  initial  assumption  W  « 1  is  beginning 
to  break  down. 


ally  satisfied.  In  any  case,  the  further  evolution  of  this 
example  is  certainly  not  described  either  by  the  ideas 
of  weak  turbulence  theory*0  nor  by  Zakharov’s  model 
equations. 

Case  B:  W  =  lO"*.  In  this  regime,  the  dispersion 
relation  (6)  predicts  a  maximum  decay  instability  growth 
rate 


i*>,  \  ISrj/ 


at  the  Langmuir  wavenumber  kL  given  by 

Equations  (7)  and  (8)  are  valid  in  the  intensity  regime 
W  «*r)\ki\,)(m,/T\ml)xn.  The  oscillating  two-stream 
growth  rate  in  this  regime  can  be  estimated  from  (6) 
to  Le 


UM' 

0,  V  \  3 m,  ) 


*1.9x10’ 


which  occurs  at  wavenumbers  with  kx  =  k0,  and  compo¬ 
nents  perpendicular  to  kg  given  roughly  by  ky\  **(WV 
3r?)l/8  =  ±0. 041.  Thus,  the  latter  has  a  faster  growth 
rate  in  this  case  than  the  decay  instability.  The  numer¬ 
ical  results,  obtained  with  a  64  by  64  point  grid,  are 
displayed  in  Figs.  4,  5,  and  6.  Numerically,  we  find 
that  the  decay  instability  immediately  begins  to  grow 
with  roughly  its  predicted  growth  rate  (7),  at  very 
nearly  the  predicted  wavenumber  (8).  However,  the 
oscillating  two-stream  does  not  immediately  obtain  its 
predicted  growth  rate,  but  seems  to  experience  a  peri¬ 
od  of  indecision  before  obtaining  its  predicted  growth 
rate.  We  attribute  this  behavior  to  the  fact  that  this 
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FIG.  4.  Electric  field  intensity  in  wavenumber  space  for  case 
B.  Sec.  II,  at  time  uy*  1.5 x  10*. 


instability  is  a  four-wave  process,  requiring  a  definite 
phase  relation  between  the  initial  monochromatic  wave, 
the  low  frequency  response,  and  two  separate  Langmuir 
waves.  A  certain  period  of  time  is  required  to  set  up 
this  delicate  phase  relationship.  The  result  of  this 
period  of  indecision  is  that  the  decay  branch  obtains  a 
head  start,  and  actually  obtains  substantial  amplitudes 
slightly  earlier.  Of  course,  this  result  does  depend 
on  the  initial  noise  levels,  which  to  be  physically  real¬ 
istic  we  have  chosen  reasonably  large.  Further,  the 
oscillating  two-stream  branch  occurs  at  wavenumbers 
so  close  to  the  initial  wavenumber  that  the  product 
waves  are  themselves  drivers  of  the  decay  branch. 

When  the  initial  wave  begins  to  deplete  due  to  the  growth 
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FIG.  3.  Electric  field  intensity  in  wavenumber  space,  for 
case  B,  Sec.  II,  at  time  1.  Sx  to4. 
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FIG.  6.  Absolute  value  of  electric  field  In  real  space,  for 
case  B,  Sec.  n,  at  time  w,t«  1. 8x  10*. 

The  contour  levels  Indicate  relative  values  of  electric  field 
magnitude,  with  contour  1  corresponding  to  IF*  0.012,  and  con¬ 
tour  4  corresponding  to  IF* 0. 19. 


of  both  branches,  the  oscillating  two-stream  growth 
stops  and  the  product  waves  themselves  deplete,  giving 
up  their  energy  to  the  decay  waves.  We  therefore  find 
at  time  wj  *  1. 5x  10*  that  all  the  Initial  energy  has  gone 
to  the  decay  branch,  as  shown  in  Fig.  4.  The  decay 
branch,  as  In  the  previous  section,  now  acts  as  a  pump 
for  its  own  decay  branch  in  the  forward  directions 
(along  ko),  resulting  at  time  uj  *  1. 8x  10*  In  the  wave- 
number  space  picture  shown  In  Fig.  5.  The  corre¬ 
sponding  picture  in  real  space,  Fig.  6,  indicates  sev¬ 
eral  regions  of  intense  wave  energy  which  are  the  initial 
stages  of  collapsing  solitons.  The  electric  field  inten¬ 
sity  in  the  most  intense  regions  corresponds  to  IF  =0. 19, 
and  these  regions  have  a  size  of  a  few  A f,  where  A j 
=  9.8  \  is  our  numerical  grid  spacing.  Thus,  we  ex¬ 
pect  rapid  soliton  collapse,  with  strong  Landau  damping 
damping  after  this  time. 

We  have  repeated  this  calculation  with  a  numerical 
grid  of  only  32  by  32  points  in  real  space  and  m  wave- 
number  space,  covering  the  same  region  in  wavenumber 
space  but  only  one-fourth  the  area  In  real  space.  The 
quantitative  and  qualitative  behavior  Is  substantially  the 
same  as  the  64  by  64  case,  resulting  in  soliton  collapse 
at  approximately  the  same  time.  This  agreement  gives 
confidence  that  our  results  are  not  overly  sensitive  to 
the  resolution  in  wavenumber  space;  we  expect  that 
these  results  are  an  accurate  representation  of  the 
physically  interesting  limit  of  an  infinite  number  of 
modes  in  wavenumber  space. 

We  conclude  that  the  borderline  case,  W  = 
results  in  a  rapid  evolution  toward  a  state  of  collapsing 
solitons,  in  agreement  with  the  speculations  of  Zak¬ 
harov.1 

Case  C:  W  =  3  *  10‘5.  In  this  case  we  are  below  pre- 
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FIG.  7.  Electric  field  Intensity  in  wavenumber  space,  for 
case  C,  Seci  II.  The  time  is  (a)  w,/*2.2xio';  (b)  w,J*4.4 
x  10*;  (c)  wj«5.5  x  10*;  (d>  w^»1.0xl0S. 


viously  suggested  thresholds  (or  rapid  collapse,  and 
we  might  expect  an  evolution  more  reminiscent  of  the 
Ideas  of  weak  turbulence;  namely,  repeated  scatters 
in  wavenumber  space,  with  each  scatter  yielding  a  set 
of  waves  In  the  opposite  direction  and  with  wavenumbers 
having  slightly  smaller  magnitudes.  For  this  case  we 
use  a  numerical  model  of  32  by  32  points.  The  initial 
evolution  contains  a  decay  branch  with  numerical  growth 
rate  y/w,  *>  4. 6  x  10*4,  in  excellent  agreement  with  the 
value  4. 9x  10"4  predicted  by  (7).  The  predicted  oscil¬ 
lating  two-stream  growth  rate  is  comparable  to  the  de¬ 
cay  growth  rate  in  this  case,  but  as  in  the  previous 
case,  we  find  that  this  branch  suffers  a  period  of  hesita¬ 
tion,  allowing  the  decay  branch  to  gain  a  head  start. 
Thus,  the  initial  wave  at  k^.O.  ioj  [Fig.  7(a)  at  the 
relatively  early  time  uj  «  2. 2  x  io4]  decays  to  k*X,  ■ 

-  0. 08x  [Fig.  7(b)  at  u >j  *  4. 4  x  io4],  which  in  turn  de¬ 
cays  toi^x.sO.Oe*  [Fig.  7(c)  at  uj  »  5. 5 x  io4),  de¬ 
caying  finally  to  ^X,  *  -  0. 04*  [Fig.  7(d)  at  u>j  =  1.0 
x  10*].  Thus,  we  observe  three  distinct  scatters,  as 
predicted  by  weak  turbulence  theory,*0  with  no  evidence 
of  soliton  collapse.  The  contours  on  the  far  right  of 
Fig.  7(d)  are  presumably  a  spurious  numerical  effect, 
Inducing  us  to  end  this  run  at  this  time.  We  might 
speculate  that  the  further  evolution  of  this  example 
could  soon  lead  to  a  soliton  collapse,  since  the  typical 
wavenumber  kL  at  time  uj  =  1.0  x10s  once  again  satis¬ 
fies  the  relation  W  However,  it  Is  also  pos¬ 

sible  that  a  more  physically  realistic  calculation,  with 
many  more  modes  in  wavenumber  space,  would  show 
a  greater  amount  of  spreading  in  wavenumber  space 
than  found  in  Figs.  7(b),  7(c),  and  7(d).  Thus,  it  is 
conceivable  that  further  evolution  in  wavenumber  space 
stops,  leaving  a  set  of  essentially  linear  Langmuir 
waves  with  a  relatively  uniform  distribution  in  wave- 
number  space  from  zero  to  a  value  kL  such  that  W 
?( kL\ )*.  The  resolution  of  this  question  awaits  future, 
more  detailed,  work.  However,  we  have  observed  the 
latter  scenario  in  a  separate  calculation  for  the  initial 
condition  W  =  10‘s,  fe0X,  =  IO"*. 

We  note  that  each  scatter  in  this  example  produced  a 
wavenumber  change  somewhat  greater  than  that  pre¬ 
dicted  by  the  backscatter  relation  (8);  this  effect  is 
partially  due  to  our  limited  resolution  in  wavenumber 
space. 

We  conclude  that  this  example  confirms  the  collapse 
threshold  W  =  (fex,)*;  since  we  have  W  <  (£0X,)*,  we  find 
no  rapid  soliton  collapse  but  rather  a  cascade  in  wave- 
number  space  as  predicted  by  weak  turbulence  theory.*0 

Finally,  one  might  inquire  into  the  possible  modifi¬ 
cation  of  these  results  for  cases  A,  B,  and  C  when  T, 

»  T, ,  in  which  case  one  can  ignore  the  low  frequency 
damping  term.  From  the  dispersion  relation  (6),  drop¬ 
ping  the  middle  term  on  the  left  side,  it  is  easily  shown 
that  the  parametric  growth  rates  for  cases  A  (W  =  10*1) 
and  B  (W  =  10'*)  are  very  close  to  their  equal  tempera¬ 
ture  values,  so  we  expect  the  same  rapid  evolution 
toward  a  state  of  collapsing  solltons.  For  case  C  ( It' 

=  3x  10"*)  one  finds  a  decay  growth  rate  several  times 
larger  than  its  equal  temperature  value.  However, 
upon  repeating  the  numerical  calculation  of  case  C 
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without  the  low  frequency  damping,  we  find  the  same 
qualitative  reeult  aa  in  case  C;  namely,  repeated  back- 
scatters  in  wavenumber  apace  with  each  stage  having 
slightly  smaller  wavenumber  magnitudes,  and  with  no 
tendency  toward  a  rapid  sollton  collapse.  We  conclude 
that  the  results  of  this  section  are  substantially  the 
same  for  T, »  Tt  and  T,*T,.  There  are,  of  course, 
differences  in  detail,  such  as  the  radiation  of  ion  sound 
waves  in  the  T,»  Tt  case,**'**  which  we  do  not  discuss 
here. 

III.  BROADBAND  INITIAL  CONDITION 

The  calculations  of  the  previous  section  used,  as  an 
initial  condition,  an  intense  monochromatic  Langmuir 
wave  with  small  noise  levels  in  other  modes.  In  a 
physically  realistic  problem,  such  as  the  interaction 
of  an  electron  beam  with  a  plasma,  one  would  expect 
a  set  of  Langmuir  waves  to  be  produced,  having  a 
spread  of  wavenumbers  both  along  the  central  wave- 
number,  and  perpendicular  to  the  direction  of  the  cen¬ 
tral  wavenumber,  bi  this  section,  therefore,  we  pro¬ 
ceed  to  consider  the  temporal  behavior  of  an  initial  con¬ 
dition  consisting  of  a  set  of  intense  Langmuir  waves 
having  a  finite  wavenumber  spread,  with  small  noise 
levels  in  all  other  modes. 

Numerically,  we  place  equal  amounts  of  initial  energy 
in  each  of  nine  modes;  the  central  mode  is  the  same  as 
that  used  in  Sec.  n,  at  {cgX,  =0.1  i,  the  nine  modes 
having  values  k^x,  =  0. 08,  0.10,  0.12,  and  fe,X,=  -0.02, 
0. 0,  +  0. 02.  Each  of  the  nine  modes  is  given  a  random 
phase,  and  all  other  modes  have  random  noise  levels. 

Case  A:  W  =  10‘\  At  the  very  early  time  uj  =  220, 
the  nine  modes  of  equal  intensity  appear  as  a  plateau 
in  wavenumber  space  as  shown  in  Fig.  8(a).  The  initial 
modes  undergo  a  strongly  nonlinear  interaction  among 
themselves,  leading  to  a  spreading  in  wavenumber 
space  and  a  migration  of  wave  energy  toward  smaller 
wavenumbers  as  shown  in  Fig.  8(b)  at  time  aij  =  1100 
and  Fig.  8(c)  at  time  wj  =  1760.  At  the  last  time,  the 
electric  field  in  real  space  has  evolved  into  a  set  of 
collapsing  solltons,  as  shown  in  Fig.  9.  The  maximum 
wave  intensity  in  Fig.  9  corresponds  to  W  =  0. 7,  the 
same  as  in  the  corresponding  case  with  monochromatic 
Initial  condition,  Fig.  3.  However,  in  this  broadband 
case,  this  intensity  is  reached  in  a  time  only  one-half 
as  long  as  in  the  monochromatic  case.  We  interpret 
this  fact  as  being  due  to  the  wave  packet  nature  of  the 
Initial  conditions.  The  linear  superposition  of  the  ini¬ 
tial  nine  modes  results  in  regions  of  initially  enhanced 
wave  energy  due  to  constructive  interference  in  real 
space.  These  regions  can  intensify  themselves  and 
begin  a  soliton  collapse  immediately,  rather  than  first 
going  through  a  period  of  parametric  instability;  thus, 
a  state  of  collapsing  solitons  is  reached  faster  in  the 
broadband  case  than  in  the  monochromatic  case. 


We  note  that  this  behavior  would  not  be  changed 

FIG.  8.  Electric  field  intensity  in  wavenumber  space,  for  S™11?  bV  the  use  of  more  modes  in  wavenumber 

case  A,  Sec.  UI,  Contour  definitions  change  from  figure  to  space,  provided  that  the  overall  width  in  wavenumber 

figure,  so  the  contour  diagrams  should  be  viewed  qualitatively.  space  of  the  Initial  conditions  is  held  constant.  The 
The  time  is  (a)  j,?*  220;  (b)  *»,?»  uoo;  (c)  1760.  real  space  statistical  properties  of  a  set  of  .V  modes 
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FIG.  9.  Absolute  value  of  electric  field  in  real  space,  for 
case  A,  Sec.  QI,  at  time  uj*  1760,  the  same  time  as  in  Fig. 
8(c).  The  contour  levels  indicate  relative  values  of  electric 
field  magnitude,  with  contour  1  corresponding  to  IF «  0.073,  and 
contour  3  corresponding  to  IF  *  0.7. 


(in  each  dimension  of  wavenumber  space)  with  random 
initial  phases  are  equivalent  to  the  statistical  proper¬ 
ties  of  an  infinite  set  of  modes,  to  within  terms  of 
order  (1/AO.  For  our  purposes  we  treat  S=  3  as  a 
large  number. 

In  one  dimension,  we  know  that  solitons  involving 
density  depressions  propagate  stably  at  speeds  less  than 
the  sound  speed,  whereas  solitons  whose  speeds  are 
greater  than  the  sound  speed  involve  density  humps  and 
are  unstable  to  one-dimensional  perturbations.  We 
therefore  would  not  expect  to  obtain,  from  arbitrary 
initial  conditions,  solitons  with  speeds  greater  than 
the  sound  speed  in  one  dimension.  Physically,  we  ex¬ 
pect  this  statement  to  hold  in  two  and  three  dimensions 
as  well.  Now  in  the  present  case  the  linear  group  ve¬ 
locity  of  the  initial  regions  of  constructive  Interference 
is  faster  than  the  ion  sound  speed,  thus  inhibiting  im¬ 
mediate  sollton  collapse.  However,  in  this  case  the 
nonlinear  term  in  Eq.  (4),  of  order  IF  =  10'1,  is  much 
larger  than  the  linear  dispersive  term  of  order  ( k0\t )* 

»  10"*,  thus  invalidating  the  concept  of  a  linear  group 
velocity  and  facilitating  an  immediate  soliton  collapse, 
at  a  “center  of  mass”  speed  well  below  the  sound  speed. 

In  the  present  broadband  case,  with  a*,*  A*y  =  /?o/3, 
we  find  immediate  collapse,  whereas  in  the  monochro¬ 
matic  case,  with  Alt,  *  A£,  =  0,  we  found  (Sec.  n,  case 
A,  if  =  io*1)  a  backscatter  to  occur  before  soliton  col¬ 
lapse.  Thus,  for  a  given  wave  level  IF,  such  that  col¬ 
lapse  is  possible,  the  Initial  bandwidths  determine 
whether  soliton  collapse,  favored  by  large  bandwidth, 
or  parametric  backscatter,  favored  by  small  bandwidth, 
is  the  fastest  initial  process. 

As  in  case  A  of  the  previous  section,  the  value  of  IF 
is  so  large  in  this  calculation  that  we  should  consider 


it  to  be  for  illustration  only;  the  conditions  for  validity 
of  the  basic  equations  are  only  marginally  satisfied 
even  at  the  initial  time. 

Case  B:  IF  *  10**.  The  initial  conditions  are  distrib¬ 
uted  as  in  case  A.  In  contrast  to  case  A,  here  we  do 
not  find  an  Immediate  soliton  collapse,  but  rather  a 
parametric  decay  producing  a  backscatter  wave  as 
shown  in  Fig.  10(a)  at  time  w/  *  9. 9x  10s.  Further 
mode  coupling  leads  to  a  migration  in  wavenumber 
space  towards  smaller  wavenumbers,  as  seen  in  Fig. 
10(b)  at  time  wj  *  1. 3  x  10s  and  Fig.  10(c)  at  time  wj 

>  1.8x10*  at  which  time  we  have  at  least  one  collapsing 
soliton  as  shown  in  Fig.  11.  The  maximum  value  of 
electric  field  intensity  in  Fig.  11  corresponds  to  IF 

>  0. 10,  indicating  that  the  soliton  collapse  in  this  case 
is  only  slightly  less  developed  than  in  the  correspond¬ 
ing  monochromatic  case  at  the  same  time,  where  Fig. 

6  shows  a  maximum  IF  .  0. 19.  Our  interpretation  of 
this  case  is  that  with  IF  *  (fe0x,)s  *  0. 01,  the  nonlinear 
effects  are  not  strong  enough  to  force  an  immediate 
soliton  collapse  due  to  wave  packet  initial  conditions, 
but  rather  the  waves  must  first  undergo  a  scatter  in 
wavenumber  space  as  in  the  case  of  a  monochromatic 
initial  condition.  The  parametric  growth  rates  are 
somewhat  reduced  due  to  the  broadband  pump,  causing 
the  evolution  to  lag  slightly  behind  the  corresponding 
case  with  monochromatic  Initial  condition,  case  B  of 
Sec.  n. 

Case  C:  IF  =  3  x  10*\  The  initial  conditions  are  dis¬ 
tributed  as  in  the  previous  cases  A  and  B.  At  early 
times,  we  find  a  parametric  decay  instability,  at  a 
wave  vector  opposite  in  direction  and  slightly  smaller 
in  magnitude  compared  with  k^.  The  parametric  decay 
growth  rate  at  early  time  is  not  steady,  but  tends  to 
fluctuate  with  an  average  value  about  half  that  observed 
in  the  corresponding  monochromatic  example,  case 
C  in  Sec.  n.  This  reduction  in  growth  rate  is  due  to  the 
broadband  nature  of  the  pump,  as  discussed  more  fully 
later.  The  parametric  decay  instability  results  in  the 
backscatter  waves  shown  in  Fig.  12(a)  at  time  wj  =  4. 4 
x  104.  A  cascade  toward  lower  wavenumbers  now  occurs, 
as  in  Fig.  12(b)  at  time  uij  *  5. 5x  104  and  Fig.  12(c)  at 
time  9. 3  x  104.  At  this  time  there  is  also  substantial 
wave  energy  in  the  zero  wavenumber  m’odes,  both 
£r  k.0  and  EVil.o,  not  Indicated  in  Fig.  12(c).  At  the 
last  time,  we  have  IF  >(£>,)*,  where  if  is  a  typical  wave- 
number  having  large  intensity.  The  nonlinearity  in 
Eqs.  (4)  and  (5)  takes  advantage  of  this  inequality  to 
produce  the  collapsing  soliton  shown  in  Fig.  13  at  time 
«/  =  9. 3 x  104,  the  same  time  as  in  Fig.  12(c). 

This  example,  to  the  best  of  our  knowledge,  is  the 
first  known  demonstration  of  a  scenario  which  has  been 
the  subject  of  speculation  for  many  years;  namely,  that 
an  initial  spectrum  of  waves  with  IF  <  (frx,)*,  k  being  a 
typical  wavenumber,  will  undergo  a  cascade  to  very 
small  wavenumbers,  at  which  point  no  further  cascade 
is  possible.  There  will  then  occur  a  modulational  in¬ 
stability,  eventually  leading  to  soliton  collapse  which 
removes  wave  energy  to  large  wavenumbers  where  it 
can  be  Landau  damped. 

We  note  that  most  of  the  wave  energy  at  time  <47 
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FIG.  10.  Electric  field  intensity  in  wavenumber  space,  for 
case  B,  Sec.  UI.  Contour  definitions  change  from  figure  to 
figure,  so  the  contour  diagrams  should  be  viewed  qualitatively. 
The  time  la  (a)  9x10s;  (b)  uj*  1.3x  104;  (c)  w,f=1.8 

x  104. 


FIG.  11.  Absolute  value  of  electric  field  la  real  space,  for 
case  B,  Sec.  HI,  at  time  <*),/»  1. 8x  io4,  the  same  time  ae  Fig. 
10<c).  The  contour  levels  Indicate  relative  values  of  electric 
field  amplitude,  with  contour  1  corresponding  to  W* 0.012,  and 
contour  3  corresponding  to  W  »  o.  10. 


*  9. 3  x  io4  is  concentrated  in  three  numerical  modes  in 
wavenumber  space,  the  k=  0  mode  and  the  two  modes 
immediately  to  the  right  and  to  the  left  of  it  [see  Fig. 
12(c)].  Thus,  a  calculation  using  more  modes  in  wave- 
number  space  could  conceivably  yield  significantly  dif¬ 
ferent  quantitative  and  perhaps  even  qualitative  results. 

In  this  case  C,  it  is  possible  to  analytically  treat  the 
growth  of  the  decay  branch  at  early  times.  For  a  pump 
with  constant  amplitude  in  a  certain  volume  V  of  wave- 
number  space,  with  each  component  having  the  same 
amplitude  but  random  phase,  the  dispersion  relation 
(6)  is  replaced  by 

-  id*  -  2iuk  *k* 


<r*l£0l*  f  ,v/  ui(k') 
V^J/kW=  2k'k-kr’ 


(10) 

where  vl  =  (£'•  ft,)*,  x  *k±k'.  Equation  ( 10)  is  valid  only 
when  W#«(*’X4)*  for  all  k'  in  V;  then,  each  component 
of  the  pump  approximately  obeys  the  linear  dispersion 
relation.  Taking  V  to  be  a  square  centered  about  kg, 
as  in  Fig.  8(a),  we  neglect  the  first  term  on  the  right 
side  of  (10)  to  treat  the  decay  instability.  We  then  find 
that  the  spread  of  initial  wavenumbers  in  the  k,  direc¬ 
tion  enters  only  through  the  factor  u!(k')  in  the  numer¬ 
ator,  yielding  a  small  reduction  in  growth  rate  which  is 
only  about  3%  in  this  case.  The  spread  in  k,  enters 
only  through  the  denominator,  where  we  find  a  substan¬ 
tial  growth  rate  reduction  whenever  the  spread  in  fr, 
wavenumbers  produces  a  spread  in  initial  wave  fre¬ 
quencies  which  is  greater  than  the  decay  growth  rate 
in  the  monochromatic  case.  This  result  is  in  agree¬ 
ment  with  the  well-known  behavior*4  of  parametric  in- 


1773 


Ptiys.  Fluids,  Vol.  21.  No.  10.  October  1978 


0.  R.  Nicholson  and  M.  V.  Goldman 


1773 


!-,  . 


.  i  MAX 
"  » 


FIG.  12.  Electric  field  intensity  in  wavenumber  space,  for 
case  C,  Sec.  QI.  ^Contour  spacing  is  the  same  in  each  figure, 
the  time  is  (a)  *,7=4.4x10*;  (b)  ui,7*  S.5x  104;  (c)  w,?»  9.3 
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FIG.  13.  Absolute  value  of  electric  field  in  real  space,  for  case 
case  C,  Sec.  HI,  at  time  u, f«9.3x  104,  the  same  time  as  Fig. 
12(c).  The  contour  levels  indicate  relative  values  of  electric 
field  amplitude,  with  contour  1  corresponding  to  1F»  0.0029, 
and  contour  5  indicating  W  =  0. 073. 


stabilities  in  the  presence  of  an  initial  wave  of  finite 
bandwidth. 

In  the  present  case  C,  the  spread  of  initial  wave  fre¬ 
quencies  is  greater  than  10  times  the  monochromatic 
growth  rate,  and  Eq.  (10)  would  predict  a  great  reduc¬ 
tion  in  growth  rate,  almost  to  zero.  This  prediction  is 
somewhat  at  variance  with  the  actual  numerical  result, 
where  we  find  a  reduction  in  growth  rate  of  only  about 
a  factor  of  two  over  the  monochromatic  case.  The  most 
likely  explanation  for  this  discrepancy  is  that,  in  the 
present  case,  the  use  of  only  three  discrete  values  of 
k%  is  not  a  good  approximation  to  an  infinite  number  of 
wavenumbers  covering  the  same  region  of  kt  space. 

This  dependence  on  the  number  of  modes  is  in  contrast 
to  case  A  of  the  present  section,  where  W0  »  (fe0X,)*, 
implying  that  the  linear  pump  frequency  spread  is  no 
longer  important.  There,  the  important  effect  is  the 
wave  packet  nature  in  real  space,  which  induces  soliton 
collapse,  and  which  is  only  slightly  different  for  three 
modes  than  for  an  Infinite  number  of  modes. 

In  conclusion,  this  section  shows  that  when  W0 
5(*0Xf)J,  the  most  important  effect  of  a  broadband  ini¬ 
tial  wave  is  the  wave  packet  nature  in  real  space,  which 
induces  soliton  collapse.  When  W0<(k0X,),  the  para¬ 
metric  growth  rates  are  reduced  by  the  broadband  nature 
of  the  initial  wave.  When  nine  pump  modes  are  used, 
there  is  still  a  substantial  parametric  growth  rate,  re¬ 
sulting  tn  a  weak  turbulence  cascade.  In  the  me  ex¬ 
ample  studied  here,  the  cascade  results  at  a  late  time 
in  the  inequality  WS  (kX,)‘  being  once  again  satisfied, 
and  a  soliton  collapse  is  produced. 
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IV.  CONCLUSIONS 

We  have  shown  numerically  that  intense  Langmuir 
waves  satisfying  the  Inequality  W  »(feXf)*  proceed 
rapidly  to  a  state  of  collapsing  solitons.  When  the  op¬ 
posite  inequality  is  satisfied,  there  is  no  rapid  sollton 
collapse,  but  rather  a  cascade  in  wavenumber  space 
as  predicted  by  weak  turbulence  theory.  “  Note  that 
our  work  has  neglected  linear  high  frequency  dissipa¬ 
tion;  the  cascade  and  collapse  scenarios  presented  here 
will  be  modified  if  their  time  scales  are  not  faster  than 
that  of  linear  dissipation. 

It  is  interesting  to  compare  the  results  of  this  paper, 
in  the  regime  to  earlier  work1*  in  the 

regime  fe0^,<(m#/ml)1/.  When  W  »(jfe9X,)*,  there  seems 
to  be  no  difference  between  these  regimes;  in  either 
regime  the  nonlinear  effect  swamps  the  linear  group 
velocity,  producing  immediate  soliton  collapse  in  the 
broadband  case,  and  soliton  collapse  after  one  back- 
scatter  in  the  monochromatic  case. 

In  the  borderline  case,  W  there  is  an  impor¬ 

tant  difference  between  the  two  wavenumber  regimes. 
When  the  group  speed  of  the  initial 

waves  is  less  than  the  ion  acoustic  speed.  Thus,  any 
wave  packet  nature  in  real  space  can  resonate  strongly 
with  ion  motions,  producing  immediate  soliton  collapse 
in  the  broadband  case  and  soliton  collapse  after  one 
scatter  in  the  monochromatic  case.  In  this  case,  the 
inequality  W  >(  must  always  be  applied  to  the 
spread  in  wavenumbers  about  the  central  wavenum¬ 
ber.  1*,n  By  contrast,  when  6„X,  »(m./m ,)* '  *,  the  Lang¬ 
muir  group  speed  is  much  greater  than  the  acoustic 
speed,  and  a  monochromatic  wave  must  undergo  two 
backscatters  in  order  to  set  up  a  standing  wave  pattern 
in  real  space  which  can  then  collapse  (Sec.  ID,  case 
B,  Figs.  5  and  6);  a  broadband  wave  must  undergo  one 
backscatter  in  order  to  set  up  a  collapsible  standing 
wave  pattern  in  real  space  (Sec.  m,  case  B,  Figs.  10 
and  11). 

In  the  case  W  « there  is  at  least  one  impor¬ 
tant  difference  between  the  two  wavenumber  regimes. 
When  it  is  possible  for  wave  energy 

to  cascade  to  smaller  wavenumbers  via  repeated  back¬ 
scatters,  resulting  in  the  inequality  WS  (h\t)2  being 
satisfied  at  a  later  time  and  therefore  possibly  in  a  soli¬ 
ton  collapse,  as  found  in  Sec.  01,  Case  C,  Figs.  12 
and  13.  When  fc„x,<  (m,/m,)l/t,  this  scenario  is  not 
possible;  the  decay  branch  is  suppressed,  and  four- 
wave  instabilities  become  more  important;  these  tend 
to  put  energy  into  larger  wavenumbers,  thus  reinforcing 
the  inequality  W  « and  forever  inhibiting  soliton 
collapse. 

We  have  recently  developed  an  analytic  theory17  which 
applies  to  the  regime  k0x, « (m,/m()1/2,  i. e. ,  to  the 
regime  of  our  earlier  numerical  work. l*  We  find  that 
the  Initial  wavenumber  k0  is  not  important,  but  rather 
the  initial  spread  in  wavenumbers  When  w  >  (A*X,)2, 
but  ±k\.  greater  than  some  threshold,  we  find  a  direct 
collapse  induced  by  the  wave  packet  nature  of  the  tnltial 
conditions.  When  W  >  (<i£x,)*,  but  a£x,  is  too  small, 
the  direct  collapse  rate  is  slower  than  the  parametric 


instability  growth  rate,  and  parametric  instability 
grows  fastest.  When  W  <(aix,)*,  there  is  no  collapse. 
These  analytic  results17  are  in  very  good  agreement 
with  our  earlier  numerical  results.  '* 

The  work  discussed  here  is  of  relevance  to  a  very 
important  physical  situation:  the  passage  of  an  elec¬ 
tron  beam  of  speed  vt  through  a  plasma  with  thermal 
speed  v,.  Such  a  beam  produces  Langmuir  waves  with 
frequency  u>  *  w„  and  wavenumber  ft*  such  that  the 
phase  speed  is  <•)«/*#■»»  or  *,X.  ■*»,/»».  Linear  and 
quasi- linear  plasma  theories  then  often  predict  wave 
intensities  large  enough  for  the  soliton  collapse  ideas 
of  this  paper  to  apply,  for  reasonable  laboratory1*  and 
astropbyslcal1*  parameters. 
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ABSORPTION  OF  CO,  LASER  LIGHT  BY  A 
DENSE,  HIGH  TEMPERATURE  PLASMA 

N.  J.  PEACOCK,  M.  J.  FORREST,  P.  D.  MORGAN  (•), 

M.  V,  GOLDMAN  (** (***)),  T.  RUDOLPH  (*•),  A.  A.  OFFENBERGER  (•*•) 

Culham  Laboratory,  Abingdon,  Oxon.  0X14  3DB,  U.  K. 
(Euratom/UKAEA  Fusion  Association) 


Rfema*.  —  L’interaction  entrc  le  faisceau  pulsd  d’un  laser  au  CO,  et  le  plasma  produit  par  un 
disposiiif  plasma  focus  est  examinee  des  points  de  vue  thiorique  et  experimental.  Le  faisceau  du 
laser  CO,,  qui  est  dirigd  perpendiculairement  k  l'axe,  suivant  le  gradient  de  density  ne  perturbe 
que  faiblement  le  plasma  car  la  densitd  de  rayonnement  de  30  J  cnrJ  (compte  tenu  du  facteur 
d’ampliflcation  de  Airy)  est  n£anmoins  plus  faible  que  I’dnergie  thermique  du  plasma  (5  1  kJ  cm-5). 
Au  contraire,  le  rayon  du  laser  est  fortement  affecti  par  le  plasma. 

Durant  la  phase  de  compression  en  pinch  quand  la  frequence  du  plasma  atp,  >  a> co„  (’absorp¬ 
tion  du  faisceau  est  beaucoup  plus  importante  que  celle  prevue  en  utilisant  la  resistivity  dassique. 

Les  fluctuations  de  density  k  la  frequence  de  Langmuir  sont  mesurees  directement  par  diffusion 
frontale  k  I  aide  du  faisceau  sonde  d’un  laser  k  rubis.  Etant  donne  que  les  nombres  d’ondes  corres¬ 
pondent  k  (Ki d)  ~  0,1  les  ondes  de  Langmuir  devraient  apparaitre  dans  le  sepctre  diffuse  comme 
des  raies  ilectroniqucs,  decal  ies  de  427  A  par  rapport  k  la  longueur  d'onde  du  laser  k  rubis.  A 
faible  intensity  de  pompage  du  laser  au  CO,,  I'intensiti  des  ondes  ilectroniques  est  proche  du 
niveau  thermique.  Si  on  augmente  I’intensite  de  pompage  au-delft  d’un  seuii  de  3  x  10’  W/cm~2, 
on  observe  une  forte  augmentation  du  rayonnement  diffuse,  qui  peut  depasser  d'un  facteur  30  le 
niveau  thermique. 

L’etude  WfCB  de  I'instabilitite  de  degenerescence  electron-ion  est  en  assez  bon  accord 
avee  (es  mesures.  Cette  etude  tient  compte  de  la  croissance  lindane  des  ondes  k  temperature  eJec- 
tronique  et  ionique  d gales,  et  des  phonomenes  de  convection  dans  un  plasma  inhomogene. 

Abstract.  —  The  interaction  between  a  pulsed,  CO,  laser  beam  and  the  plasma  produced  in  a 
plasma  focus  device  is  investigated  theoretically  and  experimentally.  The  CO2  laser  radiation, 
directed  orthogonal  to  the  pinch  axis  and  along  the  density  gradient  only  weakly  perturbs  the  focus 
since  the  radiation  density  of  30  J  cm-5  (allowing  for  the  Airy  enhancement  factor  near  the  critical 
layer),  is  still  less  than  the  plasma  thermal  energy  S;  1  kJ  cm-2.  On  the  contrary,  the  CO,  laser 
beam  is  grossly  affected  by  the  plasma  and  absorption  during  the  compressed  pinch  phase  when 
the  plasma  frequency  <ov,  £  coco,  is  much  more  complete  than  can  be  predicted  by  classical 
resistivity. 

Density  fluctuations  at  the  Langmuir  frequency  are  measured  directly  by  forward!  scattering 
from  a  probe,  ruby  laser  beam.  Since  the  wave  numbers  correspond  to  (A2d)  ~  0.1  the  Langmuir 
waves  should  appear  as  electron  ’  lines  ‘  in  the  scattered  spectrum  shifted  by  427  A  from  the  ruby 
laser  wavelength.  At  low  CO,  laser  pump  intensity  the  electron  wave  intensity  is  close  to  the  thermal 
level.  As  the  pump  is  increased  beyond  a  threshold  of  ~  3  x  10’  W/cm-2  (in  vacuo)  enhanced 
scattering  is  observed,  reaching  a  factor  of  30  above  thermal. 

A  WKB  treatment  of  the  electron-ion  decay  instability  which  takes  into  account  the  linear 
growth  of  waves  at  equal  electron  and  ion  temperatures  and  their  convection  in  an  inhomogeneous 
plasma  is  reasonably  consistent  with  the  observations. 


1.  Introduction.  —  The  aim  of  this  paper  is  to 
report  on  the  absorption  and  redistribution  of  energy 
in  a  CO,  laser  beam  by  a  pre-formed  and  pre-heated 
plasma,  in  circumstances  where  anomalous  heating 
processes  might  be  expected.  The  plasma  is  the  dense 
pinch  formed  in  a  plasma  focus  device  [1]. 

(*)  Now  at  Ecole  Poly  technique  Federate  de  Lausanne, 
Switzerland. 

(**)  University  of  Colorado,  Boulder,  U.  S.  A. 

(***)  University  of  Alberta,  Edmonton,  Canada. 


In  contrast  to  the  many  experimental  studies  which 
have  been  reported  in  the  literature  on  laser  beam 
interactions  with  solid  [2,  3]  or  gaseous  [4]  targets, 
the  use  of  a  preformed  plasma  which  is  not  sub¬ 
stantially  altered  by  the  pump  beam  has  a  number 
of  advantages.  In  the  plasma  focus  the  kinetic  energy 
density  is  considerably  higher  than  the  threshold, 
radiation  intensity  required  for  the  most  readily- 
excited  instabilities.  Among  these,  there  are,  for 
example,  the  parametric  decay  instability  [S,  6,  7], 
the  oscillating  two-stream  instability  [8]  and  the 
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stimulated  Brillouin  instability,  all  of  which  can  be 
excited  with  pump  intensities  between  10to  and 
10' 1  W/cm“J. 

During  the  pinch  compression  phase  of  the  plasma 
focus  the  electron  plasma  frequency  is  matched  to 
the  frequency  of  infra-red  light  at  least  over  a  limited 
spatial  region  and  for  a  limited  time  duration.  A 
C02  laser  operating  at  10  microns  wavelength  might 
be  expected  to  act  therefore  as  a  pump  for  Langmuir 
waves  in  the  plasma. 

The  focus  device  has  been  relatively  well  diagnosed 
by  a  number  of  groups  [9,  10,  11],  and  using  a  variety 
of  measurement  techniques  ;  but  this  advantage  is 
to  be  offset  against  its  somewhat  irreproducible 
characteristics  and  inherent  density  fluctuations  which, 
for  certain  wave-vectors,  can  be  considerably  above 
the  thermal  level  due  to  current-driven  instabili¬ 
ties  [12]. 

In  this  study  we  observe  absorption  of  the  pump 
beam  and  enhancement  of  the  Langmuir  wave  inten¬ 
sity  when  a  C02  laser  irradiates  the  partially- 
compressed  pinch.  The  enhancement  is  described 
in  terms  of  non-linear  processes  induced  by  the 
pump  beam. 

2.  Plasma  characteristics  with  no  external  pump 
beam.  —  The  evolution  of  the  highly-compressed 
plasma  in  a  Mather  type,  open-ended,  coaxial  gun 
focus  is  shown  schematically  in  figure  1.  The  dimen¬ 
sions  of  the  inner  and  outer  electrodes  are  5  cm 
and  10  cm  respectively.  The  stored  energy  in  the 
capacitor  bank  is  40  kJ  at  30  kV  and  the  ambient 
tilling  pressure  of  deuterium  is  between  2.5  and 
3.0  torr. 

Time-resolved  interferograms  of  the  converging, 
cuspcd,  conical  plasma  front  are  shown  in  figure  2 
and  the  density  distributions,  suitably  Abel-inverted, 
are  shown  as  a  function  of  time  in  figure  3.  It  is  to  be 
noted  that  the  density  has  a  peak  value  of  the  order 
of  3  x  1019  cm-3  and  it  remains  higher  than 

n,a  -  9.94  x  1018  cm'3  , 

the  critical  density,  for  reflection  of  the  C02  laser 
light,  for  several  tens  of  nanoseconds.  During  the 
late  stage  of  the  compression  of  the  plasma  onto  the 
axis  of  symmetry  of  the  coaxial  electrodes,  the  scale 
length  for  the  density  gradient. 


changes  rapidly  in  time,  figure  4.  Typically  L  will 
vary  from  0.3  to  0.03  cm  in  the  40  nanoseconds  up 
to  peak  compression. 

The  particle  energy  distribution  and  the  back¬ 
ground  level  of  turbulence  in  the  plasma  has  been 
measured  in  some  detail  [II,  13]  using  the  scattered 
light  from  ruby  laser  probes.  Most  of  the  analyses 
have  been  based  on  the  intensity  and  frequency 
spread  of  the  ion  feature  in  the  scattered  light  spec¬ 


Hlflh  Density  Plasma  Focus 

Fio.  t.  —  Schematic  diagram  of  the  spatial  variation  in  the 
location  of  the  plasma  boundary  and  the  associated  electric 
waveforms  in  the  plasma  focus  device. 


Fto.  2.  —  One  nanosecond  exposure  time  sequence  of  three 
interferograms  at  —  30.  0  and  -  30  nanoseconds  where  time 
0  refers  to  moment  when  the  compression  front  first  reaches  the 
axis  of  symmetry  on  Plasma  Focus. 

trum.  Samples  [13]  of  the  spectral  broadening. 
Atu  =  16  Aft,,  where  r,  is  the  ion  thermal  velocity 
and  K  the  differential  scattering  wavenumber,  are 
shown  lor  values  of  the  scattering  parameter.  (K/.0)~ 
between  I  and  2.  in  figure  5.  The  experimental  points 
have  been  fitted  to  thermal  distributions  of  the 
electrons  and  ions  following  Evans  [1970)  [14], 
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Fig.  3.  —  Temporal  variation  of  density  distribution  in  the 
plasma  focus,  after  Abel  inversion  /i.  /i ...  fj  denotes  a  time 
sequence  lasting  130  ns,  with  tj  corresponding  to  peak 
compression. 


Fig.  4.  —  Temporal  variation  of  the  radial  density  scale 
length. 


in  the  plasma  focus,  derived  from  interferometry.  For 
n,  <  IC’cm"3 

the  scale  length  is  measured  at  the  peak  of  the  density  profile 
while  for  n,  >  10'*,  the  scale  length  is  appropriate  to  the  pump 
beam,  cut-off  density,  /»«  —  9.94  <  IQHcm-3. 


Intensity 


Fto.  3.  —  Electron  and  ion  temperatures  at  peak  compression 
derived  from  the  collective,  KXa  —  0.36,  ion  feature  of  the  scat¬ 
tered  visible  light  spectrum.  Forrest  and  Peacock  (1974). 


been  used  to  calculate  the  variation  in  the  peak 
temperature  during  the  compression,  figure  6. 


The  maximum  ion  and  electron  temperatures 
occur  at  peak  compression  and  are  of  the  same 
order,  i.  e.  t,  at  T,  at  2  keV.  An  adiabatic  scaling, 
T,  r2,T~l)  «■  constant,  is  appropriate  to  the  fluid 
model  constructed  by  Potter  (1971)  [15],  and  has 


-j - ■ _ _ _ i 

-  50  -40  -30  -?0  -'0  0 

t  Insl  — * 

Fto.  6.  —  Variation  in  peak  temperature  during  the  pinch 
phase  of  the  plasma  focus,  assuming  2-dimensional  adiabatic 
compression. 
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The  scattered  light  intensity  in  the  ion  feature  is 
measured  on  an  absolute  basis  and  is  given  by 

dfl  f2*” 

/,  "  h'K  '  T-1 '  °t'n*  *)  (0 

x  Jt  Jo 

where  70  is  input  ruby  laser  intensity  and  V,  and  dft, 
are  the  scattering  volume  and  solid  angle  respectively, 
subtented  by  the  detector.  <rT  is  the  Thomson  scattering 
cross-section.  For  a,  «=  ~  1,  the  factor 

for  a  thermal  plasma.  In  these  experiments  [13]  we 
find  [n,  S(AQ]  at  2  n„  indicating  a  nearly  thermal 
plasma  for  scattering  vectors,  K±  orthogonal  to  the 
current  flow,  j.  In  complementary  studies  [11],  Bernard 
and  co-authors  have  found  a  somewhat  similar 
level  of  background  wave  activity  with,  again, 
[/»,5(/0]  a tn,  for  KL  ■  .  However  for  scattering 

vectors,  ifj ,  parallel  to  j,  there  is  considerable  enhan¬ 
cement  above  the  thermal  level,  as  shown  in  figure  7, 
especially  at  around  3  torr  ambient  pressure,  which 
is  our  present  operating  conditions. 

3.  Irradiation  of  the  Focns  Plasma  by  a  C02  Laser 
Beam.  —  A  double  discharge  TEA,  C02  laser  deliver¬ 
ing  10  joules  in  an  initial,  gain  switched  pulse  of 
40  ns  duration  has  been  used  to  irradiate  plasma 
orthogonal  to  the  pinch  axis  of  symmetry.  The  experi¬ 
mental  arrangement  is  shown  in  figure  8.  After 


Fio.  7.  —  Absolute  level  of  the  collective  ion  feature,  KolKi 
and  KdIK\\  >  1,  in  the  spectrum  of  scattered  ruby  laser  light 
from  the  plasma  focus.  The  level  is  expressed  in  terms  of  the 
product  of  electron  density  and  the  dynamic  form  factor  for  the 
scattered  light  spectrum,  S(K).  p  (torr)  is  the  ambient  filling 
density,  x  and  .  are  the  radial  and  axial  positions,  in  cylindrical 
coordinates,  of  the  plasma  responsible  for  scattering  the  laser 
light.  /f||  and  KL  refer  to  differential  scattering  vectors  parallel 
and  orthogonal  respectively  to  the  current  flow ;  Bernard  el  at. 

(1974). 
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Fio.  8.  —  Optical  layout  (Plan-view)  of  the  CO:  laser  interaction  experiment  with  the  dense  plasma  focus.  The  ruby  User 
probe  beam  and  associated  visible  light  scattering  optics  are  coaxial  with  the  CO:  beam.  Input  of  CO:  laser  beam.  10  —  20  J'50  ns  , 
enters  focus  chamber  (from  below)  via  KCI  beam  splitter  and  Gc  window.  It  is  then  focused  via  a  F/5.5  germanium  lens 
(CLi)  onto  the  plasma  axis.  Refracted  CO:  laser  light  is  detected  at  43°,  90°  and  133°  to  incident  beam  and  focused  via  a  KCI 
lens  (CL:)  onto  appropriate  detectors  ;  CDi  is  a  sensitive  Au-dopcd  Ge  or  Pb  :  Sn  :  Te  photodetector  shielded  from  the 
discharge  with  lead  (Pb).  CD]  is  a  photon  drag  detector.  Input  of  the  ruby  laser  beam,  3  J/18  ns,  enters  chamber  from  left  and 
is  focused  onto  the  axis  of  the  plasma  via  a  glass  lens  (RLi).  The  ruby  light  dump  (RD)  completely  attenuates  the  primary 
probe  beam  but  scattered  ruby  laser  light  is  detected  (PM)  through  a  narrow  band  filter,  6.500—  23  A  (RF),  lens  (RL:) 

and  azimuthal  mask  (AM). 
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losses  in  the  optics  the  average  C02  laser  intensity, 
focussed  in  vacuo  through  an  F/S.S  germanium  lens 
on  a  0.7S  mm  spot  at  the  focus  axis,  is 

2  x  iO10  W/cm-2  , 

Mode  beating  during  the  irradiation  pulse  will  result 
in  peak  values  of  twice  this  intensity.  Polarisers 
made  from  KC1  plates  inside  the  oscillator  cavity 
ensure  that  95  %  of  the  output  C02  laser  energy  is 
plane  polarised  [16].  The  C02  laser  beam  is  arranged 
to  pump  electron  waves  orthogonal  to  the  density 
gradient  with  either  p-type  polarisation  in  which 
the  electric  vector,  E,  is  orthogonal  to  j,  or  alterna¬ 
tively  s-type  polarisation  with  E  parallel  to  j.  The 
incident  intensity,  transmission,  refraction  and  back- 
scatter  of  the  C02  beam  are  measured  by  photon 
drag  detectors,  or  Au-doped  Ge,  and  Pb  ;  Sn  ;  Te 
detectors,  the  last  two  being  liquid  N2-cooled,  ensuring 
a  wide  range  of  detectivities  for  the  infra-red  radia¬ 
tion.  A  summary  of  the  parameters  of  the  irradiation 
conditions  is  shown  in  table  I. 

The  effect  of  the  plasma  on  the  pump  beam  is 
taken  into  account  in  table  I.  In  particular,  the  inten¬ 
sity,  swollen  by  the  Airy  peaks  near  the  critical 
surface,  is  given  by 

•Ppi  =  *0  (vacuum)///min  ,  (2) 

where  rjm,n  is  the  minimum  value  of  the  refractive 
index  compatible  with  geometric  optics, 

-  3.8(L<o0/c)l/3  . 

This  swelling  factor  allows  the  pump  intensity  to 
exceed  the  threshold  for  the  instabilities  listed  in 
the  table.  The  energy  density  in  the  beam  is  seen  to 
be  small  compared  to  the  plasma  kinetic  energy. 

Before  discussing  the  results  of  the  C02  laser 
beam/plasma  interaction  it  is  instructive  to  consider 
theoretically  the  absorption  and  refraction  in  an 
inhomogeneous  plasma  in  which  classical  resistivity 
is  the  only  absorption  mechanism.  For  a  plane 
wave  incident  on  a  cylindrical  plasma  the  reflec¬ 
tivity  [17]  is  given  by 

A  =  exp(—  2  p  cos’  0)  (3) 


where  0  is  the  angle  of  the  incident  light  to  the  radius 
normal  and 


where  L  is  the  density  scale  length  and  K„  the  resistive 
absorption  coefficient, 

K,  =  t(0)|Oi  -  a £),/2  (4) 

where  t  is  the  electron-ion  collision  time  [18].  In  our 
plasma  conditions,  the  paraxial  rays,  only,  will 
penetrate  to  the  critical  reflection  surface  and  will 
therefore  suffer  the  greatest  absorption  with 

.  rLu  turning  point  \ 

rtp.,™  “  exp^- 2  K(v)dlJ. 

!L  =»  0.20  cm 
f.  -  900  eV 
it,  =  0.99  n„  . 

Thus  the  back  reflected  light  should  be  substantial 
when  the  plasma  density  exceeds  the  critical  value 
for  reflection  i.  e.  when  n,c  £  9.94  x  10,s  cm-3. 
Other  light  rays  will  be  refracted  with  little  loss  in 
light  intensity  as  is  illustrated  for  the  plasma  at  peak 
compression  in  figure  9. 

Following  the  logic  that,  on  theoretical  considera¬ 
tions  only  a  relatively  small  fraction  will  be  absorbed 
from  the  pump  beam  in  the  high  temperature  plasma, 
it  is  instructive  to  neglect  absorption  completely  as 
in  the  model  calculations  shown  in  figure  10.  In  this 
figure  the  pump  beam  /„  e  "('•/'»)'  is  incident  from  the 
right  on  a  high  temperature  plasma,  with  a  parabolic 
density  distribution,  whose  peak  density  and  radius 
correspond  to  those  measured  interferometrically 
during  the  pinch  phase  of  the  plasma.  It  is  evident, 
figure  10,  that  in  the  under-dense  plasma,  the  pump 
beam  is  transmitted  without  much  deviation  ;  but 
that  as  the  electron  density  reaches,  or  exceeds, 
n„  then  there  is  a  rapid  angular  variation  in  the 
refracted  light.  For  n,  >  the  light  is  mainly 
refracted  back  towards  the  incoming  beam. 


TABLE  I 

Summary  of  parameters  of  COj  beam  interaction  with  plasma  focus 


Focused  pump-beam 
intensity 

Cul-olT  density 

Ratio  of  oscil¬ 
latory  to  electron 
thermal  velocities 

Energy  density 
in  COj  beam 

Plasma  Parameters 

<t> o  (in  vacuo) 

V  ~  \V ,» 

E)/8  n  (in  vacuo) 

-N  . 

"•  T'  L  -  ( 

<  4  ■  10")  W/cm-» 

9.94  x  I0'»cm-J 

-  0.02 

0.7  J/cm-> 

cm*5  eV  c 

9.94  x  10' »  2,500  0.3  0.03 

£pi  (in  plasma) 

a  (10  -*  40)  x  <Pq 

Thresitold  intensity  for  non-thermal 
processes  e.  g.  osc.  2-stream  ;  electron- 
ion  decay 

♦wr-h  -  10' '  W/cm-) 

£)/ 8  n  (in  plasma) 

-  30  J/cm'1 

1  nternai  kinetic  energy  n,  k  T, 

0.2  -*  1.5  kJ'cm-) 

1 


C6-48 


N.  J.  PEACOCK  ET  AL. 


Contours  of  Const.  Oonsity 


Fio.  9.  —  Schematic  of  refracted  rays  from  C02  laser  pump 
beam  at  the  time  of  peak  compression  during  the  dense  pinch 
phase  of  the  plasma  focus.  C02  ray  paths  : 

«2o,  -  u>U')  +  c2ikl  +  sin1  (») 

Reflection  Points  :  ( Kr  —  0) 

Wp(r)  -  9. 


Fio.  10.  —  Theoretical  model  for  the  refracted  light,  intensity 
It,  from  a  C02  laser  pump  beam  during  the  dense  pinch  of  the 
plasma  focus.  I,  is  normalised  to  the  peak  of  the  angular  inten¬ 
sity  distribution  at  different  times,  t\  through  /<,  during  the 
compresv->n.  Th*  C02  laser  operates  in  the  TEM  (0,  0)  mode 
with  a  focal  spot  diameter,  d,  of  750  pm.  The  density  distribu¬ 
tions  corresponding  *o  n,  and  r  (plasma)  are  parabolic. 


«• 

fi  :  4.0  x  10'»cm-> 
h  :  1.03  x  l0>»cm-» 
l,  :  1.75  x  10t*cm-J 
i « :  3.5  x  I0>»cm~J 


r 

0.5  cm 
0.2  cm 
0.15  cm 
0.1  cm 


d 

0.075  cm 
0.075  cm 
0.075  cm 
0.075  cm 


In  practice,  the  interaction  of  the  C02  beam  is 
quite  different  from  what  has  been  anticipated  (above) 
on  the  basis  of  a  cylindrical  plasma  with  a  smooth 
density  gradient  and  classical  resistivity.  The  results 
of  the  irradiation  experiments  are  as  follows  : 

(i)  Transmission  of  the  paraxial  rays  is  interrupted 
for  a  period  of  about  80  nanoseconds  centred  around 
peak  compression.  This  cut-olf  in  transmission, 
figure  It,  corresponds  approximately  to  the  duration 
for  which  the  plasma  is  over  dense  i.  e. 

n,  >  nte  ■  9.94  x  10‘*  cm”3 . 


in*) 

Fig.  II.  —  Oscillogram  of  transmitted  C02  beam  intensity 

during  gainswitched  pulse ;  - - corresponds  to  absence 

of  absorbing  medium ; - corresponds  to  transmission 

during  dense  pinch  phase  of  the  plasma  focus.  Note  cut-off  in 
transmission  due  to  plasma  when  n,  >  n„. 


Less  than  one  per  cent  of  the  incident  light  4>0  is 
backscattered. 

(ii)  The  refracted  intensity,  <P„lt  of  the  pump 
beam  is  extremely  low  being  of  the  same  order  as 
the  scattered  intensity  from  the  underdense  outer 
layers  of  the  plasma  i.  e. 

*r,f  ~  tf’o  0T  df?  [  rn,{r)  dr  . 

J  00 

This  result  appears  to  be  independent  of  the  value 
of  <P0  up  to  the  maximum  intensity  used.  It  is  also 
independent  of  the  plane  of  polarisation  of  the 
incident  pump  beam  ;  both  s"  or  p-type  polarisation 
have  been  used.  The  poloidal  distribution  of  <f>ref  does 
not  change  sharply  in  time  as  predicted. 

(iii)  No  gross  changes  in  the  operation  of  the  focus, 
such  as  the  d//df  characteristic  or  the  neutron  yield 
(in  D2)  has  been  detected  when  the  plasma  is  irra¬ 
diated  by  the  C02  beam.  This  is  not  unexpected  since 
the  high  thermal  conductivity  of  the  electrons  wi  ! 
ensure  that  any  fractional  change  in  the  heat  content 
due  to  laser  energy  absorption  is  quickly  redistributed. 

(iv)  However,  two  clear  indications  of  non-linear 
processes  have  been  observed  and  those  are  correlated 
with  absorption  of  the  C02  beam  by  the  plasma. 
Firstly,  we  observe  an  increase  by  about  a  factor  of 
two  in  the  intensity  of  the  hard  x-rays  (£  >  70  keV), 
presumably  due  to  accelerated  electrons  striking  the 
central  anode.  The  second  feature,  which  is  the 
subject  of  most  of  the  remainder  of  this  paper,  is  an 
enhancement  of  the  collectively  scattered  light  from 
a  visible  (ruby)  laser  probe. 

4.  Discussion  of  C02  Laser  Beam  Absorption.  — 
In  addition  to  resistive  absorption,  direct  resonance 
coupling  between  the  EM  wave  and  the  electron 
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plasma  waves  can  lead  to  enhanced  absorption  at 
oblique  incidence  [19].  Maximum  resonance  absorp¬ 
tion  can  occur  for  small  angles  given  by 

^-sin-'CO.SC/fco.y173).  (5) 

Typical  scale  lengths  in  this  experiment  are  ~  0.2  cm 
so  that  9,„  is  close  to  the  experimental  angle  of 
incidence  set  by  the  F/5.5  focussing  lens,  figure  8. 
Appreciable  resonance  absorption  can  occur  even  in 
under-dense  plasma  where  it  is  associated  with 
multiple  reflections  between  stratified  layers  [20]. 
We  anticipate  therefore  that  the  refracted  10.6  pm 
energy,  while  finite,  will  be  considerably  less  than 
the  value,  equation  (3),  calculated  from  resistive 
absorption  alone. 

Resonance  absorption  is  ineffective  for  the  paraxial 
rays  and  it  is  this  part  of  the  beam  energy  which 
will  reach  the  critical  density  layer  and  give  rise  to 
non-linear  heating.  Enhanced  absorption  of  the 
pump  radiation  has  been  predicted  in  the  presence 
of  the  decay  instability  [21  ]  and  in  view  of  the  consis¬ 
tency  of  the  ruby  scattering  observations,  section  S, 
with  this  non-linear  process,  it  may  well  explain 
the  absence  of  backscatter  in  our  experiments. 

In  solid  target  irradiation  experiments  corrugation 
of  the  critical  density  surface  by  the  ponderomotive 
force  of  the  pump  beam  has  been  treated  theoreti¬ 
cally  [22,  23],  These  authors  find  that  enhanced 
resonance  absorption  can  icsult  if  radiation  is  trapped 
in  the  ripples  induced  by  the  laser  light  pressure. 
High  energy  electrons  can  be  generated  by  a  number 
of  mechanisms  [24],  including  acceleration  by  the 
electric  fields,  associated  with  local  plasma  oscillations 
which  are  created  by  resonance  absorption. 

However,  in  the  present  experiments  the  radiation 
pressure  is  generally  much  lower  than  considered  by 
these  authors  unless  self  focussing  or  hot  spots  occur 
in  the  irradiated  plasma.  Also  we  observe  almost 
complete  loss  of  the  outer  regions  of  the  beam  which 
should  be  refracted  well  away  from  the  critical  surface. 

Non-linear,  self  focusing  of  the  pump  beam  has 
been  treated  by  Kaw  et  al.,  (1973)  [25].  In  a  slab 
plasma  with  t>_/o(h  ~  0.02,  the  plasma  length  required 
for  self-focusing  [26]  is  several  ems,  which  is  longer 
than  our  characteristic  plasma  dimensions.  In  our 
conditions,  with  nearly  parabolic  density  distribution, 
filamentation  of  the  pump  beam  is  therefore  unlikely. 

The  possibility  of  a  highly-resistive  and  therefore 
absorbing  region  with  n,  4  at  larger  radii  and 
lower  density  than  the  compressed  pinch  has  been 
raised  by  recent  probe  experiments  in  the  plasma 
focus  [27],  The  abrupt  onset  of  loss  in  beam  trans¬ 
mission  which  we  observe  when  nt  s  ntz  tends  to 
discount  this  explanation. 

In  summary  we  can  say  that  the  interruption  of 
the  transmitted  pump  beam  and  the  observation  of 
enhanced  visible  light  scattering  from  electron  waves 
is  to  be  expected  in  these  experiments.  On  the  other 
hand  the  extremely  low  level  for  the  refracted  pump 


beam  intensity  lacks  a  convincing  explanation  and 
more  experimental  work,  with  fine-scale,  angular 
resolution  of  the  reflected  and  scattered  light  is 
required,  as  in  the  studies  of  Donaldson  et  al. 
(1976)  [28]. 

5.  Light  Scattering  from  Induced  T-awgnmir  waves. 
—  Among  several  instabilities  which  can  arise  at 
relatively  low  threshold  irradiance  as  a  result  of 
strong  coupling  between  the  incident  light  and  plasma 
waves  perhaps  the  most  important,  apart  from 
optical  resonance  [19],  are  the  parametric,  electron-ion 
(convective)  decay  instability  (EID)  and  the  oscillating 
two-stream  (absolute)  instability  (OTS).  Either  of 
these  mechanisms  being  operative,  Langmuir  waves 
will  be  driven  in  the  direction  of  the  E  field  polarisa¬ 
tion  vector  of  the  pump  beam.  Stimulated  Brillouin 
scattering  with  a  slightly  higher  threshold  is  also  a 
possibility  especially  since  this  instability  can  take 
place  in  the  under-dense  plasma  region.  Absence  of 
a  measurable  backscatter  of  the  incident  beam  due  to 
ion-acoustic  fluctuations  tends  to  make  us  discount 
this  instability  in  the  present  experiments.  Figure  12 
illustrates  the  geometry  chosen  to  detect  ruby  laser 
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Fio.  12.  —  Schematic  diagram  of  COj  pump  beam  and  ruby 
laser  probe  beam  relative  to  axis  of  symmetry,  AA,  of  the  focus 
device.  Scattered  ruby  light  is  collected  in  the  forward  direction 
at  8°  to  the  incident  beam.  The  azimuthal  mask  can  be  rotated 
to  select  Kl  vectors  which  are  parallel  to  the  polarisation  vector 
E  of  the  CCh  laser. 


light  scattered  preferentially  from  the  induced  elec¬ 
tron  waves.  We  discriminate  against  waves  due  to 
optical  Resonance  coupling  by  probing  only  those 
waves  which  are  orthogonal  to  Vn,.  Likewise, 
Kl  is  orthogonal  to  j  and  to  current-driven  ion  acoustic 
waves. 

Experimentally  scattering  from  the  electron  waves 
will  show  up  as  a  rather  narrow  spectral  feature,  shifted 
from  the  ruby  frequency  w0  by  an  amount  given  by 

oj(_  ■  ruCOl  —  to,  .  (6) 

Inserting  the  dispersion  relation  for  the  Langmuir 
waves,  <oL,  the  ion  acoustic  waves,  to,,  we  have 

»„[1  +  3  (KJKo)1]'11  - 
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Fio.  13.  —  Light  signal  accepted  by  photomultiplier  in  the  ruby  laser  scattering  optics  (Fig.  8).  A  photodiode  provides  a 
prompt,  monitor  signal  of  the  ruby  laser  pulse,  35  nanoseconds  before  peak  compression  of  the  pinch.  Scattered  light  signal 
and  background  light  from  the  plasma  are  delayed  1 10  ns  relative  to  prompt  pulse,  (a)  No  CO:  laser  irradiation  ;  (A)  CO: 

laser  focused  on  pinch. 


where  tup€  is  the  local  plasma  frequency  and  the  ratio 
of  the  inverse  Debye  length,  KD  =  l/xD,  to  the  Lang¬ 
muir  wave  number,  KL  »  2nl/.L,  i.  e.  (Kn/Kt),  can 
be  identified  with  the  scattering  parameter  a. 
In  our  experiment  with  a  mean  scattering  angle, 
0  =  8°  and  a  i  10  then  the  differential  scattering 
vector 


*o  -  K%  I 


=  1.26  x  I O4  cm 


The  frequency  shift  imposed  on  the  scattered  ruby 
light  due  to  scattering  from  the  electron  waves,  is 
from  equation  (7), 

toL  as  aiCOl  =  1.78  x  I014  s“‘  (9) 

corresponding  to  a  wavelength  shift  of, 

AA  -  ±  427.4  A  . 

A  narrow  band  niter,  accepts  scattered  light  in  the 
region  6  500  (±  25'  A,  is  inserted  in  the  scattering 
optics,  figure  8,  to  suppress  spuriously  scattered 
laser  light  and  background  light  from  the  discharge. 

Under  conditions  of  no  pump  irradiation  no  signal 
above  the  noise  level  was  measured  indicating  'hat 
the  background  intensity  of  Langmuir  waves  in  the 
unpumped  plasma  is  not  more  ihan  a  factor  of  two 
or  so  above  the  thermal  level. 

Similar  conclusions  have  been  reported  for  the 
intensity  of  the  ion  waves  by  Forrest  and  Pea¬ 
cock  (1974)  [13].  When  irradiated  by  the  pump 
beam,  however,  the  intensity  of  the  ruby  light  scat¬ 
tered  from  electron  waves  is  observed,  figure  13, 
and  can  reach  a  factor  of  30  above  the  thermal  level 


as  the  pump  intensity  is  increased  beyond  a  threshold 
of  about  3  x  I  O’  W/cm-2,  in  vacuo. 

Figure  14  shows  the  effect  of  the  CO:  laser  pump 
intensity  on  the  intensity  of  the  scattered  probe 
light  at  a  lime  corresponding  to  30  ±  10  nanoseconds 
before  peak  compression.  The  density  scale  length  at 
this  time  is  L  -  0.2  ±  0.05  cm  and  the  density. 
n,  ~  lO'1*  cm'3,  is  sufficiently  high  for  frequency 
matching  of  the  pump  and  the  electrostatic  plasma 
waves  according  to  equation  (7).  No  scattered  signal 
is  observed  above  the  thermal  level  at  times  earlier 
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Fio.  14.  —  Intensity  of  light  scattered  from  ruby  laser  by 
electron  waves,  as  a  function  of  CO:  laser  pump  intensity 
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in  the  pinch  compression  when  n,  4  n„,  even  with 
maximum  pump  power.  Again,  no  enhanced  scat¬ 
tering  is  observed  at  peak  compression  when,  although 
n,  5  n„,  the  density  scale  length,  L,  has  decreased 
to  0.03  cm. 

A  summary  of  the  time-dependence  of  the  scattered 
light  signal  is  shown  schematically  in  figure  13  up 
to  the  time  t  «  0  ns  when  maximum  compression 
occurs. 


Timing  of  Laser  Pulses 
with  Pinch  Compression 
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Fig.  IS.  —  Summary  of  plasma  parameters  and  relative  dura¬ 
tions  or  CO  2  and  ruhy  laser  pulses  during  the  compression  phase 
of  the  plasma  focus. 


6.  Intensity  of  the  Induced  Langmuir  waves.  — 

Consideration  of  the  processes  giving  rise  to  enhanced 
intensity  in  the  electrostatic  waves  indicated  that 
«  OTS  »  and  «  EID  »  instabilities  require  about  the 
same  threshold  intensity.  This  is  set  by  the  require- 
ment  that  wave  growth  exceeds  losses  due  to  damping 
and  convection  out  of  the  interaction  region.  In  its 
simplest  form  the  threshold  intensity  is  reached  when 

(t'-Ma)2  >  y/wp. .  (10) 

where  y  is  the  electron  wave  damping  rate.  Using 
the  analysis  of  Perkins  and  Flick  (1971)  [29]  for  an 
inhomogeneous  plasma,  where  T,  >  T„  the  threshold 
for  EID  is 


v,  is  the  clfcctivc  electron-ion  collision  frequency 
and  y,  the  ion  damping  frequency.  In  our  experiment 
(r <  0. 1  and  terms  of  the  order  (Kl.L)-‘ 
tend  to  restrict  the  wave  growth,  rather  than  coilisional 
processes.  The  threshold  pump  intensity  when  the 
swelling  of  the  pump  wave,  equation  (4),  is  taken 
into  account  is  #,*  (vacuo)  ~  3  x  10"  W/cm":  ; 
close  to  the  observed  value,  figure  14.  It  is  worth 
noting  that  when  L  <  0.05  cm  which  occurs  close  to 


peak  compression,  figure  4,  then  (vacuo)  exceeds 
the  available  pump  power.  More  recently,  Goldman 
and  Rudolph  in  [30],  have  calculated  the  linear  growth 
of  electron  waves  driven  by  the  EID  instability  and 
their  convection  in  an  inhomogeneous  T,  m  7j 
plasma,  using  WKB  theory  and  including  swelling 
of  the  pump  intensity.  Their  derivation  of  the  threshold 
intensity  agrees  with  equation  (11)  and  their  derivation 
of  the  absolute  intensity  allows  a  direct  comparison 
with  the  observed  scattering  cross-sections.  Firstly, 
however,  we  require  to  calculate  the  plasma  volume 
responsible  for  the  scattered  light  signal.  Each  radial 
layer,  within  which  the  frequency  match,  equation  (6), 
is  satisfied,  will  contribute  to  the  intensity  of  the 
electron  feature. 

The  total  spread  in  frequency  of  the  electron 
feature  is  made  up  of  a  shift  from  the  pump  frequency 
equal  to  ±  <o„  the  ion  acoustic  frequency,  and  a 
broadening  <5wm  due  to  an  allowed  mismatch 

PKL»,(mJmty/1/y/2  (12) 

where  P  is  the  pump  intensity  above  threshold. 
There  is  in  addition,  a  spread  in  frequency  due  to 
the  finite  range  of  wave  vectors  accepted  by  the 
scattering  optics.  Typically,  the  ion  acoustic  frequency, 
ct);,  produces  a  wavelength  shift  of  0.3  -»  1.0  angstrom 
and  the  total  broadening  (<Scom  +  5w^llc%)  amounts 
to  a  few  angstroms.  The  incremental  plasma  radius 
contributing  to  the  electron  feature  is  therefore 

(wL  +  Sojm  +  <5opllc,)  '-—i  .  (13) 

This  radial  increment  is  defined  in  figure  16  by  the 
inner  boundary  r„  at  which  u>L  =*  u>co,  and  an  outer 
boundary  rr,  where  the  frequency  match  condition, 
equation  (6),  can  just  be  satisfied.  A  typical  value 
for  r„  —  r,  is  100  microns  which  is  considerably 
smaller  than  the  radial  increment  viewed  by  the 
50  A  band-pass  filter.  An  enhancement  of  30  above 
the  thermal  level  is  observed,  averaged  over  the  50  A 
volume  ;  it  would  appear  therefore  that  much  higher 
wave  intensities  is  to  be  expected  locally,  within 
n  -  rco. 

A  plot  of  the  radial  variation  of  the  plasma  fre¬ 
quency  and  of  the  scattering  parameter  x  —  K&K, 
emphasises  the  constraints  in  real  space  and  time  over 
which  the  conditions  for  enhanced  scattering  from 
either  EID  or  OTS  driven  electron  waves  can  be 
satisfied.  As  shown  in  figure  17  the  density  is  only 
sufficiently  high  for  a  frequency  match  between  the 
pump  EM  beam  and  electron  plasma  oscillations 
within  the  40  nsccs  prior  to  peak  compression. 

Typically  within  this  period  »  toCOl  at  a  plasma 
radius  rco  ~  0.02  cm  where  the  scattering  parameter 
x  s  15.  This  high  value  of  a  ensures  that  Landau 
damping  of  the  electron  waves  is  negligible  compared 
to  resistive  damping.  (The  ion  waves  are  heavily 
Landau  damped  since  T,  a  T,.)  On  the  other  hand 


C6-J2 


N.  J.  PEACOCK  ET  AL. 


pent!  for  CO] 
|  laser  beam 


the  intensity  in  the  electron  feature  is  x  l/« 2  and 
the  scattered  signal  level  could  be  improved  by 
increasing  the  scattering  angle,  while  keeping  the 
restriction  of  a  %  5.  The  inner  hatched  area,  figure  17, 
represents  the  small  area  at  peak  compression  where 
the  WKB  approximation  breaks  down.  In  order 
that  a  WKB  description  be  valid,  then 

•  (14) 

From  the  Bohm  Gross  dispersion  relation  for  electron 
waves. 


a>L  -  K.(l  +  3/a2)] 1/2 


(15) 


e. 


na 


dXL 

dr  ~  3  Kl.L 


i.  e.  j’-tKiL. 


(16) 


4 

Fig.  16.  —  Locus  of  (enaction  points  calculated  for  CO] 
laser  beam  parallel  to  AA  and  parabolic  density  profile  with 
peak  density  I  a  IOl,cm~J.  Paraxial  rays  along  AA  penetrate 
deepest  towards  the  cut  oiT  radius  (m,  where 
-  9.94  >  I0i'cm-J. 

The  frequency  matched  radius  n,  for  the  election  ion  decay 
instability  is  also  shown.  The  locus  of  reflection  points  makes  an 
angle  ~  43°  to  AA. 


This  relation,  equation  (16),  is  satisfied  for  n,  <t  n„ 
during  the  40  nsecs  up  to  peak  compression,  figure  17. 

The  scattering  volume,  which  will  lie  within  the 
radial  increment  (rr  -  rco),  can  be  defined  as  d,  —  IA„ 
I  is  the  axial  length  equal  to  the  C02  focal  shot 
size  and 

A,  -  2.60,. r.5r  (17) 

where  60,  is  the  range  of  accepted  scattering  angles 
i.  e.  5°,  and  r  is  determined  by  the  time  at  which 


Fig.  17.  —  Spatial  variation  of  the  scattering  parameter  i  and  of  <t>PC  (luring  the  pinch  phase.  <op,  is  calculated  from  sample 
interferograms  of  the  density  profile  (I)  t  ■«  — 60  ns :  (2)  f  —  —  13  ns,  (3)  t  —  0.  III!  WKB  theory  inapplicable,  at 

t  -  0.  \\\\  electron  waves  Landau  damped. 
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the  Langmuir  intensity  is  $  of  its  value,  /(/f)  at  its 
turning  point. 

In  figure  lib  we  illustrate  the  curved  scattering 
volume  by  an  equivalent  slab  with  the  orthogonal 
Langmuir  wave  number  K,  -  KL  -  KJa.  In  this 
figure  x0  is  the  reflection  point. 


Fio.  18.  —  (<i)  Plasma  scattering  cross  section  as  a  function 
of  focussed  COi  laser  intensity.  Experimental  points  ate  com¬ 
pared  with  predictions  of  WKB  theory  with  the  parameter 
density  scale  length,  L,  assuming  values  of  0.2S,  0.2  and  0.15  cm 
and  with  a  constant  value  of  T,  —  300  eV.  (b)  Langmuir  ray 
paths. 


Integration  along  the  ray  path  from  an  initial 
time  !„  at  which  the  net  growth  rate  is  zero  and 
/((,)  is  unity,  to  a  final  time  t ,  at  which  the  Langmuir 
wave  is  reflected,  gives 

„«) 

The  exponent  contains  the  local  C02  laser  electric 
field  strength,  E1,  modified  from  the  vacuum  intensity 
by  absorption  and  by  the  geometric  optics  swelling 
factor.  The  dominant  term  in  the  wave  amplitude  is 


the  spontaneous  beat  emission  which  leads  to  fluc¬ 
tuation  levels  which  are  several  orders  of  magnitude 
above  thermal  and  which  are  confined  to  a  very 
limited  region  in  space  with  Sr  st  5  x  10'4  cm  i.  e. 
<  n  -  rc.- 

The  integrated  scattering  cross  section  is  given 
approximately  by 

o  -  (fjot)2.*..  yt.6Q,J(K)  .  (19) 

Here  r,  is  the  electron  radius  and  SQ,  is  the  solid 
angle  subtended  by  the  scattering  optics. 

!(K)  -  Lim  <  |  6E(K)  |2  >/4  nnkT.V 

K-0 

is  the  spectral  intensity  of  the  longitudinal  field 
fluctuations  normalised  to  unity  in  equilibrium. 

Evaluation  of  ail  the  quantities  in  equation  (19) 
leads  to  the  plots  for  air t  shown  in  figure  Isa  with 
the  scale  length  L  as  a  parameter.  T,  is  assumed  to 
be  300  eV  and  the  frequency  matched  density 
9.8  x  10**cm~J.  The  observed  scale  length 
L  -  0.2S  cm  gives  about  the  best  fit  with  the  theory 
at  least  up  to  the  intensity  where  one  might  expect 
the  linear  saturation  theory  to  break  down. 

In  summary,  the  calculated  threshold  for  the 
parametric  electron  ion  —  decay  instability  and  its 
dependence  on  scale  length  is  consistent  with  the 
experiment ;  and  the  inhomogeneous  linear  saturation 
theory  appears  to  give  a  fairly  satisfactory  fit  to  the 
data  at  C02  laser  intensities  around  10‘°  W/cm~2 
and  below.  A  definite  identification  of  the  electron- 
ion  decay  instability  may  be  resolved  with  further 
measurements,  particularly  of  the  off  set  frequency 
difference  between  the  Langmuir  waves  and  the 
driving  C02  laser  frequency. 

Finally,  it  is  interesting  to  note  that  broadly  similar 
experimental  results  have  been  reported  in  quite 
independent  plasma  focus  experiments  [31]  by  Tani- 
moto  and  co-authors  (1976),  using  somewhat  higher 
C02  laser  irradiation  intensities.  These  authors 
conclude  that  the  parametric  instability  is  the  most 
likely  cause  of  induced  Langmuir  waves. 


References 


II)  Peacock,  N.  J,  el  at.,  3rd  IAEA  Conf.  on  Plasma  Physics 
and  Controlled  Nuclear  Fusion  Research,  Novosibirsk, 
Proceedings  2,  51-65  (Published  IAEA  Vienna)  (1969). 

[2]  Sigel,  R.,  Eidmann,  K.,  Pant,  H.  C.,  Saciisenmaier,  P., 

Phys.  Rev.  Lett.  36(1976)  1369. 

[3]  Yamanaka,  C.,  Proceedings  of  Seminar  on  Laser  Inter¬ 

action  with  Matter,  32-50.  Institute  of  Laser  Engineer¬ 
ing,  Osaka  University  (1977). 

(4J  Offenbercer,  A.  A.,  Cervenan,  M.  R.,  Yam,  A.  M., 
Pasternak,  A.  W.,  J.  Appl.  Phys.  47  (1976)  1451-1458. 
(5|  Dubois,  D.  F.  and  Goldman,  M.  V.,  Phys.  Rev.  Lett.  14 
(1965)  544-546. 

(6)  Dubois,  D.  F.  and  Goldman,  M.  V.,  Phys.  Rev.  164 

(1967)  207-222. 

(7)  Goldman,  M.  V.,  Ann.  Phys.  38(1966)  1 17-169. 


(8)  Nishikawa,  K.,  J.  Phys.  Soc.  Japan  24  (1968)  1152-1158. 

(91  Morgan,  P.  D.  and  Peacock,  N.  J.,  Proceedings  of  2nd 
Topical  Conference  on  Pulsed  High  Beta  Plasmas, 
Garching  (1972)  179-182  (Max  Planck  Inst.  fOr  Plasma- 
physik.lPP  1/127). 

Morgan,  P.  D.,  «  Optical  Refractivity  Studies  of  Plasma 
Focus  »,  Ph.  D  Thesis,  University  of  London  (1974). 

(I0J  Peacock,  N.  J.,  Hobby,  M.  G.  and  Morgan,  P.  D., 

>  Proceedings  of  4th  Int.  Conf.  on  Plasma  Physics 
and  Controlled  Nuclear  Fusion  Research  (Published 
IAEA  Vienna)  Vol.  1. 1971  537-532. 

[Ill  Bernard,  A.  et  at.,  5th  IAEA  Conf.  on  Plasma  Physics 
and  Controlled  Nuclear  Fusion  Research,  Tokyo, 
Proceedings  (Published  IAEA  Vienna)  3(1975)  83-98. 

[12]  Bernard.  A.  et  at.,  Phys.  Fluids  18(1 975)  180-194. 


C6-54 


N.  J.  PEACOCK  ET  AL. 


(13]  Forrest,  M.  J.  anJ  Peacock,  N.  J.,  Plasma  Phys.  16 

(1974)489-498. 

(14]  Evans,  D.  E..  Plasma  Phys.  12(1970)  373. 

(15]  Potter,  D.  E.,  Phys.  Fluids  14  (1971)  191 1-1924. 

(16]  Kuriki,  K.  and  Peacock,  N.  J.,  «  Plane-polarised  COi 

laser  beam  from  an  unstable  confocal  resonator  ». 
Culham  Report  CLM-P446  (1976). 

(17]  Shearer,  J.  W..  Phys.  Fluids  14(1971)  183-183. 

(18]  Dawson,  J..  Kaw,  P.  and  Green,  B.,  Phys.  Fluids  12 

(1969)873-882. 

(19]  Freiobero,  I.  P.,  Mitchell,  R.  W.,  Morse.  R.  L.  and 

Ruosinski,  L.  1.,  Phys.  Rev.  Lett.  28  (1972)  793-799. 

(20]  Muellsr,  M.  M.,  Phys.  Rev.  Lett.  30  (1973)  382-383. 

(21]  Dubois,  D.  F.,  Goldman,  M.  V.  and  Mckinnis,  D.. 

Phys.  Fluids  16(1973)  2237-2269. 

(22]  Forslund,  D.  W.,  Kinoel,  J.  M.,  Lee,  K.,  Lindman.  E.  L.. 

Phys.  Rev.  Lett.  36(1976)  33-38. 

(23]  Kinoel,  J.  M.,  Lee,  K..  Linoman.  E.  L.,  Phys.  Rev.  Lett. 

34(1975)134. 

(24]  Bezzerides,  B.,  Dubois,  D.  F..  Forslund,  D.  W„ 

Kinoel,  1.  M.,  Lee,  K.  and  Linoman,  E.  L..  6th 
IAEA  Conf.  on  Plasma  Physics  and  Controlled  Nuclear 


Fusion  Research,  Berchtesgaden.  Proceedings  series. 
Supplement  Vol.  I,  123-129  (Published  IAEA  Vienna) 
1977. 

[25]  Kaw,  P„  Schmidt,  G.  and  Wilcox,  T.,  Phys.  Fluids  16 

(1973)1522-1523. 

[26]  Haas,  R.  A.,  Boyle,  M.  J.,  Manes,  K.  R„  Swain,  J.  E., 

J.  Appi.  Phys.  47  (1976)  1318-1321. 

[27]  Bernard,  A.  et  at.,  6th  IAEA  Conf.  on  Plasma  Physics 

and  Controlled  Nuclear  Fusion  Research ,  Berchtesga¬ 
den.  Proceedings  series.  Supplement  Vol.  3,  471-482 
(Published  IAEA  Vienna)  1977. 

[28]  Donaldson,  T.  P.,  Hubbard,  M.,  Sfaldino,  I.  Phys. 

Rev.  Lett.  37(1976)  1348-1351. 

[29]  Perkins,  F.  W.  and  Flick,  J.,  Phys.  Fluids  14  (1971) 

2012-2018. 

[30]  Forrest,  M.  J.  et  at.,  Phys.  Rev.  Lett.  37(1976)  1681-1684. 

[31 ]  Tanimoto,  M.,  Koyama.  K.,  Matsumoto,  Y.  and  Sugiura, 

M..  6th  IAEA  Conf.  on  Plasma  Physics  and  Controlled 
Nuclear  Fusion  Research,  Berchtesgaden.  Proceedings 
series.  Supplement  Vol.  2  603-612  (Published  IAEA 
Vienna)  (1977). 


